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0.1. INTRODUCTION 7

0.1 Introduction

This work is the fruit of several years of teaching to undergraduate students
in the University of Evry and in the ENSAI of Rennes.

The aim of the book is to equip students with basic tools to understand
the intertemporal macroeconomics in terms of general equilibrium dynamics.
Equilibrium simply means equality between aggregate demand and supply in
the market of a good. An equilibrium is said to be general if all the markets
are in equilibrium. A general equilibrium is said to be dynamic if all the
markets are in equilibrium at each period.

More in details we are interested in studying the rational behavior of a
price-taker agent who chooses the intertemporal profiles of his relevant eco-
nomic variables such as the consumption or investment, to maximize an indi-
vidual objective such as an intertemporal utility function or a profit function
under a set of constraints such as an intertemporal budget constraint. The so-
lutions of individual programs are the intertemporal demand functions which
can be aggregated to set up the market clearing conditions and to compute
the dynamic general equilibrium prices and quantities. The micro-foundation
of a macroeconomic system is this construction of individual demands before
aggregation. The evolution of equilibrium prices and quantities across the
time will be the very center of our intellectual effort. More in details we will
focus on the occurrence of economic cycles in the short run and growth in
the long run.

The first chapter presents a short overview about the ordinary difference
equations and provides the set of mathematical instruments required during
the course. All the models will be set up in discrete time to make easier the
access to less skilled students. Only the knowledge of partial derivatives as
well as some basic notion of linear algebra are needed. Moreover the discrete
time approach will turn out to be more adapted to construct the monetary
versions of the benchmark models.

The first part focuses on the individual behaviors and demand functions.
In the second chapter we study the consumer’s behavior and we derive his
intertemporal demand function. The third chapter is centered around the
study of the optimal investment decision and around the computation of the
intertemporal investment function.

The second part treats general equilibrium dynamics. Within this part
the fourth chapter introduces the most elementary models of growth char-
acterized by an exogenous saving rate. Chapter 5 generalizes the fourth one
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by revising preferences, i.e. assuming an endogenous saving in economies
populated by infinite-lived agents or overlapping generations.

The third part is constituted by five sections corresponding to the five
chapters of the previous parts.

The real models presented in the course are often integrated by their
monetary versions.

Evry, February 1, 2003.



Chapter 1

Elements of Dynamics

The economic dynamics are modeled in either (7) discrete time or (i7) continu-
ous time. The agents optimize their objectives under a system of constraints,
i.e. they maximize either (i) Lagrangian functionals or (i) Hamiltonian
functionals, and they obtain as reduced forms respectively (i) systems of dif-
ference equation or (ii) systems of differential equations. If time ¢ variable
we choose at time 0, does not affect the state of dynamic system and re-
turns before ¢, a discrete time problem can be shaped in the Bellman (1957)
recursive form.

Before we enter the economic aspects, an elementary overview is provided
about the discrete time dynamics. All our economic applications will be made
with a discrete time approach. Therefore we will not deal with systems of
differential equations in continuous time but only with systems of difference
equation in discrete time.

1.1 Ordinary Difference Equations

We capture in general the dynamic relation between more lagged variables
by an implicit function: F (¢, v, Yi11,- - -, Yeem) = 0. By applying the implicit
function theorem, the higher ordered vector y; ., can be made locally explicit:
Yerm = G (t, Y, Yes1, - - - Yerm—1) - By simplicity let us assume the we have a
globally explicit form. By operating a substitution of variables we obtain a
first order system: z;,q = f (¢, x;) under the usual initial condition .

Tt = Ui,

Lot = Y+,
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Tit = Yi+i-1,
Tmt = Yt+m-1-
Thereby
Ti+1 = T2,
Tot+1 = T3t
Tit+1 — Tit1,
Tm—1,4+41 = Tty
Tl = Ypom =G (& Yo Yests - - Yerm—1) = G [t7x1,t7 Loty - - 7$m,t] .
. _ t
This system gets the compact form x;1 = f (¢, 2;), where z; = (214, ..., Timt)

and xg is given.

1.2 Autonomous Difference Equations

In the economic models we shall consider, this system of difference equations
will be autonomous with respect to the time:

Top1 = f (7).

Eigenvalues and Eigenvectors. Before we introduce the notion of
eigenvalue, the definition of complex number is required. One meets the
complex numbers in the solution of second degree algebraic equations: az?+
bxr + ¢ = 0. The roots are x = — [b/ (2a)] £ \/[b/ (20)]* — ¢/a. If b* < 4ac two
conjugate complex numbers appear with form « 4+ $i where a = — [b/ (2a)]

denotes the real part of the complex number and [ = \/ c¢/a — b/ (2a)]
denotes the coefficient of the imaginary part. By definition i = \/—1. Every



1.2. AUTONOMOUS DIFFERENCE EQUATIONS 11
complex number can be represented in a Gaussian plane.
1.5

(a,B)

0.5 1.5

-1.5

Figure 1. The Gaussian plane.

Conjugate complex numbers are symmetric with respect to the axis of
abscissas. In particular real numbers are complex numbers with a nul coeffi-
cient of the imaginary part. They lie on the axis of abscissas in the Gaussian
plane. The modulus of a complex number is the Euclidean length of the
corresponding vector in the Gaussian plane: /a2 + 3°. Observe that the
product of two conjugate complex numbers is just the square of their mod-
ulus: (a+ Bi) (a — Bi) = a? + % A unit circle is plotted in the Gaussian
plane: o? + 3> = 1.

Now we can define the eigenvalues A’s and the eigenvectors v’s of a square
matrix J. An eigenvalue and its associated eigenvector constitute a solution
for the algebraic equation:

Jv = dv.

Computation of eigenvalues is performed as follows. An equivalent equation
is (J — AI)v = 0, where [ is the identity matrix having the same dimension
of J. Let me observe that (J — AI) v must be a non-trivial linear combination
of the columns of matrix J — A/, i.e. the determinant of this matrix must be
Z€ero:

lJ— | = 0.

The solution is detailed in the case of square matrices of order 2.

J:{gg]
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Hence

a b 10 a— A\ b
poan=|[e g lo VT =

i.e. (a—A)(d—X)—be=0.One needs to solve the second degree equation
with respect to A : A — (a + d) A +ad — bc = 0. The trace of matrix .J is the
sum of elements on the principal diagonal: trJ = a + d. The determinant
is constituted by the following expression: det J = ad — be. Eventually the
characteristic polynomial is given by A? — Xtr.J 4 det J. The two solutions A
and )y allow a decomposition: A*—(a + d) Aad—bc = (A — A1) (A — Xg) =0
with a +d = trJ = A\ + XAy and ad — be = detJ = A\ 9. After we have
computed the two eigenvalues A\; and A\, we solve the algebraic linear system
Ju; = A\v; to find for each eigenvalue \; the related eigenvector v; (see among
the others Hale and Kogak (1991, p. 228)). A square matrix of dimension
n has n eigenvalues Ay, ..., \,, which are possibly multiple. Note that the
eigenvalues may be complex. In this case, they are pairwise conjugated.
Assume for the sake of simplicity that the eigenvalues are all real. We write:

Jui = Mg, ..., Ju, = A\, and we compact this list of column vectors in
two matrices: [Juy, ..., Ju,] = M1, ..., Agon] , e
AN - 0
Jvr, .o v = [vr, oo |0 :
0 - A\,
In the simplest case of eigenvalues Ay, ..., \, all real, the matrix
AN - 0
A= : :
0 - \,

is a diagonal matrix. Let the matrix of eigenvectors be denoted by V :
V = [vg,...,v,]. Hence JV = VA, i.e. A = V71JV. As we will see the
transformation matrix V' implements a basis change in the vector space. It
diagonalizes J, i.e. it reduces the original matrix to a Jordan canonical form.

1.3 Linear Dynamics

We consider a general linear system of difference equations.

Tyl = Jilft+C. (11)
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This system is equivalent to the following.
T —x =J (s — ), (1.2)
where z is the fixed point of system (1.1), i.e. the solution of x = Jx + ¢:
= I-J) " e
The proof is simple.

T —x = J(z—x),
e —(I—D) e = Jlo—I—-J) "¢,
Ty = Jo+ I —-J)e—JI-J)"e
= Jn,+I-0)I—-J) "¢
= Jx;+ec.

If the original system is already linear, the global dynamics can be made
explicit. From (1.2) we obtain

T —x = VAV (2, — 2),
where A diagonalizes J. Hence
r,—x=VAV (2 — 1),
where x; is the starting point of trajectory, because
(VAVTY) (VAVTY) = VAV

In particular whenever all the eigenvalues are real and distinct, the matrix
power becomes

DV
At = : :
0 o X
IfV=1Iand z*=0:2, = Alzg, i.e.
Tit = Aﬁiﬂio
for every i = 1,...,n. Otherwise the dynamics represented by z;; = Ay,

just refer to the equivalent space whose basis is obtained by implementing
the change of basis in the original space via the transformation matrix V.
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Note that the product of the eigenvalues is given by
det J = det (VAV ™) = det Vdet A (det V)" = det A

and the trace of J equals the trace of A i.e. the sum of eigenvalues.

There are three topological classes of stationary states.

(7) If all the eigenvalues lie in the unit circle in the Gaussian plane, the
stationary state is stable in all directions and is said to be a sink (see figure
2).

(73) If all the eigenvalues are outside the unit circle, the stationary state
is instable in all directions and is said to be a source (figure 3).

(7i1) If eventually some eigenvalues lie inside and some others outside the
unit circle, then the stationary state is stable according to some particular
directions and unstable with respect the other ones, and it is said to be a
saddle point (figure 4).

Figure 2. Sink. Figure 3. Source. Figure 4. Saddle.

1.4 Non-Linear Dynamics

We consider a general non-linear system of ordinary and autonomous differ-
ence equations:
Tepr = f ().
By definition the steady state is the fixed point of the dynamic system.
It is obtained as solution of the algebraic equation

x=f(x).

Let the function f € C'*° be differentiable infinitely many times. It can
be represented by a Taylor series and approximated by a polynomial.

= (n) :EO n
f(a:)zzfn—(!)(a:—xg) .

n=0
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A linear approximation of f is obtained by canceling out the terms of a Taylor
series after the first order:

f (@)~ f (@) + [ (x0) (z — o).

In general if we consider real vector functions of more variables we can
linearize the original function around the point xy by considering only the
first order term in the Taylor series:

f(z) = f(zo) + Duf (x0) (x —x0) + ...,
; £ (@) — f (@0) ~ Daf () (& — 20).

Let now 2y = = be the stationary state of dynamic system, i.e.: z = f(z).
We know that z,,1 = f (x;) . We obtain

f(@ia) = f(2) = Do f (2) (2 — )

and eventually
Ty — & = Dy, f (2) (20— ),

where D,, f (x) is the Jacobian matrix of our dynamic system computed at
the steady state. For instance the two-dimensional dynamic system

Tie+1 | _ f L1t
T2t+1 Lot
is approximated by

Tivr | | T Of1/0xy Of1]0xa; " Tie | | 21
L2t+1 L2 Ofa/0x1; O fa/0xa Lot L2 ’
where the asterisk denotes the evaluation at the steady state.

The GroBman-Hartman' theorem ensures that the local dynamics gener-
ated by the Jacobian matrix J, which linearizes a dynamic system around its

!Two systems of difference equations 41 = f (z¢) and z441 = g (2;) defined on open
subsets Sy and Sy of R", respectively, are said to be topologically equivalent if there exists
a homeomorphism h : Sy — S}, such that h maps the orbits of f onto the orbits of g and
preserves the sense of direction of time. If x is an hyperbolic steady state of f, then
there is a neighborhood of x in which f is topologically equivalent to the linear dynamics
g1 =+ Dy, f (z) (2 — ).
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stationary state, are topologically equivalent to the local dynamics generated
by the Jordan canonical form A one derives from .J.

More explicitly a stable steady state remains stable after the linear trans-
formation operated by V, an unstable steady state remains unstable, a saddle
point is transformed in a saddle point. The Jacobian for the new equivalent
dynamics computed in the steady state, is exactly A.

If the system is non-linear, we perform the linearization around the steady
state and the reduction to the Jordan canonical form.

The Jacobian matrix

_ afl/axlt afl/a$2t ’
8f2/3331t af2/6x2t

evaluated at the steady state allows us to characterize the equilibrium sta-
bility. Conditions for stability look like those we encounter in continuous
time, but now what really matters is just the position of each eigenvalue
with respect to the unit circle in the Gaussian plane instead of the sign of
the eigenvalue real part (see figure 1).

The set of steady states is partitioned in three classes of topological equiv-
alence. Necessary and sufficient conditions are provided to know the equiv-
alence class for each steady state. (i) If the eigenvalues of J (z) = D, f (x)
lie all in the interior of unit circle, the steady state is locally stable in all
the directions. (i7) If the eigenvalues of J (z) = D, f (x) locate all outside
the unit circle, the steady state is locally unstable in all the directions.(éi7)
If at least one eigenvalue of J () = D, f (z) lies into the unit circle and at
least one outside, the stationary state is a saddle point. For the latter case,
a finer partition of the topological class will depend on the exact number of
eigenvalues into the unit circle.

J

Bifurcations. The dynamic system may capture either a numerical re-
lation or a parametric relation between the variables. In the latter case the
change of one parameter may transform the steady state from a qualitative
point of view: the stationary state enters a new equivalence class of stability.
For instance a saddle point of planar systems may become a sink or a source.
The critical value of parameter allowing for a stability change is said to be a
bifurcation value.

Indeterminacy and Endogenous Fluctuations. A variable, which
has been determined prior to time t, is said to be predetermined at time ¢.
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For instance the stock of capital k; is a predetermined variable, because it
depends on the investment decisions, which has been taken in the previous
period t — 1. Whenever the stable manifold, i.e. the union of all the con-
verging trajectories to the same attractor, has a dimension greater than the
number of predetermined variables figuring in the dynamic system, there is
a multiplicity and more precisely a continuum of equilibrium paths. This
kind of multiplicity is said to be local indeterminacy. If the equilibria are
indeterminate, the agents may individually saturate this degree of freedom
by relating their choices to exogenous random signals, which do not affect
the fundamentals (technology, preferences and endowments) and are said to
be sunspots. Usually the probability distribution of a sunspot is assumed to
be common knowledge and it is inferred from past realizations of signal. In
other words the sunspot shocks the believes instead of fundamentals. If the
way of relating the economic future to this distribution is the same for all
the agents, the believes are shared. If the choices of the agents and shared
believes satisfy the stochastic version of our dynamic system, the shared be-
lieves become self-fulfilling prophecies. Local indeterminacy is the necessary
condition to observe stochastic (sunspot) equilibria, i.e. stochastic endoge-
nous fluctuations.

One-Dimensional Dynamics. If f is real valued and z; is a scalar, the
eigenvalue is always real and the stability condition becomes: |f’ (z)| < 1.
If x is a non predetermined variable, the converging sequence of point is
indeterminate (see figure 30).

Two-Dimensional Dynamics. Dynamic economic model often present
two-dimensional systems as reduced form, i.e. two difference equations of
first order. Hence the rest of the chapter is dedicated to planar systems and
their local characterization. We shall apply a simple geometrical method
to study the steady state stability in a trace-determinant plane. The theo-
rem of Groman-Hartman ensures that hyperbolic non-linear dynamics are
equivalent to the linearized dynamics represented by A, the Jordan canonical
form. We know that det J = det A. In the planar case one easy checks that
trJ = trA.

Theorem 1 A partition of the (T, D)-plane is defined by the straight lines
D=1, D=T—-1and D = =T —1. The stationary state x is a sink, a source
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or a saddle point according to the position of the pair (T, D) = (trJ,det J) in
the (T, D)-plane as detailed in figure 6.

D2
source
1
si
3 2 T 2 3
saddle saddle

Figure 5. Trace and determinant.

Proof. (Hint). The characteristic polynomial is defined as follows: A? —
AtrJ + det J = 0, where trJ = A\; + Ay and det J = A \y. First we consider
a stable stationary state, i.e. the case of both the two eigenvalues inside
the unit circle in the Gaussian plane (their modulus is less than one, i.e.
o? + % < 1). This condition is necessary and sufficient to observe a local
contraction of dynamics to the steady state: z; — z = VAV (g —x).
We must prove that the trace and determinant of the Jacobian matrix lie
in the interior of triangle represented by the shaded area in figure 6, i.e.
D<1,D>T-1,and D > —T — 1. Consider the characteristic polynomial
N —(trJ)A+det J = A2 — (A1 + X)) AF (A de) = (A — A1) (A — A2) = 0. Two

cases matter.

(7) The two eigenvalues are complex, i.e. conjugated. In this case either
both of them are inside the unit circle, or both are outside. Then it is
sufficient to compute their product: det J = (a + bi) (a — bi) = a®* +b* = 1.
If both are outside (D > 1), we observe a source. If both the eigenvalues lie
inside the unit circle, we observe a sink (D < 1). The saddle configuration
is ruled out. The condition to obtain two complex roots of characteristic

polynomial Ay = (trJ £ VirJ? — 4det]) /2 = trJ/2 % \/(tr]/2)° — det ]
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is (trJ/2)” < det J.

o4

Figure 6.

(ii) The two eigenvalues are real® ((tr.J/2)* > detJ). In this case 7% —
4D > 0. Thus —1 < \; < 1, with ¢ = 1,2. The condition to observe a

sink is —1 < trJ/2 £ \/(trJ/2)2 —det J < 1. More explicitly the system of

inequalities becomes: —1 < T/2+1/(T/2)> = D, T/2+1/(T/2)> = D < 1,
—1 < T/2 —/(T/2)* =D and T/2 — \/(T/2)* — D < 1; or equivalently
(T/2)* =D > —1-T/2,/(T/2)> = D < 1-T/2,+/(T/2)* — D < T/2+1,

and y/(T/2)* — D > T/2 — 1. Hence four regions are defined in the (T, D)-
plane.

) (T/2) =D >1+T+(T/2)* and —1—-T/2>0
D<-T—-1orT > -2. ’

’The steady state is stable (sink) if and only if |\|,[A2] < 1, ie.
trd/2 41/ (trJ/2)* — det J‘ < 1. It is a saddle if and only if either [A;| < 1,|Ao| > 1,
or [A\1] > 1,]A2] < 1, i.e. either

trJ/2 — \/(7572]/2)2 —detJ' <1 and
trJ/2 —\/(trJ/2)? —detJ’ > 1 and

trJ/2 4/ (trJ/2)* — det J‘ >1
trJ/2 4/ (trJ/2)* — det J’ <1.

or
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5 (T/2)> =D >1-T+(T/2)* and 1 —T/2 >0
(){D>T—1orT<2. ’

) { (T/2)> =D >1+T+(T/2)° and T > —2

D>-T-1. ’
T/2*—-D>1-T+(T/2)* or T <2
W {§pop T s,

The four regions are represented as follows.

Figure 7. Figure 8.

Figﬁre 9. Fig{fre 10.
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The intersection of the four regions constitutes the set of solutions for the
inequality system.

Figure 11.

We are still in the real case: (T/2)> — D > 0, i.e. D < (T/2)*. This case is
illustrated by figure 12.

Figure 12.

In the complex case, the part of the plane corresponding to sinks is the
complement of the shaded area in figure 12, with respect to the triangle.
Hence the entire region for stability is the union of the two shaded areas
represented in figures 6 and 12, i.e. just the interior of the triangle. In a very
similar manner the other regions of partition in figure 5 are characterized. W
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Part 1

Demand Functions
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Chapter 2

The Consumption Function

2.1 A Keynesian Language

The production of goods and services makes it possible to satisfy human
needs. A undesired good is not produced. In this respect the demand de-
termines the production and becomes effective only whether the consumers
have an income to actually transform their consumption desires in purchases.

Thereby the income plays an explicative role for consumption. Often the
break of the sound mechanism between consumption and revenue is at the
origin of economic crises.

The global demand is the aggregate value of what firms and households
(with the State and the foreign sector) want to purchase in terms of good and
services for each level of income. The basic Keynesian terminology specifies
the demand components as demands for consumption, investment, public
spending and net exports. Among them the consumption demand is the
main component.

The consumption of a good is a destruction process which allows the
agents to satisfy directly their needs without affecting the production. We
must not confuse it with the consumption of intermediary goods during the
production activity.

In the Sixties the households’ consumption represented 60% of GDP. In
addition the consumption of private administrations and that of the public
administration must be taken into account because the households enjoy this
kind of collective consumption. In the last three decades this consumption
has constituted 20% of the global consumption.

25
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The disposable income is the revenue households receive from the firms
augmented by the transfers from the government and diminished by the direct
taxes and social contributions. In other words it is the income households
have at disposal to consume or save.

The consumption function is the relation between consumption and dis-
posable income. More precisely the consumption function represents the
consumption level the economic agents desire for each level of disposable
income.

Let D be the disposable income. The average propensity to consume is
given by

c=C/D.

The marginal propensity to consume is the change in consumption en-
tailed by an additional money unit of revenue.

0C'/oD.
Similarly we define the average and marginal propensities to save:

S/D
85/9D.

We notice that

C/D+S/D = 1,
0C/0D +08S/0D = 1.

The average propensity to consume with respect to the disposable income
is about 86%.

The Keynesian theory of the propensity to consume tried to explain some
stylized facts: the consumption depends on the real revenue, the marginal
propensity to consume is less than 1, there exists an incompressible threshold
Co, the average propensity to consume is decreasing.

All these informations are properly interpreted by a linear consumption
function

CZCo+CD
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with ¢ < 1. The figure 14 illustrates the concept of propensity to consume.

6o 0.5 1 1.5 2 2.5 3

Figure 13. Consumption function.

The Keynesian consumption function is the simplest representation of the
observed facts. All the successive theory refines the Keynesian view and tries
to provide a micro-foundation for the aggregate consumption demand.

The saving is defined as the difference between the disposable income and
consumption.

SED—C:—00+SD,

where s = 1 — ¢ is the marginal propensity to save.

By simplicity we assume taxes and transfers from the Government to be
zero (D =Y') as well as the public spending and the import-export.

The core of the Keynesian theory focuses on the relation between saving
(or equivalently consumption) and investment. At equilibrium

Y=C+1. (2.1)

The supply Y equals demand which is specified as a demand for consump-
tion C' and for investment I. Keynes (1936) introduces the propensity to
consumption ¢ as a constant ratio between aggregate consumption and in-
come.

C =cY. (2.2)
Combining formulas (2.1) and (2.2) we obtain
1
Y = 1

1—c
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and in differential terms

dy = al.

1—c
This is the well-known Keynesian multiplier.
A larger definition of aggregate demand includes the public spending G
and the net export F, i.e. the difference between export and import.

Y=C+I+G+E.

The Keynesian multipliers becomes

1
dY =
1

—C

(dI + dG + dE).

In particular when dI = dE = 0, the public spending becomes the chief tool
to stimulate the economy:

dy = dG.

1—-c¢

To clarify the mechanism let us consider the following example. The
higher is the propensity to consumption, the higher is the impact of public
spending on product.

propensity ¢ | 50% | 75%
multiplier 2 4

Roughly speaking the saver turns out to be a public enemy in a carica-
tured Keynesian view.

When we talk about the consumption function or about the investment
function, we refer to the determinants of the aggregate consumption or in-
vestment. We could explain also the key variables which determine the public
spending and the net export.

For now we have provided the simplest consumption function as in the
General Theory of Keynes:

C =cY.

This assumption has been confirmed by the data analyzed by Kuznets (1946)
for the U.S. economy in the last hundred years.

All the successive consumption theories tried to provide microeconomic
foundations of the aggregate relation

C=C (D).
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2.2 The Relative Income Theory

A first step towards finer interpretations of consumer’s behavior is the theory
of the relative income by Duesemberry (1949).

The individuals are sensitive to the consumption of the others and to
their past consumption experiences. More precisely on the one hand they
observe the habits of their reference social group and imitate them. On the
other hand the consumption of a given period depends more on the highest
past income than on the current one.

During the recession the disposable income decreases, the individuals do
not reduce enough the consumption and by consequence the saving falls down
more than the income. This lack of saving entails a contraction of the in-
vestments and a deeper recession.

2.3 The Life-Cycle Theory

Modigliani and Brumberg (1954) provide the seminal contribution of the class
of models better known as “life-cycle-permanent income” literature. During
the life the consumer faces income cycles and prefers to have a constant
consumption.

Let us assume that the consumer lives three periods: a non-active youth
(n), an active life (a) and the final retirement period (7).

The active life income finances a constant consumption over the three
stages.

To be more explicit we consider an example.

The length of the non-active life is T}, = 20 years. The active life measures
T, = 40 years. The retirement period goes on T, = 20 years. The income
is y per year during the active life. We assume a free access to the credit
market to finance the consumption during the youth with zero interest rate.
We could conceive a system of transfers between generations in alternative.

Therefore the consumption will be given by

y1, y40 Yy

T YT, AT, 20+40+20 2

In this example the consumer will consume half of the annual income of the
active phase each years of the whole life.

We can design a more complex consumption problem by assuming that
the current consumption does not depend only on the life wealth (y40) but
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also directly on the transitory income. In other word we can introduce a
consumption sensitivity to income fluctuations.

To be more precise we set a linear relation between consumption and
wealth w, between consumption and transitory income y :

c=aw + by.

This linear function can be specified as a weighted average between a per-
manent income w/7 and a transitory income

c=aw+by
with
a=(1-10)/T,
where T'=T,, + T, + T, is the entire length of the life. We obtain
¢, = (1=0b)yT,/T + b0,

o = (1—-0)yT,/T + by,
¢ = (1—b)yTL/T + 0.

We verify that the intertemporal budget constraint is respected.

el + e, T, + ¢, 1,
' T, T, T,
~ 0o ns [a- o] nr ja-ou) 7

T,
= (1—b)yT (T, +T,+T,) + byT,
- Ta:
= (1—b)y? T+byTa

= T, =W.

This model augments the simple life-cycle model by taking into account an
excess sensitivity of consumption to the current income.

As we shall see later on this theory will be progressively generalized by
the permanent income theory and the intertemporal utility maximization.
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2.4 The Permanent Income Theory

The permanent income theory (Friedman, 1957) generalizes the life-cycle
hypothesis by introducing a positive interest rate on the credit market and
thereby a discount factor for consumption and income less than one.

The period between the instant ¢ — 1 and ¢ is said to be the period t.
Individuals live T' periods and receive at period ¢ a capital income yf ; and
the labor income 7!. The discounted value of the future income is

T 1 t
k l
;(1—{—7“) (yt+yt)7

where r is the market interest rate (individuals can borrow and lend).
The non-human wealth is the discounted value of capital income.

The total wealth is the sum of human and non-human wealth:
W=N+H.

Individuals want to consume a constant amount of good at each period. As
there are no consumption and no satisfaction after the death, they want to
spend the entire wealth to maximize the permanent (stationary) consumption

(7
T t
> () o
t=1

yP is said by Friedman to be a permanent income. As in the life-cycle theory
the permanent income is a smoothed consumption.
We can solve now for the permanent consumption:

1—{—ry_1+7“ 1+7r

t=1 t=0

1
147
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y 11—+
)71

I+r1—(1+r
] ]
= =—]/1—-(1 .
L 1-(1+7)
Hence
yr T W 1 ' k l
—_— 1_ 1 _}: p— .
1) ;<1+r) (v + )
We obtain ,
Pe — _W. 2.3
Y 1—(1+7“)_T (2:3)

Notice that
lim [1 1+ r)_T} ~1.

T—o0
If the consumer’s life is long enough, for instance 80 years, we can approxi-
mate
T =80~ o0

and formula (2.3) becomes
y? =rW

under the assumption of positive interest rate (r > 0).

In other words the permanent consumption (income) is a constant fraction
of the total wealth according to the interest rate.

The saving at period t is equal to

st =Yy — Yy’
We observe that it could be negative, 7.e. the consumer could dissave or
borrow in the credit market.

It is possible to think a slightly different framework where the consumer
decides an increasing consumption across the time. Let v be the constant
growth rate he wants. The question is to find the initial consumption to
make binding the wealth constraint.

We can write

¢ =c (1+7)"

T 1 t
<1 ) Ct:W
p— +r

and substituting in
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we obtain
IR 1 o (1+7)
— ) |l (1+ =
;(14—7’) [er ()] 1+7§ 1+
o Ty (17
L+y1+r <= \1+r
_a 1-[a+y/a+nf
I+r 1—(1+7~)/(1+7r)
B C1 _ 1+'7 T
T or—n 1+7r
= W (2.4)
Let r > ~. In this case
1 T
lim [1—( +7> =1
T—o00 1+7”

For an infinite-lived agent (7" = o0) equation (2.4) becomes
c=(r—vy)W.

Thereby the higher the preferred consumption growth rate, the lower the
initial consumption.

A more realistic formulation assumes consumption sensitivity to the cur-
rent income as well as a smoothing behavior:

et = ¢ (Y, y)

where ¢, y; and y denote respectively the current consumption, the current
income and the permanent one. For an infinite-lived consumer we know that

y=rW

where r denotes the interest rate and W the wealth. A similar version of this
permanent income hypothesis consists of formulating a new function

Ct = d(yt, W) = c(yt,TW)



34 CHAPTER 2. THE CONSUMPTION FUNCTION

where the dependence on the current (fluctuating) income and on the wealth
is stressed.
The simplest specification is the following

a=clyny) =ay+(1—a)y

If we set y = rW, the intertemporal budget constraint is respected:

B oy +(1—a)y
B Z (1+7r)

t=1 L+ t=1

-3 Gy

t=1

> 1
= aW+({1—-a)rv
( Z +>
= aW+(1-a)W r !
1—|—7’t20 (1—|—r)t
T 1

= aW+(1-a)W

L+r1—(1+7)"
= aW+(1-a)W=W

[e.9]

- Yi
B Z (1—{—7“)t

t=1

2.5 Two-Period Utility Maximization

This model is due to Fisher (1930).

We introduce now a true intertemporal utility functional. The individual
lives two periods 0 and 1. He receives the revenue g, in the first period and
y1 in the second. He consumes an amount ¢y during the first period and ¢;
during the last period.

The consumption today and tomorrow are interpreted as two distinct
goods which enter a simple intertemporal utility function

U (Co, Cl)

which is assumed to be quasi-concave (i.e. preferences are convex). For
instance we can specify U as follows:

U (co,c1) = u(c) + Pu(cy)
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where u is the per-period utility function and [ is the subjective discount fac-
tor. Utility is usually assumed to be increasing (u' > 0) and strictly concave
(u” < 0). The consumer faces an intertemporal budget constraint:

%

C1
1t < )
CO+1—|—r_yO+1+r

The consumer’s program becomes

max U (cg, 1) ,
cotc/(1+7r)<y+wy/(1+7).

The solution gives the consumption demand functions for ¢ = 0,1. This
program can be interpreted as an usual microeconomic consumer’s program
where the price of ¢y has been normalized to one, while the price of ¢; in
terms of ¢y is equal to 1/ (1 + 7).

The Lagrangian function is the following

i C1
A=U h I
(co,c1) + y0+1—|—r Co 7

Solving with respect to ¢y and ¢;, we get

OA ou

e
800 800 ’
oA U A
801 N 801 1—|—7”_

After the multiplier elimination, we obtain the usual first order condition:
the marginal rate of substitution equals the negative of the “prices” ratio.

(9U/800__ 1 :_(1_’_7’)'

MRS = — =
oU/0cy (1 —l—r)*l

This equation is said to be Euler equation. The second order condition for
maximization is respected because of the quasi-concavity of utility. — (1 + r)
is the slope of the budget constraint in the consumption space. The budget
constraint is tangent to an indifference curve. The tangency point gives
the optimal consumption point. The solution is a usual demand function
depending on the relative price (1 + ) and the income. Notice that the
interest rate r is the credit price.
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As the utility function is assumed to be strictly increasing, then the bud-
get constraint holds with equality. The solution satisfies the following system:

MRS = —(1+r),
C1 B Y1
T s T W TTE

The budget constraint can be rewritten as follows:

ci=y1+(1+7)(yo—co)-

If for instance the consumer saves in the first period a positive amount yy—co,
then the second period consumption is given by the second period income y;
and the gross fruit of the saving (1 +7) (yo — o) -

Example. Assume that the utility function is shaped as follows

U(Co,Cl) =In co +

L 1
nc
1+60
where 6 is measure of time preference. We obtain
1 / Co

MRS =90 roya

=—(1+r).

Therefore
147

= Co-
1+6°
Notice that the consumption growth rate is equal to

C1

1+7r

1.
1+6

The consumption is stationary (¢ = ¢;) if and only if
r=40.

In a general equilibrium framework with » = f’(k) that this equality is
interpreted as a modified golden rule.

(k) = 0.
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We can now solve the consumer’s system.
n 1 147 Y1
_— C =
T \1467 Yot

+
“© = < 1—|—r>

¢ = [( ) Yo + Y1) -

The consumption is no longer constant as in the life-cycle permanent
income theory. The saving of the first period is given by

* — *

. 1—|—9 U1
- =g (e 725)
Yo 140 u
2+60 2401+7r

It can be negative. The comparative statics are obtained by deriving ¢y and
¢y with respect to 6, r, yo, y;. For instance

ach

00

The more impatient the consumer, the higher the initial consumption.
ach

Yo
ach

oY1

> 0.

> 0,

> 0.

Higher incomes has a positive impact on consumption.
*

ac}

or

If the interest rate is higher, then the consumer saves more in the first period.

< 0.

2.6 Intertemporal Utility Maximization

The household maximizes an intertemporal utility function. By simplicity
we assume that his life goes on forever and that the utility functional is
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additively separable.

o)

Ulepyea,..) =) (1460) " ul(e). (2.5)

t=1

The utility function u is assumed to be increasing and strictly concave. The
consumer has a free access to credit market as lender or borrower, so he faces
an intertemporal budget constraint.

E:a

t=1

tyt

The revenue at period t is given by the capital and labor income.

v = yr + -

The Lagrangian for the program is given by

o0 [e.9] 1

A= tz:; (14+60) u(c)+ A Z tyt z;mct

=1

Notice that A is independent on time. Deriving with respect to the generic
choice variable ¢;, we get the corresponding first order condition

OA

0
8Ct ’

- (1+6) o (c) = A(1+7)™

To eliminate the multiplier we compute the intertemporal marginal rate of
substitution:

(140" () (1)
(140" (cih1) (1+7r)""

Notice that the right-hand side is just the price ratio. We obtain

IMRSt+1 -

1+7r

T QU/ (Cry1) - (2.6)

u' (c;) =
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This is the non-stochastic Euler equation.

Z 1—{—r z:: 1—1—7“

t=1

The constraint is now binding because the utility function is monotonic.

To provide an explicit solution we consider a particular class of utility
functions.

As usual in macrodynamics an utility function with a constant elasticity
of intertemporal substitution (CES) is used. The elasticity of substitution
between the consumption at time s and consumption at time ¢ is given by

u'(cs) Ju'(er)  dfes/er)
/e dfu (cs) [u (c)]

Taking the limit for s converging to ¢, one obtains in continuous time

U(ct)z—M:_Lu//A}_l

u’ (c) ¢ () [

that is the negative inverse of the elasticity of marginal utility (for more
details see Blanchard and Fischer (1989), chapter 2). In discrete time we
adopt the latter formula as a definition. An isoelastic function with elasticity
o has the form

o=—

1-1/c

ule) = O

where C and Cy are integration constants. To see that, reconsider the defi-
nition of elasticity:

+ (%,

u' (¢;)
u” (¢y) ¢

Hence —u” (¢;) /u' (¢;) = 1/ (0¢;) . We can write

d 1d
_—Ctlnul (Ct) = ;d—ctlnct

The indefinite integral is

d
— d—lnu ¢)dey = — /—lnctdct.

Cy
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Thereby —Inu' (¢;) = (In¢;) /o + ¢, where ¢ is an indefinite integration con-
stant. Taking the power with base e we obtain e~ m%(¢) = ellner)/ote and
el @)™ = eeelne’” e, [ (c)] ! = e%l’” and v/ (¢;) = e°c;/°. The

integral is now defined between 0 and ¢; :

Ct Ct
_ -1
/ u (xy) day = e C/ z; 7 dz,.
co co

Fmaﬂy ['U/ (mt)]ié — e ¢ |:gjt171/0/ (1 - 1/0)] Ct and

w(e) —u(co) = e° [02*1/“/ (1-1/0)—ch™V7/(1 - 1/0)] .

Hence u(¢;) = e~%c; 7/ (1= 1/0) — e~°ct 7/ (1 = 1/0) + u(co) . We can
specify the two integration constants as ¢ = 0 and u(c)) = (¢ '~ — 1)
/(1 —1/0), to obtain the standard CES function

6;71/0_1

u(c) = m.

By applying the definition, it is possible to check that the elasticity of in-
tertemporal substitution is actually o. For ¢ = 1, this isoelastic function is
replaced by the logarithm:

ctlfl/g -1

———— -3 Ing.
1—1/0 ‘
Check that the logarithm function has a constant elasticity of intertemporal
substitution just equal to one.
Coming back to equation (2.6), we write
VT 14

-1/ :
Ct+1/ 146

The consumption growth rate is given by

Cty1 (147 7
C - 1+9 '
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Therefore

and

o w  _ yeallen/areh
;(Hr)t - ; (1+r)t

B i [(1+7)/(1+ 9)]"“‘1)
T

L+7r &= 1 +r)
o b1t 1
. C1 Z (1 + 7”)
1474 (1 +0) |
%) o—171 t
. C1 Z (1 + 7’) L
1+7r (1 +0) |
The series converges if and only if
1 o—1
% < ]_7
(1+0)

1+ < (1+60),
(c—1)ln(1+7r) < oln(1+6),
o—1 - In(1+6)

. 2.7
o In(1+r) (2.7)
We assume that » > 0. Then
|
n(l+46) S0
In(1+7)

The inequality (2.7) is for instance respected if o < 1 (weak elasticity of
intertemporal substitution).
Under inequality (2.7) we obtain

o0

- =
—~ (1+7) 1+rt 1—|—0
B 1
1+r1—(1+r)"1/(1+9)"
C1

Il+r—[14r)/(1+0)]"
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We are able now to determine the initial consumption and then the entire
path.

@ - e (5) |2ty

C =

o(t—1) o7 00
r 1+7r Yt
1 _
1+9) [ o <1+9) }Z(lw)t

t=1

() () [ty

t=1
It is possible to perform the comparative statics by evaluating the impact of
r and 0 on the path {¢;},2, .

The saving at each period is given by

St = Yt — G
1+ )70 1+7\ <= ¥
= y—|— l+r—|—— —_—.
v <1+9> 1+6 ;(1—1—7’)
We observe that if for instance we set r = 6, equation (2.8) becomes
< Yt

Ct =T 7
; (1+7)

If moreover we assume a constant revenue across the time, we have

T 1 r 1+r

C:’[" g =
e &=ty e s Y

This clarifies the sense of a smoothed consumption as a permanent income.

2.7 'Two-Period Stochastic Consumption

Before entering the economic application, let us introduce the meaning of the
expectation operator.
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Let = be a random variable, i.e. a probability distribution which associ-
ated to each element of the g-algebra structuring the domain, a probability
measure.

To be less abstract we could consider a discrete domain (finite or count-
able) {z;} and we introduces a probability function m; = 7 (x;), which re-
spects the axioms of probability. A random variable is perfectly identified by
this probability distribution.

The average of the random variable is

n
n= E TiT;
i=1

with

Zﬂ'i = 1,

7'('120

for every i. If the domain is infinite n = oo.

If we take into account a domain which is a continuum, the probability
function becomes a probability density 7w which associates to each point = of
the domain X a density value 7 (z). Under the usual integrability assump-
tions, the average of the random variable is given by

/ a7 (z) dz,
zeX

where

/ m(x)de = 1,
zeX

w(z) > 0

for every z. More complex o-algebra could be taken into account.

We assume now that a rational economic agent forecasts the future re-
alization of the random variable x by computing the average. This average
is called expectation E. Let us be more precise. Assume that the individual
wants to forecast at period t the future realization x;,;. The information set
I; at his disposal at period t is used by him for computing the subjective
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probability distribution 7 for the random variable z;,;. If he uses all the
information in the information set I;, the expectation is said to be rational.
A simple example of information set is the sequence of all past realizations
of the variable: I, = {... ,x;_1,2;}. In this case the individual can use the
information to construct the probability distribution of x;,;. In the real life
the information set is much more rich.

We formalize these assumptions as follows. The rational expectation at
time ¢ (conditional to the disposable information set I;) of the random vari-
able x;,1 is given by

Exy=FE [$t+1 |It] .

If the domain of the random variable is discrete, we obtain
n
Eiri = E T41,iT i

where the probability function m; = (11, ..., m:,) is computed from 1.
If the domain of the random variable is continuous, we get

/ Ti41T¢ (iﬁt+1) dwiyq,
Te41E€EXt41

where the probability density function m; = m; (2,41) is computed from 1.
As } and f are linear operators the expectation operator is linear as well.
To see that consider the following example.

Elf(e)+9() = / / f @)+ g @) 7 (2,y) dydz

://f :cydyd:v+// ™ (z,y) dydx
= /f / :Ey)dyd:er/yg(y)/mﬂ(:ﬁ,y)d:vdy

_ /f @ do+ [ 97 dy
= z)+Ef(y). y

More generally

Eif (ve41) = E[f (we11) [1i]
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n
= Zf(mt—i-l,i) Tt,is
i=1
or = / f(@e1) e (0441) dag g,
Tt+1€X¢e41

where f is a function.
We enter now the computations of a stochastic consumption function.
The consumer maximizes an expected utility function

1

1—+9U (ct41)

Et |:'U, (Ct) +
He consumes ¢; at the beginning of the first period and ¢;,; at the beginning
of the second period. He receives a stochastic revenue y; at the end of the first
period. He can borrow and lend on the credit market at the constant interest
rate r. There are S; states of nature for the income: vy, (s;), sy = 1,...,5,
and S; associated probabilities: m; (s;). Clearly

> mi(se) =1

The expected intertemporal utility is computed as follows:

B, [u(e) + Tig mm} - ¥ {u (e + T (e <st>>} .
= u(e)+ ﬁ u (e (8)) e (s¢) -

We observe that the first period consumption is certain because it precedes
the revenue realization, while the second period consumption is stochastic,
because it depends on the stochastic revenue realization.

There are S; possible budget constraints as many as the states of nature
(the consumer must always repay his debt).

c + cr1(5t) = we(se)

St — 1,...,5’,5.

147
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The choice variables are: ¢, ¢iy1 (1), ..., 1 (S;) . We set the Lagrangian

M= )+ g 3wl () mi(s)

+ Z A(st) {yt (5¢) —ct— 1 _:il_rctﬂ (s¢)

St

We compute the first order conditions:

O\
8_0,5 = U,/ (Ct) - ét A (St) =0 (29)
N W (cerr (se)) T (s))  Alse)
= — =0 2.10
aCH_l (St) 1+ 0 1+r ( )
St = 1, ceey St-

Therefore aggregating equations (2.9-2.10), we get

u () = Y A(s)

u' (i1 (8e)) T (8¢) _ A(st)
Z 1+46 N Z 1+7r

St

Therefore

1
1122u cry1 (S¢)) e (St) Z)\ s¢) =’ (ct)

Using the expectation operator we obtain a stochastic Euler equation:

147
1+6

v (¢) = Ea (cih1) -

To explicitly solve the problem, we require the knowledge of the funda-
mentals. In the third part of the handbook we treat an explicit functional
form and we completely characterize the solution (see the exercise “Two-
Period Stochastic Consumption”).
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2.8 Three-Period Stochastic Consumption

We focus now on a slightly more complex framework. The consumer maxi-
mizes the intertemporal utility function over three periods.

Ey |u(e) + ﬁu(atﬂ) + (ﬁ)Qu(cm)] :

He receives a stochastic revenue y; (s;) at the end of the first period and
a stochastic revenue y;.1 (s;11) at the end of the second period. The time
sequence of economic actions is the following:
Ct, Yt (St> y Ct+1 (St> y Yt+1 (3t+1> y Ct+2 (St, 3t+1)
with
St = 177"'7St7
St+1 = ]‘77“‘7St+1'

We notice that the consumption of third period (ci42 (s¢, S¢+1)) depends on
the entire history (s, s;11) of the states of nature.

We assume that the probability distribution of y;.; (s;41) is independent
on the realization s;. In other words the probability distributions 7 (s;) and
Tey1 (S441) are independent. Clearly

> m(sy) = 1,

T = t,t+ 1.

The expected intertemporal utility is computed as follows:

Ey

u(cy) + 1 41_ ks (Ciq1) + (ﬁ) u (Ct+2>]

P> lu<ct>+1j guteen (i) + (155 ) e <st,st+1>>]

St,St+1

7 (8¢, Se41)
= u(ca)+ ﬁ Z u (Cer1 (8t)) 7t (8¢)
+ <1+L9) Z u (Coya (e, St41)) T (8¢, Se41)

St,St+1
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where 74 (s, s141) is the joint probability that the state of nature s; happens
at the end of the first period and the state of nature s;,; happens at the end
of the second. We observe that

e (8¢) = Z 7 (Sty St41) -
St41

If the probability distributions m; and 7;,; are independent

(84, Se41) = e (8¢) Teg1 (Se41) -

The number of possible histories (paths) (s;, s;11) for the revenues is equal
to

SiSe1

This is exactly the number of intertemporal budget constraints the consumer
must respect:

1 2 1
¢t + T rctH (s¢) + <1——|—r) Cev2 (St;8e41) = Ye(8e) + 11 Tyt—&-l (5641)
St - ]_, P St)
Stt1 = Lo, S5

Notice that the probability distribution of ¢;,5 depends on those of gy, and

Y41
The Lagrangian gets the following form

A = ule)+ ﬁ ZU (cry1 (s¢)) e (5¢)

+( = )2 Z U (Cop2 (St Se41)) T (¢, S41) + Z A (st 5t41)

1 + 9 St,St41 St,St+1
2
o Lo (50) + ——pin (s041) e (s0) — [ — (50 5101)
S S — Ct — C S — _— C S+, S .
Ye \ St 1+Tyt+1 t+1 t 1rr t+1 (St 11r t+2 \ Sty St+1

Notice that the number of multipliers is S;S;;1.
We compute the first order conditions.

O\

8_0,5 = U (¢) — Z A (st 5141) =0, (211)

St,St+1
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oA W (1 (1)) e (1) A (s, St41)
= — =0 2.12
Ociv (s¢) 1+6 ; 1+7r ’ (2.12)
Y _ W (o2 (St, 5041)) T (St, 8041) A (84 Se1) _
Ocera (5 Se41) (1+6) (1+7)°

Aggregating (2.11) over s; and (2.12) over s;, s;11, we obtain

' (¢) = Z A (8¢, 841) 5

St,5t4+1
1+r
1+6 2w (e (s)mlse) = 3 Alswsi),
St St,8t41
1+7)>
(1 + 9) Z ' (Crya (Sty8641)) T (815 Se41) = Z A (Sty Sp41) -
St,5t4+1 St,5t41

Dividing the first equation by the second and the second by the third we
have

W) = T e (o) (s,
S e (s mi(s0) = o 30 (e (s ) 7 (505000
that is more compactly
u () = 1 j: gEtU/ (ctr1)
Ea/ (cip1) = 1 i gEtu/ (Ciy2) -

The first equation is the same one of the two-period model, while the second
constitutes a general form for the stochastic Euler equation.

2.9 The Random Walk of Consumption

A more sophisticated foundation of the consumption function has been pro-
vided by Hall in 1978. The consumer is at period ¢ and from this period on
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solves a stochastic version of program (2.5):

max 557 (140" u(e,),

Ct 5O

bt < (L+1)b, +y, —cr,

where T is the end of the consumer’s life (he still lives T — ¢ periods),  mea-
sures his impatience, u is the utility of a period, ¢, the random consumption
at period 7, b, are the random bonds at period 7 providing during the period
a non-random constant return of r. y; is the random revenue.

The expectation operator is linear and the objective is rewritten as follows

T

> (1+0)" " Bule,).

T=t

The random constraint of wealth accumulation is now correctly specified.

bri1 (Stye oy 8r) < (L47)br (84 vy Sr—1)+Yr (S7)—Cr (Sty -2y Sr21), (2.13)

where s, € {1,...,S,} is the state of nature observed at period 7 with
probability 7, (s;). The corresponding realization of the random revenue is
yr (sr).
Let
T (Sty. vy Sr)

be the joint probability of the history of states of nature!

(Sgy-vySr).

We notice that the consumption choice at time 7 depends on the entire
history of revenues, i.e. of states of nature. The same holds for the bonds.
The optimization is performed in ¢, when the individual has at his disposal
the information set ;.

Uf, for instance, we assume by simplicity that the probability distributions s, 7s41,. ..
are independent, then the probability independence implies

ﬂ%mﬁgzﬂmgm
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There are as many multipliers as constraints. The multipliers of the
generic constraint (2.13) is

A(Sgy ey Sr).
Notice that the first constraint is given by

ber1 (56) < (L+7) by +ys (5¢) — ¢,

because the wealth b, is inherited from the previous period and consumption
choice ¢; happens before the realization of the state of nature s;.
The general timing is

b, Cty Yes bis1s Cog1s Yegts - - -

To have an idea of problem complexity we compute the number of consump-
tion variables until 7 as

(the sum of the number of histories).
The expected intertemporal utility is written more explicitly

T

> (15) Bwte

_ u(ct)—i—_i 3 (Fley_tu(@(st,...,&1))w(st,...,s”).

We write down the Lagrangian:

A = ct—i-z Z <1+9>T_tu(cT(st,...,sT1))7r(st,...,sT1)

T=t+1 S¢t,...,S+

+ Z A (8) (T4 7) by 4y (s0) — o — by (s¢)]

St

+Z Z Ar (8005 87)

T=t+1 S¢,...,S7—1

s« [(14+7)br (Stye vy Sr—1) +Yr (S7) = (Stye vy Sr—1) — byt (Sgy -+, 80)]
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We can choose ¢, as a control variable and b, as a state variable. vy, is
not a choice variable.

We want to derive the generic Euler equation between the period 7 and
T+ 1.

The first order conditions are:

OE.U
0cr (Sgy .-y Sr—1)
1 T—t )
— (m) uw(cr (StyeevySr—1)) T (Sty vy Sro1) — Z)\T (Sgy vy S7)
OE.U

8b7’ (Sta"'737—1>
= Z)\T(St,...,sr)(l‘{'r)_>\T—1(St7"'787—1):0'

Therefore
1 T—t
SZ Ar (Sty. vy 87) = <m> w(cr (Sgye vy 8r1)) T (Stye vy Sr21),

Ar(strey8s) = (L47))  Aa (510 8041) -

ST4+1
Aggregating across the histories (sy,. .., s,;) we obtain
1 T—t
Z <1+9) u/(Cq— (St,...787—,1))7'('(8“...,87_,1)

Sty Sr—1

= Z Z)\T(st,...,ST)

and
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After eliminating the multipliers we get

) ( ! )Ttu'(cT(st,...,sT_1>>7r(st,...,sT_1>

1446
Styeeey Sr—1
1 T+1-t
= (1+7r) Z <m> ' (Cryn (Stye ey 82)) T (Sty- -y 87)

Finally we obtain

1+7r

Etu/ (C7—> = 11 eEtU/ (CT+1) (214)

that is the stochastic Euler equation we found in the three-period model.
In other words we obtain the equality between the stochastic marginal

rate of intertemporal substitution and the price ratio 1 + r (which could be
viewed as a marginal rate of transformation with r = f’ (k,) for every 7).

Bale) _ g,

(1+6) Bt (eo))

We notice that
EtCt = Cy, (215)

because ¢; € I;. Setting 7 =t in (2.14), we obtain

IL+r
Ew (¢;) = HEtU/ (ctv1),
r

1+
1+
/ —

wle) = 1+6

B (er41) (2.16)

because of (2.15).
There is a simple economic interpretation of (2.16). If the consumer

renounces to one unit of consumption in ¢, he reduces the utility of v’ (¢;) and
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increases in ¢t + 1 the utility of the expected gain (1 + ) Eyu’ (¢;41) . However
the latter expression must be discounted according to the time preference

1+7r
14+6

EtU/ (Ct+1) .

Subjective cost and benefit are equal at the optimum.
If we set by simplicity r = 6, we get

v (¢r) = By’ (cihq)

In the seminal paper of 1978 Hall assumes a quadratic utility function

b
u(c) = ac — 50?,
u (c) = a— be.

We observe that a quadratic function allows for satiation and further negative
effects of consumption. Equation (2.16) becomes

a — th =a— bEtCt+17
because of the linearity of the marginal utility. Eventually
¢t = Biepp.

This equation is crucial in the Hall’s construction. Today consumption con-
stitutes the best forecast for tomorrow consumption. Notice also that

EtCt+2 = E [Et+lct+2]7
= EtCt+1,

= Ct7
because I; C I;1. By induction we obtain
EtCtJrT = Ct. (217)

The best forecast at time ¢ of consumption at date ¢+ 7 is still the consump-
tion at date t.
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We want now to write the intertemporal budget constraint under perfect
foresight.

byt (L+7)b + vy — 4,
bz = (L4+7)[(1+7) b+ Y — e + Y1 — s
(1+r)2bt+(1+7">yt_ (L+7) et + Yey1 — cea
(I+7r)[(1+ Mo+ 147y — (L4+7) ¢+ Yopr — 1] + Yero
—Ct42,
= I+ + 0+ 2y — A7) e+ (L) gy — (1 +7) e
+Yt+2 — Cry2
= (1+7)°b+ [(14‘7”)2%4‘(1‘|‘7“)yt+1+yt+2}

- [+ r)e+ (147) e + Cria] s
T T

bron = (L4004 (1+r)" Ty =) (141 e

T=t T=t

biys =

The rational consumer does not die with bound. He is forced to not die with
debts.

bri1 = 0.
Therefore
T —r T _r
bt D ) - > a+n

— (1+7) — (1+7)

T T

bt (147 Ty = S (1) T e
T=t T=t

Under uncertainty conditional to information disposable at time ¢, we obtain
the stochastic intertemporal budget constraint.

T T
b+ By (1+r) Ty =B (141 T e,
T=t T=t

where

bt = Etbt7

because b; € I;.
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The expectation operator is linear. We know that F,c;., = ¢; for every
7 > 0. Hence we obtain, by substituting the first order condition (2.17) in
the intertemporal budget constraint, the microfounded consumption demand
function.

T T
b+ By (1+r) Ty = N 14 r) T Bye,
T=t T=t
T
= Z (]_ + T>_(T+1_t) Ct
T=t
T
= ¢ Z (1+ r)_(TH_t)
T=t
T—t
= ¢ Z (1+ r)_(T+1)
7=0

= C
Tr - (147"
1— (147)
.

The consumption demand function becomes

T
by + Etz (1 _{_T)*(Tﬂft) yT] ’

T=t

r
T (14 T

Ct

which depends on the price system (r), the expected revenues (y,) and the
initial wealth (b;), as in the usual consumer’s theory.
We assume now by simplicity an infinite-lived consumer (7' = co) . Thereby

as
lim (1+47) @ =,

T—o0

the consumption demand gets a straightforward form

o0

c=r|b+EY (1+r) Ty

T=t
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If b; is the initial non-human wealth and y,’s are labor incomes, the expres-
sion into the square brackets is the sum of non-human and expected human
wealth, i.e. it is the total wealth. Thereby the current consumption is just
given by the interests on the expected total wealth.

This is the stochastic version of the life-cycle-permanent income theory.

To better understand as the consumption reacts to income changes we
evaluate ¢; — ¢;_1.

As

ci—1 = B¢y,

the consumption updating is the following

c—c1 = ¢ — B¢
= r|b+E Z (1+ r)f(TH*t) yT]
T=t
—Et,1 T bt -+ Et Z (1 + T’)i(TJrlit) yT]]

T=t

= ry (1) " By, - By

T=t

Then if I;_; is strictly included in I; and new relevant information is arrived
the expected income sequence may change and may affect the consumption.
If for instance

Ewr > Ey 1y,

for every 7, then
Ct > Cp—1.-

To conclude this section we consider an explicit income process.

Ye=pY1+ (1 —p) T+ e (2.18)

with p < 1. The revenue y; is a weighted average of y;_; and the average
of the process 7, plus the innovation &;, a random variable we assume for
instance 7.2.d. and with a zero mean.

We want now to compute

Etyr - Et—lyr
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with 7 > ¢ — 1.
From (2.18) we get

Yr = pyrat(1—p)¥+e;
= ployra+(1=p)y+e,a]+(1—p)T+e,
= PYr2tp(l—p)T+pera+(1—p)Y+e,
= Ployrs+ (1 =p)T+era+p(1—p)T+pera+(1-p)T+e,
= Py s+’ (1=p)T+pcratp(l=p)T+ps 1+ (1 -p)T+e

Py s+ (L=p) T [+ p+ 1]
+ [P e 4+ pero1 &4
T—t+1
= Py + (1-p) ZerZp
i=t—1
1— —(t—2)
= 0y (1) T——+ Z e

i=t—1

pT_(t_2)yt—2 + [1 . pT—(t—2)} 7+ Z pT—ZSZ

i=t—1

Therefore

Ey. — By = p Tyt [1-p D)5+ Y p By
1=t—1

i=t—1
= Z p" B — Z p" By g,

i=t—1 i=t—1
We observe that
Ei 1 = 0, Vi >t—1,
Ee;, = 0, Vi >t
Eieir 1 = &1,
because

¢ It7

-1 € It-
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Hence

Tt

Eyr — E_1yr =p 1-

for 7 > t — 1. The consumption updating becomes

Ct —C—1 = T (bt — Et—lbt) +7r Z (1 + T>_(T+1_t) (EtyT — Et—lyT)

T=t
= r(by— Ey_1b) +r Z (1) D prtile, |
T=t
_ r S —(r—t) Tt
= T(bt—Et1bt)+1+rp€t1;(1+7“) p
r > P :
= by — E,_1b _
r (b= B t)+1+rp€t 1;(14—7’)
r 1
= 7r(b— E;_1b) + Ep_
(b t-1br) 1—|—rpt11—,0/(1+7’)
rp
= by — B, 1b —_—
7 (b t1t)+1+r_p5t1
because p
< 1.
147
Thereby
rp
—c1=1(b — E;,_1b —_— 4.
ct—c_1 =1 (b t1t>+1+r_p5t1

We observe that the change ¢, is a unexpected change in revenue, while the

term
rp

14+7r—p
(because p < 1) measures the proportional impact of the change on con-
sumption.
We want now to compute the explicit expression for ¢;.

<1

G = T

b+ E, Z (1 + ,r)*(7'+17t) yT]

T=t

= r {bt +E Y (47 Y { Py s+ 1= g4 Y pT"'a} }

—t i=t—1
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—t i=t—1

. {bt +> () T Dy 11— ] g p”“&el}}

T=t

[e'e) T—(t—1)
oY (1)
T=t
[e'e) T*(t*l) [e’e) T*(t*l)
1 p
() (i)

T=t

[e] T—1
rp P
+e4
! 11+7“T:t (1+r>

P o= r \
1—|—ri:0 1+7r

+ry

rby + rpyi—2

Solving the series we obtain

Ct

2
1
= rb+ry._
! yt21+r1—p/(1+r)
11 1 p? 1
+ry —
1+r1—=1/(14r) 14rl1—p/(1+7r)
+e TP L
t_ll—i—rl—p/(l—{—r)
2 2
p 1 p rp
= b P — - _
70t+ryt21—|—7’—p+ry{r 1+r—p}+1—|—r—p€t1
2 2
P _ 1 p
= b P — S
70t+ryt21—|—7’—p+rylr 1+r—p}
Fr— e — o2 — (1= )7
1+T_pyt,1 PYt—2 Py

2 2

p
= b ey _—_—
7ﬁt—i_ryt21—1—7’—,0—“4 1+r—py
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2 2
rp rp rp  _ rp
+— o — — e —
l—irr—pyt1 1—|rr—pyt2 1+r—py+1+r—py
_ rp  _ rp
— b _ _
oty 1+r—py+1+r—pyt !
rp _ rp
= rby+(1———--— —_—
"o < 1+T—p)y+1+r—p%1

= rhy+ay+ (1 —a)y—

where
rp

14+7r—p

Q
Il
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Chapter 3

The Investment Function

Consumption and investment are the chief determinants of the aggregate
demand. The purpose of this chapter is to investigate the investment be-
havior and to provide a micro-foundation, i.e. an explanation based on the
individual behavior, which is largely shared by the macroeconomists.

The demand for investment is the desired variation of the physical capital
level. This level is the sum of the long run capital such as machines, and short
run capital (goods for production or sale). Broadly speaking, the underlying
idea is that of immobilized input.

The demand for investment depends above all on the expectations about
the future demand. There is no direct link between the current level of
production and the forecast on the evolution of demand and production.

A restrictive definition of investment is often adopted in national ac-
counting. The investment is said to be gross formation of fixed capital. The
GF FC represents the value of the durable goods which have been bought by
national firms to be used at least during one year.

The GFFC includes (i) the buildings which have been purchased by the
institutional sectors (companies, administrations, financial institutions,...),
(74) the furniture, the machines and similar equipments which have been
bought by such institutional sectors.

An investment rate is defined in the national accounting as the ratio
GFFC over the gross domestic product (GDP).

GFFC
GDP

In western countries this ratio fluctuates around 20%.

63
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Alternative classifications for the investment are possible such as that
based on the institutional sectors, branches (agriculture, industry, tertiary
sector) and so on.

A Formal Definition. The net investment is the variation of the stock
of capital with respect to time:

Iny = Ky — K.
The gross investment is the net investment plus the capital depreciation:

Iy = Ky — Ko+ 0K,
— K- (1-0) K.

where 6 € [0, 1] is the depreciation rate of capital.

3.1 The Investment Function

Criterion of the Discounted Value. Firms can finance their invest-
ment by either using their internal founds or loaning outside for instance
from households or financial institutions.

We assume that the initial investment cost is equal Cj and that the in-
vestment will provide during n period a non-stochastic return. Let the return
of period t be R;. The producer compares the discounted sum of future rev-
enues with the initial cost. In other words the entrepreneur will invest if and
only if the intertemporal profit of a project is strictly positive:

V= > (Cy,
;(1+i)t ‘

where V' is the discounted value of the future revenues provided by the pro-
ductive combination we say to be an investment. ¢ is the market interest
rate, which measures the opportunity cost of investment (the agent could
lend the amount Cj to the credit market and have iCj as net return).

Criterion of the Internal Rate of Return. How could we compute
the rate of return which is specific to each investment?
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Let us assume that the initial cost Cj and the sequence of revenues { R;};_,
are known. The internal rate of return r of the productive process simply
solves the following algebraic equation:

n

R,
Ly

t=1

The criterion of the internal rate of return just consists in comparing the
market interest rate ¢ which measures an opportunity cost with r.

If » > ¢ the agent will perform the investment, if » < ¢ the agent will
supply the monetary amount on the credit market.

If the future revenues are constant, the internal rate of return can be
easily computed:

- R R «— 1 R 1+r
C p— p— p—
0 guw)t 1+7”;(1+7’)t 1+r 7
r = R/Co

The Investment Function. If the market interest rate ¢ is too high,
few investment projects will display an internal rate of return r greater than
the opportunity cost 7, and will be implemented. If ¢ is lower, more projects
will be performed. Then there exists a negative relationship between the
interest rate ¢ on the credit market and the number of realized investments.

The investment function describes the relation between the explicative
variables such as the interest rate and the aggregate investment.

In the following section we will consider another explicative variable as ar-
gument: the aggregate demand variation.

3.2 Duality

Production Maximization. A price-taker producer wants to maxi-
mize the production under a constraint of cost. Let f (x) be a production
function, = be the vector of inputs and ¢ be the maximal cost the agent
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can pay. If w is the given input price vector, the maximization program is
formalized as follows.
max f (z)
x

wx < c.

We consider without loss of generality the case of a function f of two inputs
x1 and x,. The Lagrangian is

f(z1,22) + Ae — wixy — waxs) .
We obtain the first order condition
MRS = —'LUI/'LUQ,

where M RS denotes the marginal rate of substitution, jointly with the bud-
get constraint.

The solution provides the demands x; (w, ¢) and x5 (w, ¢) as a function of
the factor price vector and the given cost. Moreover we know by substitution
the product supply

) (wv C) = f (1'1 (wv C) , L2 (wv C)) :

Cost Minimization. The agent must produce at least an amount y of
output and wants to minimize the cost.
The program is

min wz,
X

fz) >y

The first order conditions are
w=AD,f,

where w is the input price vector and D, f is the gradient of the production
function. As usual X is a Lagrangian multiplier. After eliminating the La-
grangian multiplier and using the production constraint we obtain the factor
demand as function of input prices and the minimally required production
level:

¥ =z (w,y).

We notice that z,w are vectors, while y is a scalar.
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By substitution we get the cost function that is the minimal cost:
c(w,y) = wx”

This function is also said to be the total cost.
The average cost is defined as follows

c(w,y)
y )

while the marginal cost is given by a partial derivative

de (w,y)
oy

It is possible to show that the cost function: (i) is non-decreasing in w,
(77) it is homogeneous of degree one, (iii) concave in w, (iv) continuous in w
(see among others Varian, 1992).

The Shephard’s lemma allows us to compute the optimal demand func-
tions from a total cost:

oC (w,

The proof is just an application of the envelope theorem!.

Duality. The production maximization

wr < ¢

'Proof. Let y be given. We can maximize the negative of the cost:

M (w) = —-C (w,y) .

Therefore
oM 0(—wx) o
8101‘ o 8wt T
and finally
_ 9C (w,y)
Ty (’LU, y) - awt .
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and the cost minimization are equivalent programs under mild assumptions.
In other words the solutions (optimal factor purchase) are the same.

min wz,
X

fz) >y

The main condition to have the equivalence is the convexity of the input
requirement set, i.e. the quasi-concavity of the production function.

In words the duality theory provides the conditions to link the informa-
tions concerning the production function with the informations about the
cost function.

If the input requirement set for every production level is convex, then we
can reconstruct exactly the production function from the cost function. In
this case we obtain

" (w,y) = minwz

with z € V (y) , where

Viy) ={z: f(z) 2 y}.

The converse is always possible: from a production function we can derive
the factor demands to be substituted in the cost to obtain the minimal cost,
i.e. the cost function ¢ (w,y) = wz* (p,w) .

The duality relation can be easily viewed in the case of one input. We can
show the inverse relationship between the marginal cost and productivity. It
is always possible to find the cost function because an increasing produc-
tion function y = f (z) is always quasi-concave. Monotonicity of f implies
x = [~ (y). The cost function becomes ¢ (w,y) = minwzr = wf~* (y). The
marginal cost is given by

Oc/0y = w(1/f' ()] = w/f' (x).

The inverse relationship between the marginal cost and productivity is now
clear.

The following table illustrates the dual links between production and costs
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for a function of two factors.

Duality max f min c
max, f () min, wx
Program wr < ¢ { f(z) >y
Lagrangian [ (z1,22) + A[c — w1x1 — wexs] —wizy — woxe + p[f (21, 22) — Y]
FOC’s MRS = —'11)1/11)2 MRS = —'LUl/'LUg
WiTy + Wy = C f(z1,22) =y
Demand X1 (wa C) 451 (wa y)
X2 (wa C) 1) (wa y)
Supply Y (U), C) = f (‘Tl (U), C) y L2 (U), C)) Yy
Cost & c(w,y) = wiz1 (w,y) + wars (w,y)

The two figures below describe the duality.

3 3
P
Xy X2
2 2

1 2 v, 3 4 1 2 8 4
Figure 14. Max f. Figure 15. Min c.

3.3 Static Profit Maximization

Which is the right level of capital a firm needs? Let the production function
depend on capital and labor (for instance the number of workers):

Y = F(K,L).

We assume F’ to be concave (production divisibility rules out convex functions
even if quasi-concave). The profit is usually defined

pF (K,L) — pp K —wL,
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where p; is the price of the product, p, is the usage cost of capital and w is
the wage for the workers.
The unconstrained profit maximization gives

8F Pk
0K p’ (3.1)
oF w
7 p (3.2)

In words capital productivity must equal the real cost of capital and labor
productivity must equal the real wage.

These necessary first order conditions turns out to be sufficient for profit
maximization under the assumption of concavity of F.

Profit Function. As above we assume that the producer is price-taker
and has at disposal a concave production function. He wants to maximize
the profit, i.e. the difference between takings py and production costs wzx.
The technological constraint is respected

max py — wx
(y,)

with y = f (z). If for instance f is a function of two factors x;, x5 the profit
is given by
T (21, %2) = pf (21, T2) — w1T1 — Wals.

The maximal profit is said to be the profit function. This function depends
only on the price vector.
The first order condition is

pof = w,

where D, f is the gradient of f and w is a vector. If f is a function of only
one input the first order condition becomes

fia)=— (3-3)

p
(compare with (3.2)). In words the marginal productivity must equal the
real remuneration of factors. The second order condition we require, is the
production function to be concave (if f € C? the Hessian matrix is required
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to be negative definite). As usual first and second order conditions ensure a
correct maximization. In the case of functions of one factor y = f (x) we get

(3.3) and
7' (@) <o.

Profit maximization provides the optimal product supply and factor de-
mands:

= 2" (p,w),
v = f@(pw) =y (p,w).

To know the product supply and factor demands from the profit function
a useful proposition is the Hotelling’s lemma.

y(p,w) = On"/0p,
z; (p,w) = —0r* /0w,

where 7* is the profit function (maximal profit). The proof is an application
of the envelope theorem?.

The profit function has the following properties. () it is non-decreasing
in p and non-increasing in w. (i7) It is homogeneous of degree one in (p, w),
(797) convex in (p,w), (iv) continuous in (p,w). See among others Varian

(1992).

3.4 Dynamic Behavior

The firm value V; is a sum of discounted future profits.

00 1 T+1
W — Z <1 n @) [pt_,'_TY;_;,_T — wt—‘,—TLt-‘rT - pk,t+TIt+T] ;
=0

Ly, < Kipyipr —(1-0) Kipr,

where ¢ is the market interest rate, Y;,, Liy,, I;+, and Ky, are respectively
the product, the labor services, the investment and the capital of the period
t 4+ T. Diyr, Wiyr, Priyr are respectively the product price, the wage and the
investment price. Eventually ¢ is the depreciation rate of capital.

2Proof. z* = maxpy — wzx = M (a) where a = (p,w). Then D,z* = Dy, (py — wx)
where b = (y,z). W
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We set the infinite horizon Lagrangian

0 1 T+1
A = Z <1 + z) P+ Yorr = Werr Ligr = Prpirliis]
=0

+ Z Meir [ Kivipr — (1= 0) Kypr — Ly r]

7=0

and we obtain the first order conditions

oA 1 T+1 oY, 7_
aKt: - (—1 + Z> pt+7’ﬁ + )\t+7'71 - )\t+7' (]_ — 5) — O7
O\ 1 T+1
8It_: - (1 + Z) pk},t—‘,—T - )\t-‘rT = 0’
T = 0,...,00.

We eliminate the multipliers:

1 T+1
)\t+7' = - < ) pk,t+77

1+1
(ﬁ)ﬂrl pt+T§[Z—1:_ = <$)Tpk,t+r—1 - (1 - 6) (ﬁ) - Pkt
pt+rg§—1:: = (149 prgrr—1 — (1 = 0) Prtsrs
porgie = 040 EE= 1m0 e

For every t we get

Y, N PEjit—1
— = . — (1 - . i
pge = [+ - (1= 0) (34)

The inflation factor on the capital market is

Prt
Pkit—1

1+7Tk:tE

We recall to mind the Fisher’s formula

I+d9)=0Q+m)(1+r),
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where ¢ and r are respectively the nominal and the real interest rate.
Equation (3.4) becomes

oY, I+1

pta_Kt = 1+7Tkt_(1_6) Dkt
= [1+7’t—(1—5)]pkt
= (r+0) pre- (3.5)

This formula generalizes (3.1) to a dynamic context.

In words firm value maximization (intertemporal profit maximization)
requires that the marginal nominal productivity (LHS) equal the nominal
usage cost of capital (RHS) .

3.5 Tobin’s ¢

The previous model is augmented to take into account the adjustment costs,
i.e. the further costs the firm sustains to adapt the production organization
to new machines and in general long run inputs?.

We assume these costs to depend on the net investment and the capital
level:

A (Intu Kt) 9

where
Int = It — 6Kt

More precisely they are assumed to be homogenous of degree one.
A (Int7 Kt) = C (Int/Kt) Kt7

where the intensive function C' is specified as follows:

c(0) = o0,

c'(0) = 0,

C'(x) > 0 forevery z >0,
C"(z) > 0 forevery z >0

(C' is increasing and convex).

3This section is inspired by the chapter “L’investissement” by F. Collard in Hairault
et al. (2000).
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For example we choose

AL K) = ISKS®,
a > 1.

Then
C(In/Ky) = (I ) Ky)™ .

The production is reduced by these costs:
Y — C (L) Ki) K,

where

Y; = F(Kt,Lt) .

For the sake of simplicity we assume that the capital input and the output
are the same good and therefore have the same price which is normalized to
one.

bt = pktElu
i =T

(no inflation).
In real terms the firm value becomes

—\1l+r

00 1 T+1
Vi = Z ( > Yir = C (Unptr/ Kigr) Kipr — Wegr Ly — Inpir — 0K1i+],

In,t—i—r < Kt—i—l—i—r - Kt—i—r:
T = 0,1,...,

because the gross investment is equal to I; = I,; + 6 K.
The infinite horizon Lagrangian is

(1) Lusir
o= Z <1 + r) [Y;M ¢ <K:T> Kipr = Wepr Lir = Iy — 6K,

=0

+ Z )\t-‘rT [Kt—i-l—i-r - KH-T - In,t—H‘] .
7=0
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We find the first order conditions.

0 = aAt _ < 1 )T+1 [ay;f-i-r —|—C/ (In,t-i-r) In,t-‘rT e (In,t-‘rT) _ 5}
aKtJrT 1+r 8Kt+’r Kt+T KtJrT Kt+T

FAtr—1 — Mgrs

OA, 1\ Lot
0 = = - C, - If=A T
8In,t+7’ (1 + 7’> { < Kt+7' - o

Mpr = — [ — THC/I”ﬂH (3.6)
t+17 1+7r Kt+7— ) :
T+1
1

l8n+T +C’/ (In,t+7) In,t+7‘ _ C <ﬁ) — 6:| . (37)

0K t+7 K t+7 K t+7

Tobin’s q is defined now as follows
Grpr = — (L+7) Ay

Proposition 2 The economic meaning of this multiplier redefinition is the

following
- 1 ! 8}/;6—&-7' (Int—i-r) Int+T (Int+7):|
= -6+ C | == ) == 0| =) |.
b Tz:; <1 + 7“) |:8Kt+r Kiyr ) Kir Kiyr

Tobin’s q is the marginal value of the firm with respect to the capital, i.e.
the marginal value of a further unit of capital invested in the firm. In other
words it is the discounted sum of all the future marginal net productivity.

Proof.
By recurrence from (3.7)

A = g1

- ( 1 )2 [aml Lo (In,m) [ANIEp. <In,t+1) - 5}
L+r 0K K1) K Ky
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= Aiy2
- ( 1 >3 (Mirn (Inm) Iz <In,t+2> )
1+7r/) 0K Kiis) Ko Ko |
_ ( 1 )2 [ 041 L (In,t+1) Ingy1 c <In,t+1) _ 5—
1+7r) 0K K1) K K |
= 43
~ ( 1 >4 (Miss (In,t+3) Iniss o <In,t+3> )
L+r) [0Kys Kz ) Kiys Kiis |
B ( 1 )3 [ 0Y40 L (In,t+2) Ingv2 c <In,t+2) _ 5—
1+7r/) 0K Kis) Ko Ko |
_ ( 1 )2 [ 0Yiiq Lo (In,t+1) Ings1 c <In,t+1) B 6— ‘
1+7r) [0Ki K1) K Ky |
We get
)\ - _ i 1 T 8K+T + C/ In,t+7 In,tJrT o C In,t+7 _ 6
' — I+ 0Ky r Kiyr ) Kigr K,

+ lim )\t+’r'
The definition of Tobin’s ¢ entails:
q = — (]_ + T) )\t

_ f: < 1 )T [aY;+T + C/ (In,t—i-r) In,t—‘rT - C (In,t—i-r) . 5:|
IL+r 0Ky, Kiyr ) Kiyr Ky r

T=1

—(1+7r) 7lim At
By definition we observe that A\yyr = —qior/ (1 4+ T)TH . Thereby

—(1+7) Tlgrgo AtaT :Tlggo (1+ r)fT Qi

o0 ]_ T 8}/;+T Int+7- Int+7' Int+7

—= J— 6 C/ ) ) _ C )

o ; <1 + 7,) |:8Kt+’r * < KtJrT KtJrT Kt+7—
+ lim (147)"7" gur.

T—o0
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The (necessary) transversality condition for optimization (absence of bub-
bles) requires

lim (1+7)"" gur = 0.

T—o00

The formula of proposition follows. B
From equation (3.6) we obtain

. Luiir
Gir=— (147 N =14+C <—’” )

and in particular

- 1 ! 8}/;+T In t+7> In t+1 <Int+7):|
= — 640 | = | 2= -C (=
& Z <1 + 7’) |:6Kt+’r <Kt+7’ Kt+T KtJrT

T=1
Int
= 1+0 (=),
e <K>

The marginal value of the firm (the marginal intertemporal return of the
investment) at the optimum equals the marginal cost of the investment (the

price of the capital good (1) plus the marginal adjustment cost per unit of
capital C" (11/Ky)).

Investment Dynamics. Let the investment be defined as a function
of q.

@ = 1+C (Iy/Ky),
C'(Iu/Ki) = q—1,
Lu/K, = C™'g—-1),
L = ¢(q—1) K, (3.8)
Kiyw = Kb+ Lu=[14+¢(q—1)] K. (3.9)

¢ is well defined because C' is strictly convex.
From (3.7) and (3.8) we obtain

1\’ [0, L1\ Tnein Lot
0 = M— g1+ < ) [ — 6+ O | 2= — _C ’ ,
Lo L+r 0K K1) K Ky

0 = —(1+7* N+ 1+7)° N
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0Y 11 <Int+1) Inia (Lmﬂ)]
- —svo AR RO e
|:6Kt+1 K ) Kin K
= (1+7)¢ — @

—[0Yi1 /0K — 6 + (g1 — 1D (g1 — 1) = C (0 (g1 — 1))]
= (1+7)q —0Y1/0Ki11 — ¥ (q41),

where

(0 (Qt+1) = Q1+ (C]t+1 - 1) 2 (Qt—i-l - 1) -C (90 (C]t+1 - 1)) — 6.
From (3.9) we have

(14 7) 0= G (14 (0~ D) = 6 (0) =0,

or more compactly
G (K, qt,q141) = 0.

The non-linear dynamic system gets the following form:

Kt+1 = []. + (%2 (qt — 1)] Kt, (310)
G (K, gt 1) = 0. (3.11)

We adopt now a useful geometrical technique to analyze the local dynamics.
The reader is referred to the chapter 1 for more mathematical details.
The steady state is computed as follows

g = 14+C(0) =1,

under the assumption C’ (0) = 0. Moreover

(1+7r)q—0F/0K —¢(q) = 0,
147 —0F/0K — (1) =

But we observe that
(1) =1+(1-1)p(l-1)—-C0)—6=1-5¢.
Therefore the steady state is given by

g = 1 (3.12)
OFJOK = 71+ (3.13)



3.5. TOBIN'S Q 79

(the second condition looks like that appearing in the simple dynamic opti-
mization without adjustment costs: see (3.5))

(3.12) and (3.13) describe long run dynamics.

Local information about the non linear dynamics We want to linearize
system (3.10-3.11) around the steady state

o ] L D~ Lm0 )L ]
qt+1 : Ogr41/0K:  0qia/0qr | || @ i

q q
All the local information is contained in the Jacobian matrix evaluated at
the steady state:

J— [ OKi11/0K, OKy1/0q }
0G+1/0Ky  Oquy1/0q Kq'

We compute its components:

%K—lgl o l+e(g—1)=1,
Mon| ¢ (a—1)K =¢'(0) K,
8% K,q
Gt 11 _ G |OK, @YK [1+pg-1)] 0
0K, |y 0G/0qim |, 7 @ ~ oK
Oq41 B G [dq 14 r—(0?Y/OK?) ¢ (¢ - 1)K
q; K.q N OG [0qi11 Kq N ' (q)
T T
0K? ’

because at the steady state ¢ =1 and ¢ (¢ — 1) = 0, and as

(0 (Qt+1) = Q1+ (Qt+1 - 1) 2 (Qt+1 - 1) -C (90 (Qt+1 - 1)) -0,
then

V() =1+0(q@—1)—(¢g—1)¢'(¢—1)-C(pg—1))¢'(¢—1) =1

(we notice that C” (0) = 0).
The Jacobian matrix becomes

1 ¢ (0) K

=1 - @v)or?) 14— (@YK ¢ (0) K

(3.14)

K,q
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Therefore the trace and the determinant are given by

T = 1+1+r— (0’Y/0K?) ¢ (0) K,
D = 1+7r—(0’Y/0K?) ¢ (0)K + (0°Y/OK?) ¢ (0) K =1+7.

More precisely

T=1+D— (0°Y/OK?) ¢ (0) K,

where
0 =
ST O LKy
because
¢’ (e —1) = c! (g —1).
Hence

D = 1+,
0?Y /OK*?

D = T-1+—2%

As by assumption

O*Y/OK* < 0,
o’ > 0,

we get

D > 1,
D < T-1.

According to figure 5 we are in a saddle region.

A saddle configuration in two-dimensional dynamics means that the stable
manifold (the union of the converging paths to the stationary state) is one-
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dimensional.

Figure 16. Phase diagram.

As the capital is a pre-determined variable, while the marginal value of the
firm ¢, is not, the intersection between the vertical line for a given K; and
this stable manifold in the plane { (K, ¢;)} is a unique point defining a unique
trajectory.

It is possible to show that the converging path is downward-sloped.

Consider the Jacobian J in (3.14) and set j;; = 1 and ji2 = ¢’ (0) K =
K/C”. Without loss of generality let A; be the stable eigenvalue and Ay be
the explosive eigenvalue. If A is the Jordan canonical form and V' = [vy, v is
the transformation matrix, where v; and v, are the eigenvectors, convergence
requirement to lie on the saddle path is

o ([ 5]
t—o00 9 — ¢ 0]

In other words the second component of the vector

e
4o — ¢
must equal zero, or equivalently
N
w-q = 2L (K - K)
J12
A —1
= ZL_(K,-K).

K/C"



82 CHAPTER 3. THE INVESTMENT FUNCTION

The slope of the linearized saddle path is given by

A—1
K/C//

< 0,

because A; € (0,1) and C” > 0.

If K; < K*, the steady state, then the marginal productivity of the capital
is greater than the interest rate. Therefore the producer wants to increase the
investment. He faces the adjustment costs and the investment is implemented
over more periods. As the marginal productivity of the capital is higher than
its stationary state, the marginal value ¢; is higher than its steady state g*.
However the further capital accumulation entailed by this mechanism implies
a reduction of the marginal productivity of capital and finally a progressive
contraction of the marginal value ¢ towards its stationary level ¢*.

3.6 The Neutrality Theorem of Modigliani-
Miller

We roughly follow Modigliani and Miller (1961).
We assume that there are three ways of financing investment.

prely = DBiy1— By
+Pat (At+1 - At)
+ (pth — wy Ny — iBt) — di Ay,

where By, 1 — By is the loan the firm takes out, py (Ai11 — A;) is the nominal
increase of capital on the stock market, and (p;Y; — wy Ny — iB;) — di Ay is the
self-financing.

Rearranging the previous expression we get

Biy1 + patAii1 = (1+10) By + (pr + di) Ae — (Y — weNy — pely) . (3.15)
An equilibrium condition under the assumption of perfect markets is

. _ Paitt1 +diq

141 3.16
pat ( )

That is a no-arbitrage condition: the gross return on bonds must equal the
gross return on stocks.
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We obtain
Pat+1 + diyr = (1 +19) par

and from (3.15)

Bij1 + patAivr = (1+9)Bi+ (1414) par—14:
- (pth — wy Ny — pktIt)
= (1+14) (B + Pas-14:)
- (pth — wy Ny — pktIt) .

Let
Vi= DB+ pa,t—lAt

83

(3.17)

be the gross firm value. Therefore (3.17) gives the law of motion for this

value

Vier = (149 Vi — (pYs — weNy — piLy)

Solving towards the future we get

1 1
Vi = 1——HWH + 114 (pYy — weNy — predy)
11 1
+ 1+ (peYs — weNy — prelt)
1 \? 1 \2
1
Y, — wy Ny — pred.
+1+Z<pt t — We¢lVy — Pt t)

Under the assumption of no speculative bubbles

1 T—t
I Vi =0
T (1+z'> r
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we have

1 T+1
‘/t = Z <1 + Z) (pt+TK+T - wt+TNt+T - pk,t+TIt+T)
7=0

as seen in the section on the intertemporal profit maximization.
Similar computations provide from (3.16) the price of the assets:

1

at = T—Da +
Pat 1+Zp,t+1

d
144

S . )
_1+z' 1+Z~pa,t+2 1+Z.t+2 Z.t+1

1)’ 1\
= (——| Pa — ) d d
<1—|—z’> p,t+2+<1+i> t+2+1+it+1

1 T—t 1 T
=g () e X () ae

and then

1 T
DPat = Z <1——1—z) ditr.

=1

Theorem 3 (Modigliani-Miller) If the financial markets are perfect, the fi-
nancial structure of the firm does not matter for real choices.

Heuristic hint. Consider the equations

Vi = Bi+par—14: (3.18)
1 T

Qa == d T - 3.19

e T ()« o

There are two situations.

(7) A; increases. Then the dividend per stock d;., decreases for every
7 > 0 and the price p,; as well according to (3.19). It is possible to show
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that this price reduction will compensate exactly the rise of A; in (3.18) and
that V; will remain unchanged.

(74) By increases. The payment of more interests will reduce the dividend
dy, for every 7 > 0 and the price p,; as well according to (3.19). It is possible
to show that this price reduction will compensate exactly the rise of B; in
(3.18) and that V; will remain unchanged.

Therefore the financial structure does not affect the value of the firm V,.
|
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Part 11

General Equilibrium
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Chapter 4

Exogenous Saving

4.1 Growth Accounting

Which is a good measure of welfare? And of country productivity?
We deal with a big problem in measuring growth.

First, the income (GDP) per capita is a rough measure of welfare, even
if a positive and significative correlation with other measures of life quality
such as life expectancy, is obtained from data.

Second, international comparisons are biased by the exchange rate volatil-
ity. An exchange rate based on the purchasing power parity is a good indi-
cator to convert and compare GDPs per capita between countries.

89
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4.1.1 Statistics on growth
We follow Jones (1998).

GDP/N :1990 | GDP/L : 1990 | g : 1960/90

Rich countries

USA 18073 36810 1.4
West Germany | 14331 29488 2.5
Japan 14317 22602 5.0
France 13896 30340 2.7

Poor countries

China 1324 2189 2.4
India 1262 3230 2.0
Zimbabwe 1181 2435 0.2
Uganda 554 1142 -0.2

Growth miracles

Hong Kong 14854 22835 5.7
Singapore 11698 24344 5.3
Taiwan 8067 18418 5.7
South Corea 6665 16003 6.0

The GDP data are in 1985 dollars.

) _ (GDP/L), - (GDP/L),
g = W(GDP/L), —In(GDP/L), ~ (GDP/L),

4.1.2 Facts
We still follow Jones (1998).

(1) Large variation in per capita income across economies.

(2) Large variation of economic growth rates across countries.

(3) Growth rates are not constant over time.

(4) Countries’ relative positions in the world distribution of per capita
income varies over time.

(5) The real rate of return to capital show no trend in the US over the
last century (Kaldor, 1958).
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(6) The capital and labor shares on total income show no trend in the US
over the last century (Kaldor, 1958).

(7) The growth rate of output per person has been positive and relatively
constant in the US over the last century (Kaldor, 1958).

(8) Growth in output and growth in the volume of international trade are
closely related.

(9) Both skilled and unskilled workers tend to migrate from poor to rich
countries or regions.

4.1.3 Comments

(1) Large variation in per capita income across economies.

To compare countries’” GDP the purchasing power parity exchange rate
is required. How much does the same representative bundle cost in terms of
yens or dollars?

Consider the table.

The representative worker in Uganda must work a month and a half to
earn what the typical worker in United States earns in a day.

In 1988 half of the world population lived in countries with less than 10%
of the U.S. GDP per worker.

China and India account for nearly 40% of the world population and had
a GDP per worker less than one-tenth that of the United States.

The newly industrializing countries (NICs) are Hong Kong, Singapore,
Taiwan, and South Corea. By 1990 Hong Kong had a per capita GDP
(GDP/N) close to that of West Germany. However the GDP per worker is
relatively smaller because of the higher labor force participation (L/N).

The success of the NICs depends on a trade policy based on the export
instead of on the substitution of import with domestic productions as in India
and Latin America.

(2) Large variation of economic growth rates across countries.

The poorest countries of the world exhibited varied growth performance.
China and India grew faster than the United States from 1960 to 1990, but
their growth rates were less than half those of the NICs.

(3) Growth rates are not constant over time.

In the United States and in many of the poorest countries of the world
growth rates have not changed much over the last century. On the other
hand, growth rates have increased dramatically in countries such as Japan
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and NICs. According to several accounts China’s annual growth rate has
been nearly 10% in recent years.

(4) Countries’ relative positions in the world distribution of per capita
income varies over time.

(5) The real rate of return to capital show no trend in the US over the
last century (Kaldor, 1958).

(6) The capital and labor shares on total income show no trend in the US
over the last century (Kaldor, 1958).

For the United States, one can calculate labor share of GDP by looking at
wage and salary payments and compensation for the self-employed as a share
of GDP. These calculations reveal that the labor share has been relatively
constant over time, at a value of around 0.7.

(7) The growth rate of output per person has been positive and relatively
constant in the US over the last century (Kaldor, 1958).

(8) Growth in output and growth in the volume of international trade are
closely related.

(9) Both skilled and unskilled workers tend to migrate from poor to rich
countries or regions.

In terms of skilled labor, this raises an interesting puzzle. Presumably
skilled labor is scarce in developing countries and simple theories predict that
factor returns are highest where factors are scarce. Why, then, doesn’t skilled
labor migrate from the United States to Sub-Saharan Africa?

4.2 The Solow Model

After the break of Second World War several western countries experienced
increasing growth rates. A new hope for growth arose for under-developed
countries too. Fifties were years of unconstrained optimism. The positive
view was reflected also by economic thought. Economic policy was largely
inspired by Keynesian ideas about welfare state virtues. The models of Solow
(1956) and Swan (1956) are typical intellectual outcomes of the period. These
seminal contributions constitute the benchmark for all the subsequent growth
theories. They remain the simplest way to describe capital accumulation
and growth and claim the catch-up with the rich countries by the poor.
In these models preferences are very simply specified: the saving rate is
exogenously fixed. Thereby there is a trivial possibility of oversaving and in
general dynamic inefficiency, if this rate does not maximize the stationary



4.2. THE SOLOW MODEL 93

consumption. Growth is exogenous too, because it is driven by exogenous
laws such as a demographic evolution or an exogenous technical progress.
We enter now the formal details of a discrete time version of Solow (1956).

Kipn = (1-0)Ki+ (Y= Cy)
— (-6 K, +5
= (1-9)
(1-90)

-0 Kt + SY;
1-46 Kt + sF (Kt, Nt)
We normalize by V;.

Kt+1 Kt F<Kt= Nt)

ST i
N, -0 F +5—x,
KIH‘]. Nt"rl _ (1_5)£+ F(Kt 1)
Nt+1 Nt Nt Nt
Let
K
kt = Ft
t

s = o (50)

kt+1 (1 + n) = (1 — 5) kt + Sf (k't)

and we obtain

The law of motion is

1-46 s
ki = 1+nkt+ 1+nf(kt)

Usual conditions
ff>0 (4.1)
fl/ < O

Inada conditions (sufficient conditions for the existence of at least one non-
trivial steady state).

—

—~

\8/\_/\_/
=)
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Steady States. Trivial steady state:

k=0
Non-trivial steady state.
1-96 s
k = k k
1+mn * 1+ nf (k)
1-9¢6 s f(k)
1 pu—
1+4n 14n k
Let us define )
[
g(k) ="~
Observe that
g <0
(prove it by means of a graphic). Therefore
s 1—-6 o+n
k) = 1-— =
1+ n? (k) 1+n 1+4+n
o+n
g(k) = (4.3)

s
g is monotonic, then invertible:

6+n
.
= ()

Comparative statics:

ok _ 99 (+m)/s) 1 1 1 (4.4)
50 ) GRS BT 1 P PN (s s R
ok 0g (5+n)/s)
0s 0s
B 1 _5+n _ 6+n
- y%)( 82> G

Provide a graphic proof.
The stationary production is given by

yzf(k)=f<gl<5;rn)>

while the stationary consumption is provided by

c=-9y=-97 (s (1)) (46)

S
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Global Dynamics. Reconsider the law of motion.

1-46 S
ke = 1+nkt+ 1+nf(7<?t>=¢(kt>

Clearly from (4.1) et (4.2)

o > 0
/! < O
The Inada conditions entail
¢(0) = 0
¢ (0) = o0
1-46
! = <1
7 (00) 1+n

Plot the function ¢ and notice that it converges from below to a slanting
asymptote with slope (1 —6) /(14 n) < 1 and positive intercept. Plot also
in the plane (k, ¢) the bisector of the first orthant. The abscissas of the two
intersections are respectively the trivial steady state 0 and the non-trivial
k > 0. Plot the global dynamics and the converging path.

We observe that if the initial condition kg € (0, k), then

ko < (ko) =k
ke < (k) = kg

and the capital-labor ratio increases.
If ko € (k,+00), then

ko > (ko) =k
ke > (k) = kg

and the capital-labor ratio decreases.
Thus the stationary state k is globally stable for ky > 0.

Balanced Growth. At the steady state we get
K Ko
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Then % N
t+1 t+1
pu— = 1
X, N, +mn
The growth factor equals the population growth factor, which is exogenously
given.
Moreover
Yimm  F(Ky1,Nep)  Nenf (k) l+n
Y F (K, Ny) N f (k)
Ci1 (1 - 3) Yi
= = 1
c, i—sy, "

Then the growth is balanced.

Local Dynamics. A similar conclusion is obtained by linearizing the
dynamics around the steady state. Dynamics are one-dimensional. The
stability condition requires the unique eigenvalue to have modulus less than

one: 6
@ (9‘1( n))‘<1
S

Golden Rule. We are interested in founding the saving rate which max-
imizes the stationary consumption (the consumption per capita is a rough
measure of human welfare).

From (4.6) the stationary consumption is

e (352

s* =argmax (1 —3s) f (g1 (6 + n))
s S
Concavity of f ensures the second order conditions to be satisfied. Therefore
we have
ga-ar(o(52) = o
s s
—1\/ o+n o+n
10 +a-9 7w ey (S| (25 - o

S 52

Al = l¢' (k)| =

We want to find
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()= (1= 1 () s T -
1) = (1= 1 () s -
e o= [L0] LWk s
Therefore
1)~ (=) D) g~ 0
=) 0 e e = 10
0= FrER T~
(=) g = 1
where 0
TT®

97

is the elasticity of production function with respect to capital, i.e. in eco-
nomic terms, as the production function is homogeneous of degree 1, the

capital share on total income.
We have

1 o+n  f(k)
W= = %

1—-s ¢ 6+n

= k
s 1—¢ s 9 (k)
l1—s € 0+n o+n
pu— k: pu—
s 1—¢ s 9 (k) s
because (4.3). Finally we get
1—s €
=1
s 1—e¢
which holds if and only if
sf=¢

(4.7)
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Speed of Convergence. Consider the (one-dimensional) dynamic sys-

tem:
1-46 s

R = 1 +nkt+ 1—1—nf(kt> (ki)

The linearized dynamics are characterized by the eigenvalue

Ao ()]

Remember the meaning of linearized dynamics in the general case

Al = 1" (k)] =

T —x = J (g — )

where z; is a vector state variable at time ¢, = is the steady state and J
is the Jacobian matrix evaluated at the steady state. Then the non-linear
dynamics are approximated in a neighborhood of the steady state by the
following ones

v —x~J (g — )

where the initial condition kg is assumed to belong to a neighborhood of z.
In our case the Jacobian matrix is one-dimensional. Then

)
oo (52

If we want to know the time to cover a share o € (0,1) of the distance
between the initial condition and the steady state we must solve the following
equation:

and we obtain

k=Ko

7T Tk —k
Che—ktk—k k—k  k—k
= ko h—Fke  k—Ty

ke — k NV ER AN
= 1- =1—
e (0 (5)
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We obtain

£1n g (g—l <5JSF”>> — In(l-o)

‘o In(l1—-o0)
g’ (g1 ((6+n)/s))

This time is an inverse measure of the speed of convergence.

and finally

4.3 Exogenous Technical Progress

The basic model claims that poor countries catch-up developed nations if
the fundamentals (f (k),0,n,s) are identical. This was the naive hope of
the Fifties according to Solow predictions. Broadly speaking we know now
that not only the gap between southern and western countries has not been
reduced in the last three decades but after the Eighties it rather increased.
Two main answers have been provided to solve the paradox. On the one
hand side Solow (1957) augmented his basic setup by assuming an exogenous
technical progress as engine of differential growth. On the other side the
article of Romer (1986) opened the new field of studies on endogenous growth.
The latter approach will be treated later on in the fifth chapter.

Different evolution laws for technical progress justify the gap between
countries with identical fundamentals.

Let us now consider the discrete time version of the augmented Solow
model.

Ky

where we assume
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for every t. In other terms there is an exponential growth of the technical
progress

At = (]_ + a)t A[)

= (1+a)
where Ag = 1.
We normalize by A;N;.
Ko g K FUEN)
AtNt AtNt AtNt
Kiy1 Ay Nyt ¢ ( ¢ )
= (1-6 +sF|—1
ApiNeyn Ay Ny ( )AtNt AN,
Let
K
he = AN,

_ Ky
fk) = F<m71>

and we obtain
ki1 (14+a)(1+n)=(1—06)k + sf (k)

The law of motion is
1-46 s
1+a)(1+n)"

ki1 = (

Usual conditions

fo> 0 (4.9)
<0 (4.10)

Inada conditions (sufficient conditions for the existence of at least one non-
trivial steady state).

—
8
~— ~— ~—
S
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Steady States. Trivial steady state:

k=0
Non-trivial steady state.
1-6 S
k = k k
Troarn taraazn’ W

1-6 s f (k)
(+a)(0+n) (Uta)(+n) &

Let us define

_ f(k)
g(k)ZT
Observe that
g <0
(prove it by means of a graphic). Therefore
s k) = 1- 1-6 C(I+a)(d4n)—1+06
I+ra)1+n)’" = T Oxa(+n)  (I+ta(d+n)
_ l4+a+n+an—-1+6 a+n+an+o
B (14+a)(1+n)  (1+a)(1+n)
a+n+90

(1+a)(l+mn)
sg(k) = a+n+an+0o

a+n+an+6
g(k) =

s
g is monotonic, then invertible:

P <a+n+an+6)

S

Comparative statics: verify that

Ok Ok Ok

daon' o - "
Ok 99 '((a+n+an+6)/s) 1 a+n+an+6
8s Os T g k) 52 )

_ a+n+an—+96 -
29" (g7 ((a+n+an+06)/s))
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because
(7)) <o
Provide also a graphic proof.
The stationary production is given by

y:f(k):f<g1 <a+n+an+5))

S

while the stationary consumption is provided by

a~|—n~|—an~|—5)>

S

c=<1—s>y=<1—s>f(gl(

Global Dynamics. The law of motion is

1—-96 S
B P ¥ Py S R N G

f (k) = o (k)

We observe that

o > 0
S0// < O
The Inada conditions entail
p(0) = 0
¢ (0) = oo
1-46
¢’ (00) = <1

(14+a)(1+n)

Plot the function ¢ and notice that it converges from below to a slanting
asymptote with slope (1 —6)/[(1+a)(1+n)] < 1 and positive intercept.
Plot also in the plane (k, ¢) the bisector of the first orthant. The abscissas
of the two intersections are respectively the trivial steady state 0 and the
non-trivial £ > 0. Plot the global dynamics and the converging path.

We observe that if the initial condition kg € (0, k), then

k‘o < @ (k[)) =k
ke < (k) = ki
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and the capital-labor ratio increases.
If ko € (k,400), then
ko > ¢(ko) =k
ke > (k) = ki

and the capital-labor ratio decreases.
Thus the stationary state k is globally stable for ky > 0.

Balanced Growth. At the steady state we get
K K

pu— pu— k:
ANy A1 Nep
Then % AN
t+1 t+1 Vi1
= = (1 1
e 1N, (1+a)(1+n)
The growth factor equals the population growth factor, which is exogenously
given.
Moreover
Y, F (K1, Ay 1N Ay N, k
t+1 _ ( t+1 t+1 t-‘rl) _ t+1 t-‘rlf( ) _ (1+a) (1+n)
Y, F (K, AN)) AN (k)
Ct+1 (1 - 8) Yip1

o = o9y, =(14a)(1+n)

Then the growth is balanced.

Local Dynamics. A similar conclusion is obtained by linearizing the
dynamics around the steady state. Dynamics are one-dimensional. The
stability condition requires the unique eigenvalue to have modulus less than

one:
f 1 fa+tn+an+6
v\9 S

At the steady state the aggregate variables grow at rate a + n. This is
due to the constant returns to scale in aggregate production, a neoclassi-
cal assumption. In the sixth chapter this restriction will be removed and
we shall see that increasing returns to scale allows for endogenous growth,
i.e. the aggregate variables can grow even in absence of exogenous technical

<1

Al = 1" (k)] =
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progress and demographic growth. Remember that in the first Solow model
the economy converges to a balanced growth, i.e. the growth rate for all
the aggregate variables is always n and does not depend on the initial condi-
tions. That’s a strong implication of the model and its weakness. Comparing
the long term growth rates of world countries one observes no significative
convergence and the explanation provided by the Solow residual, i.e. a di-
verging exogenous growth is not satisfactory because the technical progress
is not justified by the theory, i.e. micro-founded. The endogenous growth
models we investigate in the sixth chapter, try to shed a light on this point.

The reader, who is interested in more details about the Solow models is
referred to the first chapter of Romer (1996). In particular this handbook an-
alyzes the transition due to shocks on the exogenous saving rate, the measure
of the speed of convergence and the contribution of the technical progress in
the growth accounting (Solow residual).

4.4 Endogenous Growth in a Solow Frame-
work

Assume now another law for the technical progress:
A = K
The production function becomes:
Y, = F (K, KiNy)
Consider the Cobb-Douglas case:
F (K., K,N,) = K* (K,N,)' ™ = N} 7K,
If n = 0 we obtain the Ak model

Y, = N'™°K,
- AKt

where A = N'~®. Moreover

Kign = (1-0) K+ (Y, —Cy)
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= (1-0) K+ 5

= (1-06)Ki+sY;

= (1-906) K+ sF (K, AuNy)
= (1-90) K+ sAK;,

= (1-6+sA)K,

The aggregate capital growth factor is

K
=1—-6+sA
X, + s
The production growth factor is
Yiin  AKi
Y, AK, + s

Growth turns out to be still balanced. But now it is not generated by an
exogenous population growth or an exogenous technical progress. Now the
growth rate depends endogenously on ¢ and s.

4.5 Open Economy

4.5.1 Human Capital

This model is inspired by the continuous time model of Mankiw, Romer and
Weil (1992).
We consider an augmented production function with human capital.

Y, = KCHP (E, L) "

H is the human capital.

. Ky H
E Ly (E L) (EtLt)ﬂ
v = ki
where
_ Xy
Ty =
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Human capital is assumed to depreciate at the same rate ¢ as physical capital.
Saving rates: sx and sg.
Hy—H, = sygY,—0H,
Kiy1— Ky = sgY;— 0K,

Consider the human capital accumulation:
Eyalyyr Hig H, Y, 5 H,

J— — S J—
EL, EyqLiy EL "EL,  TEL,
<1+€) (1+n) ht+1 —ht = SHyt—(Sht

(1+e)(1+n)(hywr —h) = spyr— (O +e+n+en)h

Let g=e+n+en.

s o+
hivr —hy = 1_59% - 1+§ht
Similarly
s o+
For1 — ki = lfgyt— szt (4.11)

Dynamic system

h + h
t+1 T+g 1 gt
SK a1 B 1 )
k = h k
b 1+g " t+1+ !

Stationary state.

(6+g)h = spyk®h®
(6+9)k = sgkoh®
Therefore

By substitution
(6+g)h = sgk*hP

6+g)h = s <S—Kh) Ko
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g\ 1/(1—a—p)
]{3 _ SI?:[SK §
o+g

The local analysis is left to the reader.

and symmetrically

4.5.2 Taxes and Absolute Convergence

According to the empirical evidence (Romer, 1986; De Long, 1988) there is no
absolute convergence during the 20th century (more precisely 1870 to 1979)
within a representative worldwide sample of developing and rich countries.

Among the possible obstacles the imperfect international capital mobility
is pointed out. Taxes are recognized as an obstacle to capital inflow.

If p is the pre-tax return rate on capital and 7 is the capital tax rate, then
r = (1 — 7) pis the after-tax return rate. Assuming a constant return to scale
production function in aggregate capital and labor yields p = f’ (k), where
k = K/L. Consider now two countries A and B with similar fundamentals
and different capital tax rates. In the equilibrium r4 = rp, i.e.

(1 =74) f'(ka) = (1 —75) f' (kp)
With the same Cobb-Douglas technology for both countries we have
f’ (k‘A) 1-— B

f' (kg) 1 =7y
Oék‘jil ].—TB

ak%ﬁl 1-— TA

kA 1-— TA 1/(-a)

ks (1 -7 B)
Therefore 74 > 7 entails k4 < kp. Effective 1980 tax rate on capital (King
and Fullerton, 1984): U.K. 4%, U.S. 37%, Germany 48%.

4.5.3 Transition Dynamics in a Closed Economy

In the augmented Solow model without human capital accumulation is pro-
vided by a difference equation similar to (4.11).
s 1—9¢

kiyg = +
t+1 1+gyt 1+g

ki = o (k)
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(simply set s = sk ). Linearized dynamics are one-dimensional and the real
eigenvalue ¢’ (k), where k is the stationary state, is negatively related to the
speed of convergence. More precisely

sf(k) 1-6
ki1 = 1+ g 1+gkt
b=k~ |—— k) + =2y — )
s - 1+g 1+g¢ !

A speed of convergence:

ki —ke . ki—k
ki1 —k ki1 —k
S 1—-96
= 1- (k) + ——
l1+gf( )+ g}
6+g—sf'(k)
l+g

The Cobb-Douglas case (y; = k) yields

L ( s )1/(1—00
 \b+yg

6+ g—s(ak*™)
1+g
6+g—sa {[3/ (6+g)]1/(1_°‘)}a_1
1+g
(1—a)(6+g)
1+g

The measured speed of convergence of U.S. in the past thirty years is
about 0.02. Data yields: o« = 1/3,6 =003, g =e+n+en~e+n =
0.02 4+ 0.01 = 0.03. Therefore our simple model gives

(I1—a)(6+g) (1—-1/3)(0.03+0.03)

_ - — 0.038835 > 0.02
’ 1+g 1+0.03

The resulting speed (0.038835) overestimates the observed speed (0.02). Other
assumptions are required.



4.5. OPEN ECONOMY 109

4.5.4 Transition Dynamics in an Open Economy

One of the most interesting answer is to assume impediments to financing
human capital formation. Human capital is inalienable. Creditors can seize
physical capital but not human capital, i.e. the present value of future income
stream.
We assume that the economy is small and open and that an agent can
borrow in the international credit market up to the stock of physical capital.
The production function with human capital is still

ye = k{'hy (4.12)

The world interest rate is given and equal to r. Profit maximization equals the
interest rate and the physical capital marginal productivity: this is always
possible, even if the human capital accumulation is financially constrained,
because there are no credit constraints to physical capital accumulation. In
other words physical capital adjusts to allow the following equality

Y (4.13)

The crucial hypothesis is that the human capital accumulation is financially
constrained and for simplicity we assume that the aggregate net claims on
foreigners B; at the end of date ¢t have the aggregate physical capital as
collateral K.

B, > —-K; (4.14)

The agent is financially constrained if and only if the return on human capital
is greater than the world interest rate

Bkyhy ™t >
In this case constraint (4.14) turns out to be binding:
B, =—-K,; (4.15)
The wealth accumulation identity is
Hyw-H+Kyn—Ki+Byyw—B =Y, +rB,—C,— 6H, (4.16)

where rB,; is negative. For simplicity we assume that the physical capital
does not depreciate. Using (4.15) and (4.16) yields

Hoyw—H +0H, =Y, —rK, - C
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The saving rate is defined by

Y}—th—Ct
Y, —rK,

S

Therefore
Ht+1 — (1 — 5) Ht = S(Y; — TKt)

We normalize as usual by F;L;.
Byl Hyn (1-6) o . < i . K; )
EiLy  EiviLlip EyLy EiLy Byl
(]_ + 6) (]. + ’n) ht+1 — (]. — 5) ht = S (yt - T]{It>
I+ g) b1 —(L=0)h = s(y—rk)

From (4.12) and (4.13) we have

o
ke = —uy
T

« a @ (0% o @
A G R G
T T

a o/(1—a) o
o e

o} a (o o/(1-a) a
o= Cam & (2) 70 e
T r\r

Hence

I+ g hpr — (1 =08)hy = s(yr —rke)
I+g)hi1—(1=8)h+Q+9g) hy—(1+g)hy = s(y—rks)

a\o/(1-a) —a a /o e/(1-a) Y
(L+9) heys = (A +g)he = s{(-) /0= 2 (9) B )}

r r \r
— (64 g) I

a/(l—a) o

I+ = (1+g) h+s(l—a) (%) p/a-a)
—(0+9)h

Law of motion.

s(1—a) (a)a/(la)hﬂ/(la) b+g
S92 ’ _ZTJ

hiy1 =h
i tt 14+g r 14+g

t
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Steady state.

a\ o/(1-a) o
s(l—a)(;) RA/A=) — (54 g)h

pl-B/1-0) M(g)“/ﬂ—a)
b+g \r
h o— S(l — a) <a>a/(1a) (1-a)/(1—a—p)
B b+g \r

We linearize around the steady state.

s(1—a) fao/(-a) 3 a1 O0+g
hivi—h ~ |1+~ /(= S NC/ACRatt) R WL ) RN
o l * 1+g <7“> -« 1+g (e )
S (]. - a) o O‘/(l_a) ﬂ 7(17 75)/(17 ) 5 + g
= 1+~ (= _r a a) 2 TJ _
l+ 1+g <r> = 1+g (he = h)

1

b+g s(l—a) <g>a/(1a) 3
1+g 1+g r l-«

_ sl-a) <g>040a)<1aﬂﬂaﬂ) e (hy — h)
B O+qg \r t

r

b+g s(l—a) ja\/-a) g
T (7)
1+g 1+g l-«

-
- ] e
(

So the speed of convergence is given by

, 1_[1_1—a—ﬁ5+g}
l—a 1+4g
l—a—06+yg
l—a 1+4g
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We notice the negative effect of 3. This conclusion fits the data better than
the model of the previous section.

As economic interpretation one can say that the impediments to borrow-
ing against human capital slow down the accumulation of physical capital,
because the two factors are complements in the production process. A similar
mechanism is in Barro, Mankiw and Sala-i-Martin (1995).



Chapter 5

Endogenous Saving

5.1 Two-Period Equilibrium Model

5.1.1 Decentralized Equilibrium

Consumer’s program
maxIncy + flnc

co+po (b1 —bo) + [k1 — (1 —0) ko] < rroko + wolo + porsobo
g < (1—5+rk1)k1+w1l1 + p1 (1+7’b1)b1

Lagrangian function:

A = u(co)+ Bulc)
4o [rroko 4 wolo + porsobo — co — po (b — bo) — k1 + (1 — 6) ko]
+>\1 [(1 ) + ’I“k1> kl + wlll +p1 (1 + Tb1> bl — Cl]

ko is given.
First order conditions:
N
Ok,
OA
b,
N
dco
N
dey

= Nt A (1= 64+7) =0
= —Xopo + Aip1 (1 +1p1) =0
= 4 (c) =X =0

= Bu (1)) =M\ =0

113
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Then
Ao
— = 1-9¢
)\1 + Tkl
Ao p1
20 A
A1 Po (L)
u (C[)) = )\[)
pu' (c1) = M
We have the Euler equation
u’ (C[)) )\0
=—=1-9
' (e) M e

I equilibrium a no-arbitrage condition holds
1—=6+rpy = &(1—%7‘1)1)
Po

(the real return factor on capital equals the real return factor on bonds).

As there is a representative agent, all the agents in equilibrium will de-
mand the same quantities by and b; (maybe negative). Therefore in equilib-
rium

bp =0, =0

The budget constraints become

Co + [1{31 — (1 — (5) ]{I()] = Tkoko + wolo
c1T = (1 -0 + Tkl) kl + w111

Consider now the firm equilibrium

o = f (ko)
Tkl = f/ (kl)
wy = f (]fo) - f/ (]fo) ko
wy = f (kl) —f (kl) 3}

(show the steps).
Therefore

Tro k‘o + wglo

f f =
rinky +wily = f (k) ko A [f (k) — f (k) k] L= f (K1)
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The constraints become

Co+[l{31—(1—5)]{30] = f(]f[))
a = (1=0)ki+[f(k)

The Euler equation becomes

u' (co) :
=1-0+f(k
We obtain the following system
u’ (CO) o i /
N = Bl ot f ()

Co+[l{31—(1—5)]{30] = f(]f[))
c = (1=08)ki+[f(k)

with three equations and three unknowns: ¢y, k1, ¢; (notice that ko is given).

5.1.2 Planner’s Problem

A benevolent planner maximizes the welfare function, which coincides now
with the intertemporal utility function of the representative agent:

maxIncy + Glncy
He cares only about the respect of the resource constraints:
co+ [k —(1—=06)ko] = f(ko)
a = (1=0)ki+[(k)
The Lagrangian is
A = u(e)+ Pu(a)
+)\0 [f (ko) — Cy — ]431 + (1 - (5) ]{30]
(1

+)\1 [ - 5) ]431 + f (k’l) - Cl]

The first order conditions are

oA

— = X+MA-6+f(k))=0

0k

oA ,

8_00 = U (C())—)\O:O

oA

a—CI = ﬁu’(cl)—)q:()
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Then we have the usual Euler equation

u (co) Ao /
=—=1-6+f(k
/B'U/ (Cl) )\1 f ( 1)
and finally with the binding resource constraints
CIO) b f (k)
' (c1)
Co + []431 — (1 — 5) ]fo] f (]f[))

a = (1=0)ki+[f(k)

which is exactly the system we obtained in the decentralized economy case.
Now we can explicitly solve the problem by putting

u(cy) +Pu(cr) = Incg+flng
f(k) = k°

5.2 Infinite-Lived Agents

5.2.1 Decentralized Equilibrium

We explore the class of the so-called infinite-horizon models that are char-
acterized by infinite-lived agents, endogenous saving and exogenous growth.
The seminal papers on the topic are Ramsey (1928), Cass (1965) and Koop-
mans (1965).

In this class of equivalent models the equilibrium conceived as transition
path exists, is unique and Pareto-optimal. The first welfare theorem holds
and the market decentralizes the planner’s solution®. In a centralized econ-
omy the benevolent planner decides for all and his choice is Pareto-optimal.
There are infinitely many deciders in a decentralized economy. Information
circulates in form of prices and each price-taker household decides without
caring about the others. In the class of models of Ramsey type the market
implements the optimal solution as well as the planner.

In a simplest version this model is characterized by a planar system and
a saddle equilibrium path converging to the stationary state. Capital plays
as a predetermined variable and the equilibrium is typically determinate. It

IThe first welfare theorem claims the Pareto-optimality of a competitive equilibrium.
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is always possible to enrich the model with market imperfections such as
externalities, asymmetric information and missing markets and to observe
easily indeterminacy. There are no unambiguous definitions of imperfection.
We adopt the viewpoint that a market imperfection is what implies the failure
of the first welfare theorem. In this sense it becomes central to investigate
the relation between optimality and determinacy. Whenever the first welfare
theorem fails, the basic role of restoring efficiency may be played by the
government.

In what follows we consider a centralized economy. All the results hold
as well in a market economy. A monetary example of decentralized economy
is provided in section 9.5 (see “The Clower Constraint”).

Let me focus now on the planner problem. An infinite-lived representative
agent is considered (agents are assumed to be symmetric, i.e. to have same
tastes and endowments). The agent maximizes the intertemporal functional.

The program.

max i B (cy)
=0

P [kerr — (1= 6) ky] + pece < ik + wily

Lagrangian functional.

Z 5t“ (cr) + Z A {reke + wily — pe [y — (1 — 6) ky] — peer }

t=0 t=0

First order conditions.

OA

ok, —Aape1 + A+ Mpe (1= 0) =0
t

oA

5o = Bu(e) = Ap=0
t

Ai—1Di—1 = A+ Ape (1 —6)
"/ (Ct) = APy

Then

At—1Pe—1 _ AT
APt AeDt

+(1-19)
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S L
2
= 154+
2
— 15+
2

- ﬁ<1—5+ﬁ>
2

Tt4+1
— gl1-s+2
ﬂ( pt+1>

(Euler equation which is a consumption demand: interpret the impact of the
interest rate and time preference on the consumption smoothing).

Firm equilibrium

or
pt@Kt = T
a_F — w
Pt N, t
oF Tt
/ k = _— = —
f (k) 0K;  ps
oF Wt
ki) — (k) ky = ——==—
[ (k) = ' (ke) ke aN,
Labor market equilibrium:
lt - ].
Good market equilibrium.
Pk — (1= 06) ke +pece = 7ok +wily
hoor — (1= 8) b+ = —thy+ —
Pt Pt

kt+1_<1_5)kt+6t =
u' (ct)
u (Ciq1)

F (Re) By + [f (k) — f' (o) K
ﬂ<1—5+”—“) — B[ =5+ f ()]

Pi+1
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Therefore
kt+1 — (1 —(S)kt+ct = f(kt)
W) B b (k)

w (C41)

Steady state.
BA-6+f (k)] =1
(modified golden rule) and

c=f(k)— ok
To explicitly solve we require now the fundamentals specification:
fk) = k°
u(c) = Inc
Moreover we know that
o6=1
Then we obtain
S~ Bakp!
Ct
Ci+1 = ﬂakf_ﬁlct

kiy1+ca = kY
Dynamic system
kiyn = kY — o
cr1 = Pa(ky — &) e
Steady state (explicit)
Bll—6+ak*"] =1

Oél{fa_l _
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(modified golden rule) and
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c = f(k)—ok
= (@) — (a0
= (1—ap) (ap)”"™
= (1—-af)k"
Local dynamics.
Linearize the dynamic system
ki kta — G
1 = Pa (kta - Ct)ail Ct

around the steady state and verify the saddle configuration.

Global dynamics.

Reconsider the dynamic system

kit

Ct+1

We want to show that

e
kft — C¢

Ba (ki —cr)®

-1
Ct

e = (1—ap) ke

is a solution. Substitute as follows

Ct+1

Ba (k — ct)w1 c

(1—af) ki,
(1 —ap) (k' —c)”

Ba (ki — ct)f1 Ct 1—ap
Substitute again
ke = ——
o 1—af
in
Ba (ke — ) ey =1- a8
to obtain
—1
c
ﬁa(l—taﬁ_ct) ¢ = 1—af
1 -1
-1 - 11—
(=) o
l—af = 1—ap
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We want to show that the path described by
= (1—af)k}

does not violate the transversality condition and converges to the steady
state.

ki = ]{3? —Ct
= k' —(1—ap)k}
= k[l —(1—aB)]
= afky
Therefore
kl = Oéﬁkfg
ky = apki = apf(apky)”
= (oA K
. ‘ 14a+t...+at=1 7 ot
ke = (Ofﬁ) ko
We observe that
R o
l+a+...+a =

Therefore
ot
ki = (af) % kg’
To obtain the convergence to the steady state we take the limit

at t

limk = lim (af)Te kg

t—o0 t—o00

— (aB)T=

because o € (0,1), which is exactly the steady state of modified golden rule
we have previously found.
Therefore the given path is the saddle path in the phase diagram.
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5.2.2 Central Planner

Let me focus now on the planner problem. An infinite-lived representative
agent is considered (agents are assumed to be symmetric, i.e. to have same
tastes and endowments). The agent maximizes the intertemporal functional

> B u(er)

t=1

under the resource constraint
fke) = ke = (1= 6) k] + e

To simplify formulas the capital depreciation rate is set equal to zero. A
reduced production function is obtained by normalizing a constant return to
scale production function: f (k;) = F (K4, L;) /L. The planner cares about
the utility level of the representative agent. The Lagrangian for the program
is given by
(1460) " ule) + Z)‘t [f (k) = K + (1= 0) ki — ] -
t=1 t=1

We derive the first order conditions. The derivative with respect to k; is:

_)\th + )\tf/ (k't) + (1 - 5) )\t == 0
Mo/ = 1=06+f' (k).

The derivative with respect to ¢, gives A\, = 87"’ (¢;), i.e. jointly with the
previous condition

' (c—1)

=pNl—-6+f"(k
o (Ct) B[ f ( t)]

Moreover we must reconsider the law of motion for capital: ki1 —(1 —0) kt =
f (kt) —c; and the transversality condition? lim; ., A¢k; = 0. This allows us to
write the modified golden rule computed at the stationary state: v’ (¢) /u’ (¢) =

BlL—6+f (k)] ie.
Bll—o+f' (k)] =
f(k) =

—(1-9)

SR

2The transversality condition is necessary to ensure the convergence of utility series.
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The stationary capital becomes
k=f""(p),

with f” < 0.
The consumption of stationary state is directly obtained from the motion
law:

¢ = f(k)— 6k
¢ f(®)
P A
_f
_f/k:p_é
= L5
S

where p is the stationary interest rate, while s is the capital share on total
income. Let us stress the fact that this stationary consumption of modified
golden rule maximizes the intertemporal utility functional of a representative
agent, i.e. the welfare. The alternative stationary state is trivial as in the

Solow model: k = ¢ =0, with f(0) =

Dynamic system.

kipp = (1—

u’ (Cty1)

Bl =6+ f (k)]

Local analysis.
Total differential.

dk’tﬂ =
Bf" (k)

dky iy
Bf"u dky 1 + u'deiq

"

U
Bf"dkes1 + Udctﬂ

dki i1

k
6f”’uldkt+1 + U/,dct+1
ﬂf,,kdktﬂ u’c dcgy

u’c

(1= 6) dky + f (k) dk, —
(c) dkypr + B[ — 6+ f' (k)] u”

6) ke + f (ke) — ¢

u' ()

dCt
(¢)deyr = u" (¢) dey

(1 -0 + f/> dkt - dCt
udey

ul/

- dCt
u

dk’t C dCt

(1-6+f) r

”dCt
u"cdey
u c
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k 6k k ¢
f/,kﬁf/dktJrl B _ﬁ dciiq _ _ﬂ %
f! k u! c u! c
f”lfﬁ dkiiq . _ﬂ dei _ _ﬂ %
f! P u! c u! c
Let
_ f//]{:
€p = f’
= un
We have
o _ Ll de
k Bk S c
dk‘t+1 1 dCt+1 1 dct
Boe it -~ TR
Pk o c N o c
Jacobian matrix.
“lrl _(e_g
J = 1 01 B (s L )
Bre, —5 0 s
N
| peo 14 Bpoe, (6 —2)
Trace.
1 p
T:B~|—1+ﬁpasp<6—g>
Determinant. .
D=-—
B
Therefore
T =1+ D+ Bpoe, (6—5)
But

g, <0
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because f” < 0, and
s-L=_Z9

Then

D = T—l—ﬁpa€p<5—§><T—1

1
= =>1

B

Locating the point in the (7', D)-space, we conclude that the stationary
state is a saddle. The point belongs to the shaded cone in figure 17.

Figurel7. Saddle equilibrium.

The central planner selects ¢;, given k;, such that (k;, ¢;) belongs to the
saddle path. Diverging trajectories do not satisfy the transversality condition
or the positivity constraints for the relevant economic variables.

Notice that in the example with

f(ke) = Akf
u(e) = Ing
we have
s = «
g, = —(1—a)<0
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Long-run effects.

F = 500
(k) = 5=(1-9)
adiet — L1y

Comparative statics.

Notice that

as 5
o
oA <0
because f” and thereby
Ip (k)
oA <0

To characterize the transition compute the eigenvectors of the Jacobian
matrix and the slope of the saddle path. Let ky be the old steady state and
ki the new one. Let s; (k) the saddle path converging to the new steady state
and set

co = s1 (ko)

The transition is from the initial condition after the shock

(kg, Co) = (kO; 81 (kﬂ))
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to the new steady state

(k‘l, 01) = (k'1, S1 (kl))

In a basic decentralized economy, where agents are price-takers, the mar-
ket performs exactly the planner solution we characterized above. A de-
centralized economy with money will be presented later on as well as the
differences with the non-monetary decentralized models.

5.2.3 Open Economy

Even if the Ramsey-Cass-Koopmans framework constitutes a significant step
ahead with respect to the basic Solow setup, it presents some non-negligeable
controversial sides. The open economy version for instance implies counter-
factual outcomes.

We assume for instance goods to be mobile across national borders of a
small economy. Moreover we allow for international borrowing and lending.
The interest rate is exogenously fixed by the international market. The rep-
resentative agent of country 4 solves the program max > 5, (14 6;) ™" u; (¢;)
under the budget constraint a;;,1 — a;; = w + ra; — ¢; where a; = k; — d;,
d; = D;/L; is the net wealth and D; is the debt. By simplicity popula-
tion growth is set equal to zero. Notice that r is given, thus the pro-
ductivity f’ (k) is fixed, as well as the equilibrium capital k£ and the real
wage w = f (k) — kf’ (k). The modified golden rule is no longer respected:
r = f' (k) # 0; and the first welfare theorem does not apply because of this
price rigidity. Thereby the market economy does not perform the planner
solution. Two possible cases matters.

(i) r < 0;. Hence kj ., > ki ;qr and ¢; converges to zero. To appreciate
this result, notice that ciy1/c; = [(1+7)/(1+6;)]”" < 1, where o; is the
elasticity of intertemporal substitution specific to country 1.

(73) If r > 6; the domestic country cumulates enough assets to violate
the small country assumption. At equilibrium if » > 6; the domestic coun-
try grows and country consumption would eventually exceed world output.
Before this happened, the world interest rate would adjust downward (r |).
So at steady state, 6; > r for all countries and r = min {6, } . Without loss of
generality let §; = min {6;}. Asymptotically country 1 owns all the wealth
in the sense of the claims on capital and the present value of wage income in
all countries. All other countries own nothing (per person) in the long-run
and their consumption converges towards 0.
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Such a simple extension of the Ramsey-Cass-Koopmans paradigm pro-
vides counter-factual results: convergence speeds for capital stock and out-
put are infinite and, except for the most patient country, consumption (per
unit of effective labor) tends to zero and assets become negative. The most
patient country asymptotically will own everything and will consume nearly
all of the world’s output. To avoid this paradox we must enrich the basic
setup. With imperfect international credit markets, the infinite speeds of
convergence for capital would not apply to countries that were effectively
constrained in their ability to borrow.

5.2.4 Ak Model

The Solow model (1956) claimed that poor countries catch-up developed
nations if the fundamentals (f (k),d,n,s) are identical. The evidence of the
last decades contradicted this prevision. The augmented Solow model (1957)
tried to explain the gap by introducing as residual an exogenous growth
rate for technical progress. The answer was ingenious but unsatisfactory.
In reality the technical progress is recognized to be endogenous. Even if
rare pioneers (among the others Arrow in 1962) wrote about the endogenous
progress before the Eighties, the literature on endogenous growth actually
took-off after the seminal article of Romer (1986) on the increasing returns
to scale in production due to externalities.

The most simple model of the endogenous growth literature is the Ak
model due to Rebelo (1991). The name refers to a linear intensive production
function. We consider here the central planner’s solution. It is possible to
show that the competitive equilibrium allocation coincides with the optimal
planner’s solution. Two models of endogenous growth in market economies,
derived from the basic Ak are treated later. The first is a model with public
spending externalities which displays the same reduced form of the Ak setup,
the second is an Ak’s monetary version.

We consider a simple infinite horizon economy. The program of the rep-
resentative agent consists in maximizing an intertemporal utility functional
as in the Koopmans model:

Z Blu ()
t=1

subject to the resource constraint

f k) = [k — (1= 6) ke] + ce.
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The notation is usual (see the third chapter). 3 is the subjective discount
factor, an inverse measure of consumer’s impatience. Capital depreciates at
rate 6. The intensive production function is linear: f (k;) = Ak;. This is a
crucial assumption: the aggregate production function displays increasing
returns to scale indeed. The Lagrangian is set as follows:

Zﬁtu (cr) + Z)\t Lf (k) = kg1 + (1= 0) ky — i .

There are two sequences of first order conditions (still compare with the
Cass-Koopmans model in the fifth chapter). Deriving with respect to k; and
respect to ¢;we obtain respectively A\, /A, =1 — 6 + f' (k;) and

BN (emr) / [(L4+0) " ()] = Mo/ A =1 =8+ f (k) -

Thereby

u (ci—1)

————2 =031 -6+ f (k).

u' (Ct) B[ f ( t)]

This is the usual Euler condition we take in account jointly with the law
of motion: ki — (1 —6)k = f (ki) — ¢;, and the necessary transversality
condition lim; .., Ak = 0. The period utility is assumed to have a constant
elasticity of intertemporal substitution, i.e.

1-1/0
c —1
wle) = 7

We know that v/ (¢,_1) /v (¢;) = (cr/ci—1)"° . In the case of logarithmic util-
ity u(c;) = In¢, the elasticity is equal to 1. From the Euler condition the
consumption growth gross rate is obtained as

=Bl b f )]}
Notice that the productivity does not depend on the capital level: [’ (k1) =
A. This is the source of endogenous growth and constitutes a simple but radi-
cal change with respect to the neoclassical assumption in the Solow model as
well as in the class of endogenous saving models a la Ramsey-Cass-Koopmans
and Diamond. Let 1+ 77, ; = ci41/¢; be the consumption growth factor. So

1+~°=[B(1-6+A).
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There is no transition at all. The economy directly jumps on its stationary
growth rate v°. Growth is exponential: ¢, = [6 (1 — 6 + A)]” ¢o. From kyyq =
(1 —6)k; + Ak; — ¢, we compute the capital growth gross rate: 1 +F, , =
kiv1/ky =1—6+ A—c;/ki. The only possibility for growth are the balanced
paths, i.e. a common growth rate for capital, production and consumption:
W = o* = 4¢ = 7. The balanced dynamics imply that the initial condition
ko determines without ambiguity the initial product and consumption: yo =
fko) and [B(1—6+A)]) =1—-6+ A —co/ko, ie. co = (A—7)ky =
ko{1—6+A—[B8(1 -6+ A)]°}. Finally we obtain the explicit trajectories.

¢ = BA-6+A))" k{l-06+A-[B(1-6+A)},
ke = [B(1—06+A)]" ko,
ye = [BA=6+A)]"f (ko).

5.2.5 Transaction Costs and Indeterminacy

Business cycles and growth are two major fields of investigation in macro-
economic theory. The setup we provide allows to study the occurrence of
endogenous fluctuations around an endogenous growth path in a monetary
economy.

In literature the need of money is usually rationalized by putting money
into either the objective functions such as the utility function (Sidrauski,
1967) and the production function (Dornbusch and Frenkel, 1973), or the
constraints (Clower (1967), Stockman (1981)). In our work the monetary
equilibrium is due to a negative impact of costly purchasing transactions.

More precisely we assume that the possession of liquidity reduces only the
transaction costs of buying consumption goods without any effect on the costs
of the transactions involving capital goods. The rationale is that, in presence
of well functioning credit markets, liquidity is not essential for buying capital
(see among others Dotsey and Sarte (2000)). The purchased capital plays the
role of credit collateral. The consumer without capital provides no financial
guarantees to gain access to the credit market and needs real balances to
reduce the transaction costs. In this section the consumer endowed with
money faces less obstacles during transaction and we assume for the sake of
simplicity that he enjoys more consumption?.

3The usual cash-in-advance is obtained as a limit case with infinitely costly transaction
costs. For more details see among the others Correia and Teles (1996).
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Growth is endogenous. A large class of models displays a linear produc-
tion function as reduced form for technology, and the adoption of the Ak
shortcut (Rebelo, 1991) in the paper is justified to simplify the pure techno-
logical aspects and to focus instead on more complex monetary mechanisms.

Our contribution is above all an investigation about the occurrence of
indeterminacy viewed as multiplicity of equilibrium growth paths, and the
political solutions to select a unique equilibrium.

The incomplete markets’ theory suggests some equivalence between mar-
ket perfection (or completeness), equilibrium determinacy and Pareto- opti-
mality. Even if a priori there is no indisputable definition of imperfection,
the failure of the first welfare theorem requires by definition the existence of
imperfections. In this sense incompleteness, externalities and market power,
financial and monetary constraints can be viewed as imperfections. However
imperfection does not entail automatically indeterminacy. Literature shows
examples of dynamically inefficient but determinate equilibria (Cass, 1972).
Conversely indeterminacy, as equilibrium multiplicity, implies sub-optimality
and thereby requires some imperfection (see for instance Woodford, 1986a,
for a financial imperfection).

Restricting attention to one-sector models displaying endogenous growth,
the recent literature has identified several mechanisms at the origin of mul-
tiple equilibria. Among the others a chief type relies on the presence of
increasing returns in production, which can be external (in a perfectly com-
petitive framework) as well as internal (in a monopolistic competitive market)
to the single economic units. Externalities in production as well as monopo-
listic competition on the one hand imply a marginal product of capital large
enough for endogenous growth (Benhabib and Rustichini, 1994) and on the
other hand they matter for equilibrium indeterminacy.

These models suggest that slight departures from the Real Business Cy-
cle model are consistent with the idea that economic fluctuations may be
driven not only by productivity disturbances, but also by the self-fulfilling
beliefs of the agents. However such models lack predictive power and cannot
therefore be helpful in shedding any light on the behavior of the economic
equilibrium (Benhabib and Rustichini, 1994). An open question is whether
the economic policy may only rule out the indeterminacy as condition for
undesirable fluctuations or a more fine tuning is required which consists in
selecting the Pareto-optimal path and coordinating the agents on the right
starting point by means of some extra-signal.

In the Nineties the impact of the monetary growth rate on the endogenous
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growth rate has been investigated. Conclusions are not unanimous.

Marquis and Reffett (1991) enrich a basic two-sector model with human
capital accumulation through a cash-in-advance constraint, and obtain a su-
perneutrality result. The benchmark of Lucas (1988) is revised by Wang
and Yip (1991) to incorporate money in the production function still with
a superneutrality result, and by Van der Ploeg and Alogoskoufis (1994)
to introduce money in the utility function without superneutrality effects.
They observe instead a positive impact of money growth on real growth.
To the contrary Marquis and Reffett (1994) within a monetary version of
Romer (1990) highlight a negative effect essentially because of the negative
channel of the inflationary tax. Finally Mino and Shibata (1995) set up an
overlapping-generations model with money in the utility function and find a
positive effect of money growth (and inflation) on the long run growth rate.

In this section monetary imperfections are specified as flexible transaction
costs of purchase (the cash-in-advance is a limit case). The necessary condi-
tions for endogenous growth self-fulfilling fluctuations are characterized for
a monetary economy within a simple discrete time setting. The monetary
imperfections are properly captured in discrete time. The model provides
an example of local indeterminacy and fluctuations of money velocity and
inflation due to shocks on the beliefs. In economies endowed with only one
consumption good velocity fluctuations are excluded by the cash-in-advance
which fix the money velocity to one. A flexible transaction technology gen-
eralizes the basic cash-in-advance and allows a variable velocity. In this con-
text the inflation rate displays a counter-cyclical impact on consumption. We
shall focus on the transmission mechanism for local real indeterminacy. The
role of consumption intertemporal substitution is interpreted as a consumer’s
ability to make ineffective the monetary constraint as market imperfection
and source of local indeterminacy.

The ideal neoclassical worlds of Arrow-Debreu on the microeconomic side,
and of Ramsey-Cass-Koopmans on the macroeconomic side, are characterized
by existence, optimality, sometime uniqueness and stability of the general
equilibrium. When these charming intellectual constructions are enriched
in a very broad sense by market imperfections, there is room for Keynesian
features such as disequilibrium phenomena, equilibrium multiplicity, sub-
optimality and instability.

The introduction of money in the general equilibrium theory is not a plain
task. The cash-in-advance as well as the transaction technology we assume,
are intellectual expedients which capture only a part of money complexity.
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The following model will not provide definitive answers, but will shed a
light on both these grounds. Under the play of a flexible transaction tech-
nology, we will investigate one special interference of money within a real
economy and the action of a specific market imperfection for equilibrium
multiplicity.

From now on m; = M,;_1/p; will denote the real balances. The velocity
of circulation of money with respect to consumption is properly defined by

U = Ct/mt (5.1)

according to the quantity identity*. The transaction costs of consumption
purchase are assumed to be homogeneous of degree one in consumption and
money:

S (er,my) = s (ey/my) ¢y

where s; = s (v;) represents the transaction cost to buy one unit of consump-
tion good. The money employed in period ¢ to purchase ¢; at price p; is set
aside at the end of period ¢ — 1.

Assumption 1. The intensive transaction cost function s (v) satisfies the
constraints

s(0) = 0, (5.2)

s'(v) > 0, (5.3)

25’ (v) +5" (v) > 0, (5.4)
2" (v) +vs" (v) > 0. (5.5)

The first equality means that if the agent does not consume or he is not fi-
nancially constrained, he pays no transaction cost. The first inequality claims
that more the individual is financially constrained, i.e. the lower is the ratio
¢t/ my, the higher turns out to be the transaction cost per consumption unit.
Inequalities (5.4) and (5.5) are mild restrictions and require the transaction
costs to be not too concave. For instance they are satisfied by every convex
function. The power function

s (v) = vy

satisfies (5.2), (5.3) and (5.5) whatever o > 0, and satisfies (5.4) for o >
1—2wv.

4The money velocity v; is defined with respect to consumption: M;_1v; = pice, i.e.
v = ¢/ (My—1/pe) -
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The problem a representative agent faces consists in selecting the func-
tions my = M;_1/ps, ki, ¢ (intertemporal trajectories for real balances, pro-
ductive capital and consumption), in order to maximize the usual intertem-

poral utility functional

Z (1+6)"u(c)

t=1
under a budget constraint which incorporates the consumption transaction
costs:

(1 + 7Tt+1) M1 + l{ft+1 + []. + s (ct/mt)] C¢ S (1 + Tt) ]{It + iz + T¢. (56)

Tastes at period ¢ are represented by the utility function u (¢;) and the rate
of time preference 6. Utility gets the usual CES form. The elasticity of
intertemporal substitution is set equal to o :

1-1/0
c -1
ule) = 7

For the sake of simplicity in (5.6) we assume that the capital does not
depreciate’.

The inflation factor and the real interest rate are denoted respectively by
1+ 701 = praa/pe and 1. 7, = (M — M,;_1) /p; represents the real transfers
from the monetary authority to consumers at period ¢t. As above a simple
monetary rule is adopted: 1+ p = M;/M,_;. Initial conditions are specified
by the nominal money M, and capital k.

Setting the infinite horizon Lagrangian and rearranging the first order
conditions, we obtain the Euler condition, which describes the evolution of
consumption across the time.

Cii1 . 14 Tt 1+s ('Ut) + s’ (Ut) Ut

= 5.7
Ct 1+ 0 1 + s (thrl) + s ('Ut+1) (] ( )
The gross inflation factor depends on the velocity of money:
1 + / 2
| by = LS ) Vi (5.8)

1+ Tl

®Capital depreciation is usually parametrized by a depreciation rate § and the budget
constraint is reset as follows

(1 +7rt+1)mt+1 +k3t+1 + [1 +s(ct/mt)] Ct S (1 —(S+Tt) kt +my 4+ T4

The qualitative results we shall obtain, will not depend on é.
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In the well known Rebelo’s (1991) Ak model, a world with no money,
the equilibrium interest rate is pegged by the technology: r, = A, and the
relevant FEuler condition fixes a unique endogenous growth factor:

AR SN RS (5.9)
Ct
where
1+ A\
1 = —— } 5.10
+ <1+9> (5.10)

The economy jumps on this unique growth path. There is no room for
transition.

To the converse the monetary version we are considering, allows a tran-
sition. Even if at the steady state the velocity of money is constant and
equation (5.9) still holds from (5.7), in the short run the growth rate, as
shown by (5.7), may deviate from the stationary rate 7. More precisely if
the velocity of money differs from its long run value (this is possible if and
only if the equilibrium is indeterminate), then the velocity interferes with
the consumption growth rate. Thereby the economy no longer jumps from
the beginning on the balanced growth path and a transition actually arises
during which the monetary imperfection is no longer neutral.

In our model if the equilibrium is determinate, agents’ coordination un-
der rational expectations selects the unique equilibrium, .e. the stationary
one and fixes the non-predetermined velocity to the steady value v. The pa-
rameter range allowing for determinacy and ruling out transition cycles is
provided at the end of the paper.

The intertemporal paths for money and capital is now computed. First
notice that 7, = (1 + my41) my1 — my. Thus at equilibrium constraint (5.6)
becomes

[1 + s (Ut)] Cc + kt+1 = (1 + T’t) k‘t. (511)

A linear technology
f (kt> = Al{ft

as usual is enough to sustain the endogenous growth. The equilibrium of the
firm implies

re = f' (k) = A.
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The relevant dynamics for the velocity of circulation of money with respect
to consumption v; = ¢;/m; is given by the implicit function:

o

Vit1 1+ s(v) + 8 (v) vy
o (Utavt+1> = (1 + CL) ’U—: - [1 + S/ (Ut+1> Ut2+1] 1 +s (Ut+1) + s (Ut—i—l) Vi1

= 0, (5.12)

where a is set as follows

| 4a= A0+ (5.13)

1+~

and -y is still given by (5.10).
We define
= ¢/ ky. (5.14)

From (5.11) and (5.14) we obtain
kt+1/k't =1+ A— [1 + s ('Ut)] Y- (515)

As
Ye+1 Cri1/cCe

Yo ki /ke

we get the following discrete time dynamic system from (5.7), (5.12) and
(5.15)

P (’Ut, Ut+1> = O, (516)
L+s()+sw)o |° Yt 517)
1+s ('Ut+1) + s’ (UtJrl) Vi1 1+ A— [1 + s ('U;j] Yt

T~

Y1 = (1+7)

The steady state (v,y) of system (5.16-5.17) is implicitly given by

s (v)v? = a,A (5.18)
_ —
V= T ) (5.19)

where v is defined by (5.10).
As the consumption-capital ratio y must be positive, we assume

A> . (5.20)
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Inequality (5.20) always holds if A > 6 and o < 1.
More explicitly growth is balanced as in the Rebelo’s (1991) Ak model:

Y =qF =7 =1,

where 7, vF, v¢ denote respectively the growth rates for real balances, cap-
ital and consumption (see equations (5.1), (5.15) and (5.7)).
For example the class of power functions s (v) = v*, a > 0 provides

v o= (a/a)l/(Ha),
1+A-[1+A)/(1+6)°
14 (a/a)™ )

y:

Under the Assumption 1 the impact of money growth p on velocity v is
positive, because it raises the inflation rate and the nominal interest rate,
i.e. the opportunity cost of holding money. Notice that under Assump-
tion 1 we observed counter-cyclical effects of money velocity. More generally
dv/da > 0. In particular all the parameters raising a, raise v and increase the
transaction costs. Furthermore more impatient consumer is, bigger turns out
to be the stationary velocity v, because da/060 > 0, as intuition suggests: the
greater the current consumption need, the faster the circulation of money.
The impact of the intertemporal substitution o on a, and thereby on v, is
negative, provided that A > 6, i.e. the long term velocity decreases under
higher substitution of the present consumption by future purchases. A has
a positive impact on a and v, if and only if ¢ < 1, i.e. higher the produc-
tivity, higher the current consumption and money velocity, under sufficiently
low intertemporal substitution. Otherwise for ¢ > 1, saving prevails on con-
sumption, and v slows down in our restrictive interpretation of the quantity
theory that focuses on consumption transactions.

The Euler condition (5.7) directly provides the stationary consumption
growth which is exactly that of the non-monetary version (Rebelo, 1991) in
equation (5.9). Growth is balanced: the growth rate is the same for real
balances and capital. Even if money turns out to be superneutral at the
steady state, it affects the transition. As above, the transversality condition
restricts the set of plausible parameters. At the steady state lim; ., A¢k; = 0.
More explicitly

lim Ak, = lim (14 6)"" 4 (c;) ky

t—oo
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— lim (146) "¢, "k,

t—o00
= Jim (1+60)"[(1+7)' co] 7 (1 +7) ko
t
= lim [(1+9)—1(1+7)1‘1/“} ko = 0.

The term into the brackets must be less than one, i.e.
146> (1+5)Ye,

This inequality constitutes the transversality condition in endogenous growth.

Let us focus now on the occurrence of local real indeterminacy.

The variables v; = ¢;/m; and y; = ¢;/k; are independently non- prede-
termined because ¢; and m; (i.e. p;) are independently non predetermined.
Local indeterminacy arises if and only if the dimension of the stable manifold
is strictly greater than the number of pre-determined variables. In our case
this number is zero and hence we require a configuration of either saddle or
sink for our stationary state to observe indeterminacy®.

The Jacobian matrix of system (5.16-5.17) evaluated at the steady state
(5.18-5.19) is given by

A O
J = ;
{J Az}’
where
aq)/a'l}t
N = —— 5.21
1 3@/3vt+17 ( )
1+ A
A = ——>1 5.22
) = T (522)

are the eigenvalues of J and

. [y (v) 0P /0v, 25’ (v) +vs” (v)
]:y{l—irfy +U<1+8©/8vt+1)1—|—s(v)+vs’(v) ' (5:23)

6 A stable manifold is the union of all the convergent trajectories. A variable, which
has been determined prior to time ¢, is said to be predetermined at time ¢. For instance in
standard macroeconomic dynamics the stock of capital k; plays as a predetermined vari-
able, because it depends on the investment decisions, which has been taken in the previous
period t—1. In our model as consumption and real balances are not predetermined, neither
is the velocity of circulation of money with respect to consumption. Indeterminacy occurs
when the dimension of the stable manifold is greater than the number of predetermined
variables.
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The sink configuration is ruled out by Ay > 1, that is the required condition
for the consumption to be positive. Therefore local indeterminacy occurs, if
and only if the stationary state is a saddle:

‘ 8@/8’%

_ . .24
9% /0ve | (5:24)

v

Inequality (5.24) holds if and only if

- v2/(1+a)
1/(2s' + s"v) + ov/ (1 + s + s'v)

> 1 (5.25)

that is a necessary and sufficient condition for local indeterminacy.

We want to prove that in the (v, y;)-plane the saddle path we obtain
under (5.25) and (5.5) is downward-sloped.

Let v; and v be the eigenvectors respectively associated to the eigenvalues
A1 and g, and V' be the eigenvector matrix. In our case (triangular Jacobian)

we get [(A /i 0}
V= o= | 7 J Ll

We have normalized the second component of each eigenvector to one.
In the linearized dynamics the starting point (v, yo) belongs to the con-
vergent path if and only if

|y ([R50 ]) < [0]
t—o00 Y — Y t—o00 Yo — Y 0

where (v,y) is the stationary state. Let

A 0
A:[OAJ

be the Jordan canonical form. We obtain

lim <VAtV1[““_“D — [0}
t—00 Yo— Y 0|

This is possible if and only if the explosive eigenvalue (A > 1) is ruled out,

i.e. if and only if
1| vo—w c
Vl{yg—y]:{o}’ (5.26)
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where ¢ is a constant. From (3.15) we compute the second row of the vector
equation (5.26):

—j(wo—v)+ (A =) (Yo—y) =0

i.e. the equation (5.27) of the tangent line to the stable manifold.
Under (5.25) we obtain A; < Ag, while under (5.25) and (5.5) we get j > 0
(see (5.23). Hence
J
)\1 — )\2
and the saddle path is downward-sloped in a neighborhood of (v, y) .
The linearized saddle path is computed:

<0

Ye = mug +n, (5.27)
where
J
= <0
SR W W
n = y- J v > 0.
AL — A2

v, Y, A1, A2, J are respectively provided by (5.18), (5.19), (5.21), (5.22), (5.23).

Assume now that (5.25) is satisfied, i.e. there is local indeterminacy.
Rational agents coordinate their initial behavior to stay on the saddle path
which is compatible with a long-run equilibrium: (v, yo) must belong to the
saddle path. As there is local indeterminacy the agents freely implement vy,
but they are forced to satisfy approximately (5.27) in a neighborhood of the
steady state, i.e. to select the convergent equilibrium path:

Yo = Mygy + n.

In other words the choice of yg is no longer free. Asyg = ¢o/ko and ky is a pre-
determined variable, the agents choose the right consumption ¢y to stay on
the saddle path from the beginning on and to converge to the steady state. As
the saddle path is locally downward-sloped, a lower initial velocity (vg < v)
will entail lower transaction costs and then a higher initial consumption cg
and a lower initial consumption growth rate 7§ = ¢;/co — 1 < v (see also the
Euler equation (5.7)).
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Moreover we notice that under (5.25) and (5.5)

Thereby the transition sequence {v;,y; },-, converges to the steady state (v, y)
displaying contracting oscillations of period 2 around (v, y) along the saddle
path.

The currency velocity displays counter-cyclical effects for consumption
dynamics in a neighborhood of the steady growth. From (5.7) we observe that
under the Assumption 1 v;1 > vy entails ¢;41/¢; < 1+ «y. The consumption
growth rate falls under its balanced long run value. In less formal terms
the reduction of real balances, raising the velocity of money and transaction
costs, temporarily slows down the consumption growth.

More precisely an increase in money velocity due to a contraction of real
balances, is associated to a raise of the opportunity cost of holding money,
which is represented by the nominal interest rate i, = (1 + ;) (1 +r) — 1.
The opportunity cost of real balances (and consumption) is interpreted as
the relative “price” of the consumption good with respect to capital’.

We notice that the real interest rate, r; = A, is constant over the time
and the nominal interest rate dynamics are due only to inflation movement.

In the very short term there exists a negative relation between the infla-
tion and consumption growth. We observe according to equation (5.8) and
Assumption 1 that w1 > m; if and only if v;,1 > v;. Thereby an increasing
inflation across the time pulls the consumption growth rate below its long
run value and conversely a decreasing inflation pushes this growth rate above
the balanced growth rate.

The increase of the opportunity cost of consumption depresses the con-
sumption growth rate below the long run value, but makes the capital rela-
tively cheaper. Thereby capital accumulation is boosted as well as the con-
sumption growth rate of the following period, which will exceed the balanced
growth rate.

This is the rationale for the oscillations of period two we have formally
obtained in (5.28).

In general the literature is not unanimous about the inflation impact on
growth and theoretical models are often powerless to emphasize a strong neg-

TCapital and consumption good have the same nominal price p;. However the real
balances and consumption have the same real opportunity cost i; with respect to the
productive capital, because of the cash-in-advance.
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ative relation, basically because of money superneutrality®. In the empirical
models low inflation are sometime recognized to stimulate growth. Higher
inflation rates by confounding relative price signals, make resource allocation
inefficient and slow down the growth®.

If the equilibria are indeterminate, the agents may individually saturate
this degree of freedom by relating their choices to exogenous random signals
(sunspots), which do not affect the fundamentals (technology, preferences
and endowments). The probability distribution of a sunspot is assumed to
be common knowledge and it is inferred from past realizations. In other
words the sunspot shocks the believes instead of the fundamentals. If the
way of relating the economic future to this distribution is the same for all
the agents, the believes are shared. If the choices of the agents and shared
believes satisfy the stochastic version of dynamic system (5.12), the shared
believes become self-fulfilling prophecies (Azariadis, 1981). Local indetermi-
nacy is the necessary condition to observe stochastic (sunspot) equilibria, i.e.
endogenous fluctuations (among the others Grandmont, 1991). According to
a Woodford’s conjecture (1986b), it turns out to be also sufficient. Under
higher transaction costs o and a low elasticity of intertemporal substitution
o the economy displays local indeterminacy and possible stochastic (sunspot)

8By definition the exogenous growth models are not adapted to capture the interplay
between monetary growth, inflation and real growth. One prediction from Tobin’s model
(1965) is that an inflationary money growth positively affects the capital stock. Sidrauski
(1967), using a model with money in the utility function, develops long run neutrality
results. A negative relationship between money growth and capital is shown in Brock
(1975) when the supply of labor is endogenous. In Stockman (1981) a cash-in-advance
constraint is applied to consumption and investment. In Cooley and Hansen (1989) money
is introduced through a cash-in-advance constraint on consumption. In both of these
articles higher inflation rates affect steady-capital/output ratios but not growth rates. In
the Real Business Cycle theory as advanced by Kydland and Prescott (1982) and Long
and Plosser (1983), money typically plays no role. In Matsuyama (1991) endogenous price
fluctuations are associated to a higher money supply growth.

By construction the endogenous growth models are better to explain the inflation impact
on growth. In Jones and Manuelli (1993) the effects of inflation are still evaluated in a
model of endogenous growth with increasing returns. Inflation is recognized to induce
small growth rate effects and moderate welfare costs. In Van der Ploeg and Alogoskoufis
(1994) monetary growth is no longer neutral. It boots real growth and inflation therefore
rises by less than the monetary growth.

9A large evidence points out that 10% increase in the inflation rate is associated with
a decrease in the growth rate of between about 0.2 and 0.7% (among the others Fischer
(1993), Chari et al. (1995)). However authors disagree about the effects of moderate
inflation (Ghosh and Phillips, 1998).
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equilibria of endogenous growth. A higher absolute value of the elasticity of
marginal utility is equivalent to either a lower intertemporal substitution or
a higher risk aversion across the states of nature. Thus the behavior of a risk
averse consumer subject to strong monetary constraints may be a source of
endogenous fluctuations.

We stress the possibility of fluctuations of the currency velocity due to
shocks on the beliefs. With a standard binding cash-in-advance velocity
fluctuations are ruled out (v; = 1). The possibility of exogenous fluctuations
with shocks on the fundamentals has already been shown in exogenous growth
by Lucas and Stokey (1987). However the authors need two goods (cash and
credit good) and fluctuations end up being strictly exogenous. As seen above,
in our model the impact of velocity on the transitional consumption growth
rate is recognized to be counter-cyclical.

Eventually we notice that the choice of a discrete time setting to study
monetary imperfections is not neutral for indeterminacy. Transactions are
not continuous in time and usually the consumer does not dispose of liquid
amount prior to some instant of cashing. A discrete timing better captures
momentary exchanges. Thereby a continuous time approach is a less precise
language to describe a sequence of isolated payments. In particular local
indeterminacy disappears in the continuous time version of the model and
there is no longer room for endogenous fluctuations.

Let us provide now a numerical example. If s(v) = v*, a > 0, the
condition for local indeterminacy (5.25) becomes

l1+a ao (14 a)
a(l+a) av+a(l+a)

<1
5

Local indeterminacy arises for instance if « is sufficiently high (higher trans-
action costs) and o is sufficiently low (difficulty to substitute consumption
intertemporally).

We notice that for o = 400 we obtain the cash-in-advance:

Ii = 1l =1
Y = 1 e/ m)

and the local indeterminacy condition becomes

. l1+a ao (14 a)
o= lim + <
amtoo a(l4+a) av+a(l+a)

1
27
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which is exactly the condition we require in the class of endogenous growth
models with cash-in-advance (see Bloise, Bosi and Magris (2000) and Bosi
(2001)).

0.57
0.4
037
0.21

0.1

0o 20 40 60 80 100 120

Figure 18. Local indeterminacy region.

In the picture the shaded area represents the set of local indeterminacy pa-
rameter pairs («, o). The bifurcation frontier captures the trade-off between
the monetary constraint and intertemporal substitution. Productivity, time
preference and monetary rule are respectively fixed to A = 10%, 6 = 1%,
w=2%.

If the monetary authority follow an alternative monetary policy which
consists in pegging the interest rate (i; = i), then the velocity of money turns
out to be fixed as well: 1+ ¢ (vi1) v, = (1 +m41) (1 + A) = 1+ 4. There
is no longer transition. According to equation (5.7) the economy jumps on
its long run growth rate defined by (5.10).

5.2.6 More on Endogenous Growth

In the Solow model the growth rate results as sum of the demographic growth
rate and the rate of technological progress. As these rates are taken to be
exogenous, growth is exogenous as well. In the endogenous growth models the
growth rate is endogenously explained by the fundamentals. For instance in
the continuous time version of the Ak model is given by v = o (A — ) with
the usual notations (the long run growth rate depends on the parameters that
determine the willingness to save and the productivity of capital). The Ak
model is Pareto-optimal as well as the exogenous growth models of Ramsey-
Cass-Koopmans.

Romer (1986) investigates the effects of externalities in production. Profit
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maximization under private decreasing returns is compatible with an endoge-
nous growth sustained by aggregate increasing returns. The first welfare
theorem fails because of the externality effects and there is a room for the
government policy. Romer (1986) and Barro (1990) (with public spending
and income taxation) have an identical reduced form, the Rebelo Ak and
they display no transition as well.

Jones and Manuelli (1990) introduce a flexible technology to explore the
transition dynamics: Y = AK + Q (K, L). Q is a usual constant returns to
scale production function, which affects the short term dynamics and allows
a transition, while the AK part can be interpreted as a long term technology.

In the one-sector model with physical (K) and human capital (H) the
growth rate of output is inversely related to the ratio K/ H as long this ratio is
below its steady state value. The relation between the growth rate of output
and H/K can be described as an imbalance effect. The greater the imbalance,
that is the further K/H is below its steady state value, the higher the growth
rate. Rebelo (1991) consider a production world with two sectors. There are
two laws of motion for physical and human capital: ¥ = C + K' + 6K =
A@WK)* (uH)"™ and H' + 6H = B[(1—v) K|’ [(1 —u) H'™”, where the
notation is usual, (A, «) and (B, ) are sector specific technological para-
meters, (1 —wv) and (1 —u) are the residual fractions of resources devoted
to education. In the two sectors model of production (one that produced
consumables and physical capital and another that created human capital)
the growth rate of output (defined broadly to include the production of new
human capital) tends to rise with the extent of the imbalance if human cap-
ital is relatively abundant, but to decline with the extent of the imbalance
if human capital is relatively scarce. This results imply that an economy
would recover rapidly in reaction to a war that destroyed primarily physical
capital, but would rebound only slowly from an epidemic that eliminated
mainly human capital. The key formula is the following: p'/p = Ap®/(6-<)
[a@!/(B=e)pt=e)/(B=e) _ (1 — o) pP/(B=2)] = © (p) with @ a constant depend-
ing on the fundamental parameters and p = ® [(vK) / (uH)]* . The con-
sumption growth is described by ¢ = o {aA[(uH)/ (WK)]'™* -6 — 0},
where 6 captures the time preference. If @ > [ (education sector is rela-
tively intensive in human capital and the good sector is relatively intensive
in physical capital) the steady state p* (or equivalently (K/H)") is stable.
Indeed ¢’ (p*) < 0. So our previous conclusions follow. If & = (3 the standard
AK model arises. In general one can think K and H as two generic produc-
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tion factors and no restrictions will be imposed on « and . So the steady
state could turn out to be unstable. Uzawa (1965) and Lucas (1988) can be
reviewed as particular cases of Rebelo (1991) (8 = 0).

Another class of models focuses on the mechanisms of technology dif-
fusion. In a multi-economy setting, the key issue here is how rapidly the
discoveries made by leading economies diffuse to followers economies. It is
possible to show that if the diffusion of technology occurs gradually, then we
get another reason to predict a pattern of convergence across economies. It
is possible to study the technological diffusion in the context of the model
of variety of intermediate products. Similar results hold in models of quality
improvement. The main idea is that follower countries tend to catch up to
the leaders because imitation and implementation of discoveries are cheaper
than innovation. This mechanism tends to generate convergence even if di-
minishing returns to capital or to R&D do not apply.

The “leader - follower” model is inspired to Krugman (1979) and Gross-
man and Helpman (1991). The leading country is denoted by 1, the follower
country by 2. The level of technology is given by the number of varieties
of intermediate products N; that have been discovered by the technological
leader. Country 1 innovates, while country 2 imitates. We do not allow for
innovation in country 2 or imitation in country 1. The country 2’s cost of
imitation is v < 7 the country 1’s cost of innovation. In country 1 the in-
ventor of a new type of product is also the monopolistic provider. Country
1’s production function is specified as Y; = A; L7 Z;V:ll X7, where Xj; is
the jth intermediate good. The remaining notations are usual. Country 2’s
production function is Y, = AL ® Z;le X3;. The final goods are tradable
across countries and are exchanged at a single world price. In contrast the
intermediate products do not flow freely across international borders. It is
possible to show that each intermediate good is sold at the monopoly price
1/a (mark-up with the production cost normalized to one). For more details
the reader is referred to Barro and Sala-i-Martin (1995, p. 217). The level
of output per worker in country 1 is: y; = A}/(l_o‘)aW(l*o‘)Nl : the rate of
growth is the same of N;. The level of output per worker in country 2 is:
Yy = Aé/(lfa)az/(l_a)]\fg : the rate of growth is the same of N,. The free en-
try condition for country 1 is m;; = 7. The free entry condition for country 2
is m9; = v. The two countries do not participate in a common capital market
and hence ry can diverge from r;. The equilibrium interest rate in country
lisr = L1 (1—a)/ (an) A/ a?/0-9) The equilibrium interest rate in
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country 2 whenever Ny < Ny is 75 = Ly (1 — &) / (am) AY ¥ a2/(=0)_ The
consumers in the two countries are assumed to have the same preferences.
The endogenous growth rate in country 1 and country 2 (as in the Ak model)
turn out to be respectively v, = o (r; —6) and vy = 0 (ro — 0). If L1 = Lo
and A; = Ay, then v < 7 implies 7o > 7 and hence v, > ;. The following
conclusions hold. If v, > v, then N, grows faster than /Ny, and eventually
rises to equal /N;. Hence once country 2 learned all of country 1’s designs, the
two countries would grow at the same rate. Country 1 continues to innovate
and country 2 immediately imitates the results. The follower country with
N5 < N; grows at a faster rate than the leader.

5.2.7 More on Indeterminacy

A dynamic general equilibrium can be viewed as a time path of prices and
quantities such that all markets clear in each period. A dynamic economy
may display a multiplicity of stationary states and a multiplicity of equilib-
rium paths converging to one particular attractor, which is usually a station-
ary state. A local real indeterminacy arises as a continuum of equilibrium
paths in a neighborhood of the attractor, when the initial conditions (or
equivalently the conditions inherited from the previous period) are not suffi-
cient to select a unique sequence for the real quantities.

Nominal indeterminacy (or price indeterminacy) simply means the mul-
tiplicity of equilibrium paths for nominal variables. If the real dynamics are
determined by the initial conditions, but the initial price level is not, we ob-
serve nominal indeterminacy, because the value of the nominal variables is
undefined.

In the Real Business Cycle (RBC) literature agents’ coordination selects
the unique converging path and the equilibrium is determinate. The individ-
uals are not interested in selecting an explosive path. After each technological
shock they revise their choice and jump on the saddle path, given the new
stock of capital. The RBC economists focus on the propagation of the shocks
on fundamentals across the economy and the consequent stabilizing policies,
i.e. the policy design reducing the fluctuations.

Whenever the predetermined variables do not select a unique path con-
verging to some attractor, indeterminacy arises. Two relations are investi-
gated in the literature on indeterminacy: (i) the link between the (causes of)
suboptimality and the (causes of) indeterminacy, (ii) the relation between
indeterminacy and endogenous fluctuations.
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(7) A cause of indeterminacy is cause of equilibrium multiplicity and thus
generically in the case of a representative agent of inefficiency (to different
equilibria are associated different utility levels). However suboptimality could
be observed without equilibrium multiplicity.

(73) There is a conjecture stating that indeterminacy implies the existence
stationary sunspot equilibria (invariant transition function) with resulting
probability distribution depending on an exogenous random signal (sunspot)
(Woodford’s conjecture, 1986b).

The Woodford’s conjecture is one of the major theoretical contribution to
the Endogenous Business Cycle (EBC) theory. A sunspot variable is a ran-
dom variable that conveys no information about fundamentals and thereby
does not directly enter the equilibrium conditions for the state variable. How-
ever agents are assumed to be able to observe the realizations of the variable
and to know its distribution, and to take it into account in making their
decision if they choose to. If a rational expectations equilibrium exists in
which agents respond to such a variable, it is a sunspot equilibrium. Such
equilibria can be considered to represent situations in which speculation may
be destabilizing, even when agents optimize and have rational expectations.
Woodford focuses on the existence of stationary sunspot equilibria, i.e. equi-
libria in which the endogenous variables follow a stationary stochastic process
with a time invariant transition function. He presents a necessary and suf-
ficient condition for the existence of stationary sunspot equilibria near a
deterministic steady state of a stationary economy not subject to exogenous
stochastic shocks. However the stationary sunspot equilibria he character-
izes depends on the whole infinite past history of the observed sunspots.
Spontaneous coordination of agents on one of these equilibria seems to be
somewhat problematic since it assumes implicitly economic agents which are
able to record and process infinite sets of information and have extremely
sophisticated sunspot theories.

Azariadis and Guesnerie (1986) provide explicit rational expectations
equilibria, i.e. stochastic processes solving the stochastic difference equa-
tion of a monetary model, which are related to exogenous random signals.

Dé4vila (1997) investigates the existence of Markovian stationary sunspot
equilibria with finite support. He shows that stationary sunspot equilibria,
which fluctuate between a finite number of states following a Markov chain,
exist arbitrarily close to a regular steady state for general one-dimensional
one-step forward looking dynamical system depending on predetermined vari-
ables under usual assumptions. His result can be generalized, holding for
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higher but finite memory processes.

The invariant set arguments have been investigated by Grandmont. Grand-
mont, Pintus and de Vilder (1998) provide an example of non-explosive ran-
domization in a two-dimensional dynamics. More precisely they substitute
the problem of solving the stochastic difference equation with the a priori
simpler task of finding sets that are invariant in the forward deterministic
perfect foresight dynamics.

We consider now the occurrence of indeterminacy and endogenous fluctu-
ations in monetary economies. Money has two roles. On one side is medium
of exchange. On the other side is store of value dominated by many other
assets. Related to the first property are the cash-in-advance models. To the
second one the portfolio theory.

Tobin (1965) is a monetary version of Solow (1956). The saving remains
determined by an exogenous rate. The main result is that money is no longer
superneutral. If for instance we assume for instance that the preferences
imply a portfolio demand with the reduced form m;/k; = ® (7, + r;), with
®’ < 0 (see chapter two), we obtain a two-dimensional dynamic system.
Money is not superneutral at the steady state and the steady state can be
stable for some parameter configuration.

Sidrauski (1967) first introduces money in the Ramsey benchmark. Al-
ternatively and equivalently in some sense (Feenstra, 1986) Clower (1967)
introduces the idea of cash-in-advance. Sidrauski (1967) puts the real bal-
ances in the utility function. At the steady state the modified golden rule
holds exactly as in the Ramsey model. This means that the real economy is
not affected by the money growth. However money is no longer superneutral
during transition whenever the cross derivative u,,. is different from zero.

Clower intuition is related to the Baumol (1952) - Tobin (1956) model.
In the class of infinite horizon models of this type money is no longer su-
perneutral, indeterminacy arises for low elasticities of intertemporal substi-
tution, and the equilibrium is generically sub-optimal because of constraint.
The models with infinite horizon Lagrangian functions or Bellman functional
equations provide the same results. In continuous time models indeterminacy
may vanish. So the discrete time approach matters allowing for more flexible
timing specifications. Similar results hold in endogenous growth.

Samuelson (1958) is the basic monetary OLG model. There are two
periods in the life of generation. Each individual is endowed with one unit of a
consumption good when young but receives no endowment when old. 1 stored
unit gives in the second period of life 1 4. Population grows at the rate n. If
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r = —1 the good is perishable. In this case the suboptimal barter equilibrium
holds: individuals consume all of their endowment when young. Suppose now
that the government gives to the old H completely divisible pieces of paper
called money. Money restores the Pareto optimum if the economy goes on
for ever and at period zero the young agents in ¢ believe that money will be
valued at time (¢ + 1) . If there is a young which does not believe that money
will be valued at time (¢ + 1), then the barter equilibrium may remain an
equilibrium even after the introduction of the H pieces of paper. Let assume
now r > —1. In the case with money r < n implies the existence of a monetary
equilibrium that is Pareto-optimal. The barter equilibrium is sub-optimal
(dynamic inefficiency). If » > n the monetary equilibrium vanishes and the
barter equilibrium becomes Pareto-optimal. Hence if the barter equilibrium
is not a Pareto optimum, there exists a monetary equilibrium that leads to
a Pareto optimum; if the barter equilibrium is already a Pareto optimum,
there cannot be a monetary equilibrium.

Money is said to be neutral if changes in the level of nominal money have
no effect on the real equilibrium. It is said to be superneutral if changes in
money growth have no effect on the real equilibrium. In this class of OLG,
money is not superneutral. There is a problematic aspect in Samuelson
(1958): money is not dominated as a store of value, an assumption that is
both counterfactual and the source of striking results.

How does money enter an endogenous growth setup and which impact
have for growth? Bosi (2001) studies the effects of transaction costs on
endogenous growth and find a result of indeterminacy for low elasticities of
intertemporal substitution.

There are four ways of generating a positive demand for money at equi-
librium. As seen above the first one consists in putting money in the objec-
tives (utility function (Sidrauski, 1967) or production function (Dornbusch
and Frenkel, 1973)). The second way is to implement monetary constraints
(on consumption (cash-in-advance, shopping time) or on production (and
similarly capital accumulation) (selling-costs, credits guaranteed by collater-
als). In the case of monetary constraints on consumption the elasticity of
intertemporal substitution (the degree of consumer’s freedom) makes ineffec-
tive the constraint as a source of indeterminacy and sub-optimality. In the
case of monetary constraints on production (or capital accumulation) the
reverse effect is observed: the consumer’s freedom provokes indeterminacy
(and related sub-optimality). To the converse the freedom of the producer
in terms of the factors’ elasticity of substitution reduces the possibility of
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indeterminacy (however the presence of externalities could be responsible of
indeterminacy for high levels of factor substitution).

5.3 Overlapping Generations Models and Bub-
bles

In macrodynamics two classes of models have been the most influential: the
infinite horizon models and the overlapping generations models (OLG) . All
the results of the previous sections are now reinterpreted in the new lights
of finite-lived overlapping generations. Some important differences arise in
terms of equilibrium inefficiency due to the constrained nature of a finite life
horizon.

Even if Allais (1947) and Samuelson (1958) elaborated the seminal over-
lapping generations frameworks, the most quoted article in this class of mod-
els remains that of Diamond (1965). The latter is presented in the current
chapter. We will stress the possibility of dynamic inefficiency. Oversaving
may arise in a decentralized economy. It provides a good example of failure of
first welfare theorem. Such a sub-optimality does not emerge in a decentral-
ized economy ¢ la Ramsey where the modified golden rule holds. In contrast
the oversaving could arise in the Solow model in a trivial sense because of
the arbitrary saving rate. The surprising result in the OLG model is that
oversaving may occur even though households choose saving optimally. This
possibility exists because households have a finite horizon, corresponding to
the two-period length of life in Diamond (1965), whereas the economy goes
on forever. It is known that the introduction of inter-generational altruism
such as the bequests, restores the efficiency (Barro, 1974). It links the over-
lapping generations and transforms a finite horizon consumer’s program in
an infinite horizon reduced form & la Ramsey (1928). More precisely if the
altruistic linkage from parents to children is strong enough to generate in-
tergenerational transfers, that is if the typical person does not end up at a
corner solution in which these transfers are zero, then the finite-horizon effect
turns out to vanish and we return effectively to Ramsey’s conclusions.

5.3.1 Rational Bubbles

Diamond (1965) constitutes the seminal model which introduces the capital
accumulation in an overlapping generations economy. Tirole (1985) is the
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seminal model on the existence of rational bubbles. Since Diamond (1965)
is nested in Tirole (1985) we roughly follow the latter.

We deal with a market economy where saving decisions are decentralized.
Fach household is a price taker decision center. Prices are given by the real
wage w and the rental factors R” and R* on bonds and capital. The economy
is constituted by individuals and firms. Individuals born at time ¢ live two
periods: they consume ¢; in period ¢t and d;,; in period ¢ + 1. The problem
the representative household born in ¢ faces, is the following.

max U (¢, di+1) (5.29)
B K
ﬁ‘i‘ ]i/::l—FCt S Wy
B K
b i+1 k t+1
depy < Rt+1Tt Rt+1Tt

where B;,1/N; and K;,1/N; represent respectively the individual real de-
mand for public bonds and for capital as financial assets at time ¢t. Capital
letters denote the aggregate levels, while [V; is the size of the generation born
at time t. The agent works only in the first part of his life and furnishes
inelastically one unit of labor. With respect to Solow capital accumulation
model, now the saving turns out to be endogenous as in the Ramsey model,
i.e. the consumption propensity is the result of a utility maximization pro-

gram.
Lagrangian.
U (cty dira)
Biy1 K
A il el
+ |:’UJt Nt Nt t
B Ky
+u {R?HT: + Ry, ]\;r — diy1
We obtain the following first order conditions.
By
Ky
Tt -+ MRf+1 =0

Ct . Ul—)\:O
diy1 @ Up—p=0
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Then
R?H = A
Rf—i—l = A
A= U
po= U

No-Arbitrage-Condition:
R?+1 = Rfﬂ = R
NAC allows us to rewrite the program in a simpler way.

max U (Ct, dt+1>

St + Ct S W
dir1 < Riyisy
where
. = By . Ky
TN TN,

which is equivalent to a free optimization:

mSaXU (wy — 8¢, Riy18¢)
t

We obtain
Ui
— =R
U t+1

The representative firm maximizes the profit.

max F' (Kt7 Nt) - (Rt - 1) Kt — 6Kt — tht
max F’ (Kt, Nt) - [Rt - (1 - (S)] Kt - 'U)tNt
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where K, denotes the aggregate factor demand for physical capital at time ¢

and NV, is the size of the generation born at time ¢.

As the length of the period is the half life, we assume that the physical

capital fully depreciates: 6 = 1. Then

max F' (Kt7 Nt) — Rth - tht
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We obtain the usual first order conditions.

OF (K;, N;) R
oK, -
OF (K;, N;) ,
ON, -

For simplicity let the production function display constant returns to scale
(homogeneity of degree one).

0 K, 0
Ry = oK, [NtF <E71>] = oK, [N f (k)]
0 K, 0
Wy = 8—Nt [NtF (Eyl)} = a—Nt[Ntf (]ft>]
where
k = K/N
f = F/N
Therefore
Ri = N (k)57 = ' (k) = R(k) (5.30)

w = f (k) + Nof () (—%) — F (k) — bl (k) = w (k) (5.31)

In equilibrium we obtain

Uy (wy — sy, Riy15t) — Ry (5.32)

Us (wt — St Rt+13t>

We apply the implicit function theorem to define the saving function:

st = 8 (Rep1,we) = 8 (R (key1) ,w (ke))

Moreover B K
st = ]i;j + ]ifil =n (b1 + kig1)
where
B,
by = —
¢ N,
K,
kt = _t
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and
_ Nipa

n = Nt

is the demographic growth factor.
We assume no tax and no public spending. Hence the new national debt
serves to pay the interest on the current one.

Bt+1 = RtBt
Niy1 B R By

= —

N, Nen N,
nby = Rib

The dynamic system gets a straightforward form.

s¢ = n (b1 + ki)

nby = Rib
More precisely we have
n (bt+1 + ktJrl) — S (R (k:tJrl) , W (k't)) =0 (533)
nbt+2 —R (k’t_;,_l) bt+1 =0 (534)

and, using (5.30) and (5.31):

n (besr + ker) = s (f (kerr) , f (k) — Kef' (k) = 0 (5.35)
nbt+2 - f’ (]{It+1> bt+1 =0 (536)

The system has an implicit structure:

biy2 by 1 })
G , =0
(e 1
where k; is a predetermined variable and b;,; is non-predetermined.

Diamond Regime and Golden Rule
Stationary equilibria are solutions of the following algebraic system.

nb+k)—s(Rw) = 0
nb—Rb = 0
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We observe that
(bo, ko) = (0,0)
is a solution.
The Diamond regime is a non-trivial steady state given by

b =0
nk —s(f (k). f (k)= kf (k) = 0
The steady state k; we obtain in this case is just that of Diamond (1965)
with no national debt.
The steady states (0,0) and (0, k1) are said to be inside-money equilibria

because households hold no public asset.
Let us focus now on the alternative regime of golden rule (Phelps, 1961):

(ba, k).

f'(k) = R=n
]{IQ = flil (n)
nb = s(n,w)—nk
by — s (n, f (k2) — nky) — ky

n
Summarizing, we have three steady states:

(bo, ko) = (0,0)
(b1, k1) = (0,k1)
(bay ko) = (Swf(f () = nf~" (n))

n
where k; solves the implicit equation

nk —s(f'(k), f (k) = kf' (k) =0

W W)

Local Dynamics

We linearize the dynamic system (5.35-5.36).
First equation.

by 0

. "
kiy1 @ n—sgrf
by1 1 n

ke @ —su(f' = —kf") =s,kf"
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Second equation.

biyo 1 1

kier @ —f b

biyr = —f
ke 0

We derive the Jacobian matrix:

0 n—sgf” dbyy 2 L|on Swkf" dbs 1 ~0
n —f”b dl{ft_t,_l —f/ 0 dkt o

g 0 n—sgf” 7o Swkf”
n —f"b —f 0
whose trace and determinant are

L/ B Swf//k. f//b

T = —

n  n—Ssgf’ n-—sgf”
D = _iﬂ

nn—sgf”

The Jacobian matrix is evaluated in the golden rule:

ff=n
Then
1 1 1
n—sgf’ n—spf” n — sgf”
p o~ _ Sul'k_
n—st”

The consumption good is plausibly assumed to be normal
Suw >0
and the saving to be increasing with respect to the interest factor.
n—spf’ > 0
n
"

sg > — <0

f

157
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Then b
D=T-1 <T -1
+n—st”
and
D > 0
fl/b
2D > 24—
+n—st”
1/
D> —(14p-—L" VY 1-_1r_4
n — spf"
In conclusion we obtain
D < T-1
D > -T-1

The golden rule is a saddle point.

Global Dynamics

To study the global dynamics, we require more information about fundamen-
tals. Therefore we specify them with Cobb-Douglas production functions.

F (K, N,) = KN}™
Uler,dip1) = ¢ %df, (5.37)

where « is the capital share on total income and o the propensity to saving.
In other terms

f(kt> = kta
InU (¢;,div1) = (1—o0)lneg +olndig

The firm’s equilibrium is now

R(k) = f'(k)=ak?
w(ky) = f(k)—=kef (k) = (1 — )k

We solve explicitly the consumer’s program:

max (1l —o)lne; +olndiyy
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Ct + St W

<
< Rt+13t

div1
Equivalently we have the unconstrained program
max (1 — o) In (wy — s¢) + o In (Ry115¢)
entailing the tangency condition

1 1

—(1— Ri.1=0
( U) Wy — S * URt+13t o
that is
St = owy (5.38)
We observe that 5
o=t
wy

can actually be interpreted as a propensity to saving.
Then
ss=0(1—a)ky

Substituting in the dynamic system (5.35-5.36) we obtain

n (b1 + k1) —o (1 —a) k' =
nbyro — f (k1) besr = 0

First, we study the curve

bry2 = by
We have
[ k) = akfy' =n
o (g)l/(la) _k,
n
Hence

n (b1 + k) —oc(l—a)ky = 0
by = T e,
n
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We study now the curve
kt+1 =k
n(byr +k)—o(l—a)kf = 0
byt = ——k Ky
n

Phase diagram.

bt+1 =

by = ok —
n

We set for instance

a=1/3

n=1+1/2

and we study two regimes: underaccumulation, overaccumulation:
o1=1/3

09 = 2 / 3

0.
0.1 0.2% 03 04 a5
0 + T 1
of1
_0l2 -0.2

Figure 19. Underaccumulation: o7 = 1/3 Figure 20. Overaccumulation: oy = 2/3

The upward sloped one is b;.9 = b1, while the downward sloped curve
is k411 = k;. The intersection between k;; = k; and b;,; = 0 is the Diamond
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regime (by, k1). The intersection between by 1o = b1 and ki = K is the
golden rule (b, k2). The saddle path passes through (by, k), is positively but
less sloped than b;,5 = b;; 1. The golden rule regime is possible if and only
if k1 > ko, i.e. if and only if there is overaccumulation. Otherwise by < 0, a
meaningless solution.

The steady state k; with no debt is given by

o(l—a)

K=k = 0

_\q1/(-a)
= {a (1 a)}
n

We compare k; with the golden rule

1/(1-a)
- ()
n
A long-run strictly positive bubble by of golden rule is possible, if and only if
]{71 > ]{72

In this case

Summarizing, we have that an economy with a strictly positive bubble is

possible if and only if
o> a

(5.39)

11—«
(see figure 20 with o = 2/3 > 1/2). In this case a feasible saddle path
converges to a positive steady state of golden rule

(K2, b2)

In this case the golden rule dominates the Diamond equilibrium (0, k;) in
terms of welfare, because the bubble absorbs the oversaving and reduces the
capital overaccumulation generating the Pareto sub-optimality of Diamond
equilibrium.
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If
o
o<

-«
we obtain an impossible
b2‘< 0

There is a unique non-trivial equilibrium

(k1a0>

which is now efficient because it is not dominated by (k,bs). Moreover as
k1 < ks the zero debt regime is a regime of Pareto-efficient underaccumulation
because no redistribution is possible to attain ks.

5.3.2 Rational Bubbles and Growth
The Engine of Growth

We roughly follow Grossman and Yanagawa (1993) and consider a represen-
tative firm with constant private returns to scale and aggregate externalities.

}/;f - AtF (Kta Nt)

where F' is homogeneous of degree one, the external effects depend on the
capital intensity

A = Ak
K
o=y

¢ is interpreted as an externality measure.
Firms do not take into account the impact of factors demand on A;.Let

i) =B = (L)

Private profit is the firm’s objective.

Hpt = AtF (Kt, Nt) - (Rt - ].) Kt - (SKt - 'U)tNt
AtF (Kta Nt) — [Rt — (]_ — 6)] Kt — U)tNt

where the wage is per unit of labor services.
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As the length of the period is equal to the half-life of a generation, we
plausibly assume the capital depreciation 6 = 1. Then the program becomes:

max AtF (Kt7 Nt) — Rth - tht

Ki,Nt

OF (K, Ny)
Ay oK, R,
OF (K, N,)
At—aNt = W

Private returns to scale are constant. Hence

R - 42 {NtF <ﬁ 1)} = AL N ) = AN (B = = Af ()

aKt Nt ’ 8Kt Ft -
0 K, 0 K
w = A [N (Fh1)] = Ay 13 (801 = Adf (0 + A ) ()

= A [f (k) = ke f' (Ke)]
For simplicity we focus on the Cobb-Douglas case:

AF (K, N,) = AKXN™

F(Ky,N,) K\“
Al At<Nt>
= AKkY

For simplicity we set also
e=1—-«

to obtain a reduced form close to Rebelo’s Ak model.

Y,
ytzﬁt:Akt

t
Moreover
Rt = Atf, (]ft> = Al{ftl_aakg_l =aA=R
we = Ap[f (k) = kef (k)] = Ak;7* (1 — @) k' = (A — aA) K
= (A-R)k
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We observe that
Rtkt—i—wt :Rkt+(A—R)kt:Akt = Y

(product exhaustion).
Social profit.

AtF (Kt, Nt) — Rth — tht = Nt [Atf (k't) — Rtk't — wt]
= Nt [Akt — Rtkt — 'U)t]
Ny

The maximization of the social profit with respect to k; gives in equilibrium:
Rt - A

The externalities (¢) constitute a wedge between social (A) and private
returns (R) to capital:

u:1—0425

A

Consumers

We assume the same household’s preferences of the previous section. Pro-
gram (5.29) still holds.

The No-Arbitrage-Condition allows us to define a common return on pub-
lic bonds and private capital.

Rf:)+1 = Rf—i—l = R
Then consumer’s program simplifies and we obtain the Euler equation (5.32):

Ui (wt — St, Rt+18t)
Us (wt — St Rt+13t>

= Rt+1

Therefore the saving depends on the return on financial wealth and on the
labor income.

S¢ =S8 (Rt+1: wt)
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General Equilibrium

As above we have
s¢ = n (b1 + kegr)

and since we assume no tax and no public spending, the new national debt
pays the interest on the current one.

Byy1 = Ry By
Dynamic system (5.33-5.34) holds, but now R;,; no longer depends on k;:
n (bt+1 + kt+1) — S (R, (A — R) kt) =0

nbo — Rbyy = 0
Then
n (b1 + keyr) —o (k) =
nbiya — Rbyyn = 0
where

o(k))=s(R,(A— R) k)
Consumption normality (and in particular utility separability) entails that
sw € (0,1)
We observe that
o (k)=(A—R)s, >0

Steady States

Assume now the propensity to saving o to be constant as follows
g (k't) =S (R, 'UJt) = OW¢

This is actually the case, when a Cobb-Douglas specification is retained for
the utility function (see equations (5.37) and (5.38)).
The system becomes

n (bt+1 + kt+1) — 0 (A - R) k't =0 (540)
nbt+2 - Rbt+1 =0 (541)
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We study three possible stationary equilibria: the trivial one, the Dia-
mond regime, the Grossman-Yanagawa regime. In the following we set

o =t
1 = k,

iy

h = =
t4+1 b,

(0) Trivial steady state. k; = 0 implies w; = (A— R)k; = 0. Then
biy1 + ki1 = 0 and by = kg = 0. Equation (5.41) entails b;,5 = 0. The
trivial steady state (bg, ko) = (0,0) is then feasible.

(1) Diamond regime (bubbleless steady state). If b, = 0, then by o =
0, since (5.41) holds. Equation (5.40) implies nk;1 = o (A — R)k; and
eventually

A-R
n

g=0

We notice that the steady state is in terms of growth factors (growth is
endogenous).
(2) Grossman-Yanagawa regime.

nbyyo — Rbyyy = 0
o= B
n
Growth must be balanced: R
g g
n

Summarizing, we have the following three stationary equilibria.

(bo, ko) = (0,0)
(b1,91) = (OaUA;R)

()

Characterization of the bubbly equilibrium.

(h2, 92)

g = h=—
n(by1 + ki) = 0(A=R)k
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b
n<;€—+1+gt+1) = n(EEJrE) =0 (A—-R)
t

nk n
bp  A-R
R~ "R
A strictly positive stationary bubble exists, if and only if

A—-R
R

1

1

g

This is precisely condition (5.39).

No Transition

(7) Let us consider the bubbleless regime. The equilibrium without bubble is
the following

n (bt+1 + kt+1) = 0 (A - R) kt

biyr = 0
b _ AR
k’t N n

We observe no transition. The economy jumps from the beginning on the

steady state.
A _ t
k’t = (U R) k’[)
n

(71) We study now the bubbly regime. We have

b
n(il—i-gtﬂ) = o(A—-R)

ki
by
k—R+n9t+1 = o0(A—-R)
t
b 1
k_i = R [0 (A= R) — ngs1]
Therefore
R — hyy = bt+1/kt+1 i . U(A - R) - ngt+2g .
== hyy = —
n * be/ke ki o (A—R) —nge”
R o(A-R) Ro(A-R) 1
Jty2o = —+—mm — —

n n n n gt+1
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We observe that

R
g=—
n

Local stability around the steady state.
OGi12 Ro(A-R) 1
09t11 n n 9°

1

A strictly positive bubble exists, if and only if local dynamics diverge.

«
o>

11—«

The only possible bubbly equilibrium is

In the first period the non-predetermined variable b; must adjust.

1—
61:§<0' a-l)k[)
n «

The explicit dynamics become.

t
k‘t - (E) k‘o
n
R t+1 1—a
bt+1 = (;) (0’ o —1) ]CO
t = 0,1

Welfare

In our context there are two sources of sub-optimality: the finite life of
agents and the external effects in production. A perfect endogenous growth
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economy with infinite-lived agents and no externalities is characterized by a
Pareto-optimal growth factor:

We have denoted the Diamond bubbleless growth factor with ¢g; and the
bubbly equilibrium with gs.
We observe that

n n o n
. aA
g > — =0
Moreover
A—R l1—-aR 11—«
n a n
and
g1 > g2
if and only if
- Qo
o
11—«

Two cases eventually matter according to the sign of the previous in-
equality.

(1) High saving rates:
a

g >
11—«

In this case the bubbly equilibrium exists and

g >ag1> g

The bubbleless equilibrium is better than the bubbly one.
The overaccumulation partially internalizes the externalities in produc-
tion.

(2) Low saving rates:
o

o<
11—«

There is no longer the bubbly equilibrium and

g >0
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Chapter 6

Exercises

6.1 Elements of Dynamics

6.1.1 Autonomous Difference Equations

We consider the difference equation z;.; = x4 (2 — x;) with zy > 0 as initial
condition. To characterize the sequence {z,;},, , investigate (i) the existence
of steady states and their multiplicity, (i) their stability.

Solution

(1) Existence and uniqueness-multiplicity of stationary states. The general
form for autonomous difference equations is: z;.; = f (z;). By definition of
steady state: z = f (z). z = 2 (2 — x) implies 2§ = 0 and 2} = 1 : there are
two distinct steady states.

(74) Stability. In the one-dimensional case the steady state is locally
stable, if and only if |f' (z*)| < 1. In our case f' (z) = —2x + 2, i.e. |f' (z})]
=1 (0)] =2>1and |f (z3) = |f (1)] =0 < 1. Hence z§ = 0 is unstable,

173
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while 27 = 1 is stable.

0.8

0.6

0.4

0 02 04 Og 0.8

|
|
|
|
|

0.2 |
I
1 1.2
X1

Figure 21. Convergent path.

6.1.2 Autonomous Difference Equations

We consider the implicit difference equation 2z, + e**+'** + x; = 1 with
zo > 0 as initial condition. To characterize the sequence {z;},-, , investigate
(1) the existence of steady states and their multiplicity, (i¢) the stability of
the highest steady state.

Solution
The implicit dynamics get the following form:
F (v, 20101) =200 + " 42, — 1 =0,
Steady states.

F(z,z) = 0

3z +¢% =
We observe that

x=0

is a solution. As f (z) = 3z 4 ¢*” is continuous and strictly convex (check
the second derivative),
lim 3z 4 ¢” = +o00

r——00



6.1. ELEMENTS OF DYNAMICS 175
and

f(0)=3>0,

then there are two steady states and x = 0 is the higher one.
Local dynamics. We need the total differential of dynamics.

F (x4, 211) = 20441 + 5 42, — 1 = 0.

oOF oF
—d —d =0
9z, Ty + Oz Ti+1
drey  OF/0my 14 myqe™™h
dl’t N 8F/al't+1 n 24+ T eTtTi+l

We evaluate this eigenvalue at the steady state:

dzriq 1+ ze®’
dzx; 2 + ze®’

z=0

=0

The steady state x = 0 is stable.

6.1.3 Planar Systems

The following planar system is non-linear.

T+l | _ T+ e 2 — 1
T2 441 (3—z14) [1 4 In (29 — 1)]

Characterize the stationary states and their stability with the geometrical
method of triangle.
Solution

The stationary state is x = (1,2). The Jacobian matrix evaluated at this

steady state is
1 1
/= { -1 2 ] '

The image of the eigenvalues in the (T, D)-plane is (T, D) = (3,3). Then
(T, D) belongs to the class of sources, i.e. unstable points in all directions.
Moreover D > T?/4. The two eigenvalues are complex and conjugated: the
explosive path is a spiral.
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6.1.4 Planar Systems

Another non-linear planar system is considered:

T1g41 eT1ttTat
T2,t+1 N L1t 2t '
As above characterize the stationary states and their stability.

Solution

The unique stationary state is now x = (1, —1). The Jacobian matrix is

[

The eigenvalue image in the (7, D)-plane is (T, D) = (2, 2) , which belongs to
the source region. Moreover D > T2 /4. The two eigenvalues are still complex
and conjugated and the path is an explosive spiral.

6.1.5 Planar Systems

Without computing the stationary state, show that the stationary state is
not stable for the following non-linear dynamics.

Tiggr | | € —dwy
2,141 —T1 + 2w
Solution

It is not difficult to verify that a steady state exists. The Jacobian matrix
evaluated at the steady state (xy, ) is

el —4
J= [ - } |
We obtain D = 2¢®1 —4, T = 2 + ¢*1 and then D = 2T — 8. This straight

line lies outside the triangle of stability. Hence the stationary state can not
be a sink.



6.1. ELEMENTS OF DYNAMICS

6.1.6 Planar Systems

Specify the second order implicit dynamics:

(|

Fy (551t+1, Tot+1, L1t 5’3215)

Fy ($1t+17 T2t41,5 L1t 332t)

T1t+1
Tat+1

as follows:

L1t
)
Lot

)-

3 2 _
Tipp1Tor + T — 1 =0

.’IigtemltJ’l —1In (.’131t + $2t+1) —1=0

177

Find the steady states and characterize their local stability by mean of the

triangle method.

Solution

We apply the implicit function theorem.

OF OF OF, OF,
d$1t+1 -+ d$2t+1 + d.’l?lt -+ d.’l?gt
01441 O0T241 01y O
o, OF; OF, OF,
d$1t+1 -+ —d$2t+1 + —d.’131t -+ d.’l?gt
01441 O0T241 01y O
In matrix form:
_on - _of T OF  OF
8351}%‘+1 3%215+1 |: d$1t+1 :| _ %’L’ ‘ %’L’ . :| |: dﬂflt :|
Or1t+1  Ox2t41 dx2t+1 L Or1r Ozt A2y
d [ on oR 7M1 om
.:L‘lt-’rl _ _ Bm1t+1 81’2t+1 83%]@
dx o _or2 0 _of2 OF>
2t+1 | Oz1t+1  Om2t41 Oz 14
The Jacobian matrix is
om  _om 17l oam am
_ oz ox 9 )
= | T T || G
O0r1441  Ox2t41 Oxr1y Oxot

which is evaluated at the steady state.

In the given example the steady state is given by:

(181, :E?) = (07 1)

OF
0ot
OF5

Bmgt

I

dl’lt
dl’gt
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We compute then the Jacobian matrix:

_ .3 2 _
Fi (g1, Tops1, Tue, o) = Ty T+ 25 — 1 =10
J— X
Fy (T1441, Tat1, T, Top) = T —In (@14 + To411) —1=10
2 -1 3
J—— 3Ty 41 T2 2141 0 . 141
Toe™ — (21 + Tory1) — (1 + @oq1) €M
We evaluate this Jacobian at the steady state:
~1
J = 3731, 225 0 3
= - -1 -1
x2e™t  — (11 + x2) — (21 + x2) et

o Jo 27"'To o
N 1 -1 -1 1
1 41
B 0 0
The sum of eigenvalues is equal to one (trace) while their product is equal
to zero (determinant). Therefore

Moo= 0
)\2:1

6.2 The Consumption Function

6.2.1 The Life-Cycle Hypothesis

Let the credit market interest rate be equal to zero and the entry be free. No
collateral guarantees are required to finance the consumption. Individuals
are supposed to live 80 years. During the initial twenty years of life they
earn nothing. From 21 to 60 their income increases linearly as follows:

Yy = 1000 + 10 * (¢ — 20)

where ¢ denotes the worker’s age. During the last twenty years of life (retire-
ment phase) the income per year is equal to 1300. Time is discrete.

According to the life-cycle hypothesis, which is the stationary consump-
tion the agents desire?
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Solution

The cumulated revenues of the three life phases are the following.

1. Youth.
20
>y =0%20=0
t=1

2. Active life.

60

60
> g = ) [1000+ 10 * (t — 20)]
t=21 t=21
40

= > [1000 + 10 % ¢]

t=1

40 40
= Z1ooo+1o*2t
t=1 t=1

40 % 41

= 40 %1000 + 10 *
= 48200

because

CT(T+1)
Dt=—5—

t=1

3. Retirement phase.

30
> "y = 1300 % 20 = 26 000.

t=61

Therefore we obtain the following smoothed consumption:

. ) 0y 0448200 4 26000
t pu— pu— pu—

80 80
= 927.5.

6.2.2 The Life-Cycle Hypothesis

Let us consider a continuous time version of the consumer’s behavior.

179
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Compute the permanent income of a one-period life with an income flow
in continuous time specified as follows:

g =1t —t%

Figure 22.

Solution

The permanent consumption is an average:

1 1 )
= — [ +—at
© T 1-0),

1 11"
_ 2 —t3]

Eaa)
11
2 3
= 1/6.

6.2.3 The Life-Cycle Hypothesis

Compute the permanent income of a two-period life with an income flow in
continuous time specified as follows:

y=1/1—(t—1)>
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Figure 23.

Solution

The income average is

¢ = L 2\/1—(t—1)2dt
- 2-0/,

2

_ %E[(t—l) t(2—t)—|—arcsin(t—1>]]o
_ H(t—l) t(2—t)+arcsin(t—1>]z
= 300+ arcsin1 — 0 — arcsin (1))
-6+

T

If each period is 40 years we have an annual consumption of

160

6.2.4 The Permanent Income Hypothesis

A consumer lives 3 periods: youth (20 years), working age (40 years), retire-
ment phase (20 years). The respective revenues per year are 0, y, (3/4)y.
During his initial half life the annual credit market interest rate is equal to
r. In the second part of his life he faces a double interest rate 2r.
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Compute the permanent income ¢ and saving s; for each period. Which
is the value of the permanent consumption ¢, if we set y = 20000 euros and
r=2%"7
Solution

Life-cycle budget constraint.

40 c 80 .
+ —
; (1 _|_/r>t t:z‘;l (1 +T>40 (1 + 2r>t 40
20 0 40 y 60 y
— S + + —
; (1+7r) t_ZQl (1+7) t_zﬂ (1+7)" (1 +2r)%
80
(3/4)y
+
t:zﬁjl (1+ 7“)40 (1+ 27“)’5740
Consider the LHS.
40 c 80 .
[ + —
; (1+7) t; (1+ )" (1 +2r)%
—(1+7) 1+ A (L 2r) Y

40

21 ¢ 1
- C; T 2 (1+2r)

t=1

39

c 1 c 1
- 1—|—T’Z(1—|—r)t+(1+r)40(1+2r)2(1+27’)t

t=0 t=0

39

We know that

T T T+1
(1—:17)5 = g :vt—g x'
t=0 t=0 t=1
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- 1-= CL'T+1
Hence .
1 T+1
D at= —— (6.1)
t=0
Let us apply formula (6.1).
1
T =
1+7r
i( 1 )t B 1_<1_J1rr)39+1_1+r < 1 )40
= 147 1— (1_J1rr) r 147
and
1
‘/L‘ =
14 2r
i 1 - ()" 142 ( 1 >4“]
7 = = —
t=0 (1 + 27”) 1— (1+2r) 2r 1 + 2r

Finally we have

39 39

c 1 c 1
LHS = +
1+7”;(1+7’)t (1+7’)40(1+27’);(1+27’)t

1 40
- <1—|—r>

n c 1+ 2r
(1+m)* 1 +2r) 2r

40
r 1+7r

We compute now the RHS.

c 1+r
1+r r

1 40
1—
<1 —i—2r)

20

0 Yy
;(1+T)t+_z(1+r)t

60 y 80 (3/4>
+2 L™ r2n ™ " 2 (147" (1 42r)%

t=41 t=61
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y 40 1 y 60 1
= —— + —
(1 + T)20 ; (1 + /r)t 20 (1 + /r>40 ;:1 (1 + QT)t 40
3y i 1

+
40 +m)* 1 +2r)* &= (14 2r)%

t=61

20 20

y 1 Yy 1
= +
(1+7)% ; (1+r)" a+nr)* ; (1+2r)
20

3y 1
+
401+ (14 2r)® 2 (1+2r)°

t=1
20
- Ly —
- 20 t
(1+r)™ = (1+7)
20
tt s e Sy
4(1+2m7] (147" = (1+2r)
y 19 1
(1+ 7“)21 ; (1+ r)t
y 19 1
+ |1+ }
l 4(1+2r)*° (1+r)40(1+2r);(1+2r)t
As
i 1\ 14 X 1 \*
— 147 N T 147
UL S ( 1 )20
~(1+2r)"  2r 1+2r
we have
19
RHS = —2 %" L
(147" = (1+r)

19

Y 1
* [1 * 4(1+ 2@4 (1+m)% (1 +2r) Z (1+2r)

t=0
1\
()
147

Y 1+7r
(1+7“)21

r
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- <1+12r)21

3 } y 1+ 2r
41420 (14+r)* (1 +2r) 2r
y

1 \20
r(1+7)% _(1+7‘)

! {H 4(15)27‘)20] 2r(1?17’)40 [1 ) (Hl%)m]

We are now able to compute the permanent income:
LHS = RHS

40 40
c 1 c 1
- [1- +— |1
r 1+r 2r (1+7) 1+42r
y 1 \2
w |1
r(147) 1+r

" {1 i 4(1 +32r)2°] 27‘(1?1 ry* [1 B <T12r)20]

_ ym [1 _ (1%7")20} N [1 + e 20] 2r(1+r>4 [1 (%) ]
- ]+ [ - )
! L+ (H—z] [ ()"
1 ()" + 1 - ()"
2 [(147)*° —1] + [1 + m} [1 - (Hl%)m}
2[(1+nr)*—1] + [1 — (1+2r)40]
2(1420)° [(147)° = 1] + (L4 20 |14 gm | [1- ()™
2(1+2r) [(1+7)° — 1] + (1 +2r)* [1 _ (Hw)‘m}

2(14+2n) " [(1+7)* —1] + [ +2r)* +3/4] [ +2r)* - 1]
2(1+2n)° [(1+7)" 1]+ [1 +2n)* - 1]

+[1+

=Yy
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21427 [(1+7)* —1] + [(1+2)* +3/4] [(1 +2r)* — 1]
21421 [(1+n)* 1] + [1+2n)" 1]
2(1+2r)" (1 +7)% —2(14+2r)" + (1 +2r)* — (1/4) (1 +2r)* — 3/4
2014+ 1 +2)" =20 +2n" +(1+21)" -1
2(14+2r)" 1+ — 1 +2r)" —(1/4) (1 +2r)*° —3/4
2014+ 1 +2r)" —2(1 42"+ (1+2r)* -1
20142 1+ — (1 +2r)" — (1/4) (1 +2r)* —3/4
2014+ 1 +2r)" - (142" -1
1 +2r)" [2(1+7)* = 1] = [3+ (1 +2r)*] /4
Q+2r) 21+ —1] -1

=Y

r = 0.02
y = 20000
we obtain
¢ = 10609
euros per year
Annual saving.
0—20 -
0—c = —10609
21 -60
y—c = 20000 — 10609 = 9391
61 —80

(3/4)y —c = (3/4)20000 — 10609 = 4391

Therefore the consumer during the youth borrows 10609 euros per year. Dur-
ing his active life and the retirement phase he repays the initial debt and the
relevant interests with the saving effort.

A more realistic model would take in account the parental effort to finance
the young’s consumption.

6.2.5 The Permanent Income Hypothesis

Insert a continuous time version with an exponential discounting.
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6.2.6 The Permanent Income Hypothesis

We assume that the capital return and labor income of a infinite-lived house-
hold grow according respectively to the constant rates v* and ~'. Which is
the permanent income, if the individual wants to implement a consumption
growing at a constant rate y°?

Solution
As we have seen in the course
ce=c (1+ ”yc)tfl

and substituting in

T 1\
Z(l—l—r) =W,

=1
we obtain

T

2 <1—i7”)t e+ = i (11177?)1:
1

t=1

- C1 1+”}’C§ +7€ !
L+9e 1+r &=\ 1+7
e 1[0/t
I1+r 1 -1+~ /(1+r)

Let r > ~¢. In this case

= 1.

1+~\7
lim [1—( J”)
T—o0 1+T

For an infinite-lived agent (7' = oo) equation (6.2) becomes

¢ =(r—~)W.
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Thereby the higher the preferred consumption growth rate, the lower the
initial consumption.

Let us now compute the wealth.

The capital income is:

The labor income is

i(1+r>t (i) = 2

t=1

N v+ 14+
1+711+ — \1+r
yho1 [U+7) 1+r)]"

I+r 1—(14+~%)/(1+7r)

g 1=[(1+4) /0 +n]"
I+r 1—(14+/(1+r)

T
o |y (1
r—~k 1+7r

T
Loy |y (e
r—t 1+7r
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We assume that r > max {7*,~%,7°} .
Let the consumer be infinite-lived (7" = oco) . Hence

r—ak  r—nt
and eventually
k I
c
lc:W: y1k+ yll
r—-2 r—-y r—-o
We obtain
) = Tk T_chl
! r— fyk? 1 ,}/l 1
Notice that
0
a0,
0y°
0
i > 0’
Ok
0
ﬂ > 0
oyt
The sign of
801
or

is ambiguous. For instance it is always positive if 7¢ > v*, ~%,
You can provide an economic explanation..
The entire consumption path becomes:

t—1

¢ = ¢ (1+79

- kT ent—1
p— 1 .
(r—’yky1+r—’ylyl>( +79)

6.2.7 The Permanent Income Hypothesis

Which are the impacts on the consumption of a temporary change in the
revenue and of a permanent variation?
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Solution

By simplicity we consider an infinite-lived consumer and a temporary shock
at period t.
Ye — Yy + A

0o 1 t
W_;(l—l—r) Y-

Then .
ow B 1
Oy \l+r
and as
y" =W,
we get
oyP ow < 1 )t
=—r—=r .
8yt Oy; 147
Therefore

1 t
— AP ~
Ac = Ay 7’<1+ )A

Let now the shock in ¢ be permanent.
Yyr =y + A

with 7 =¢,£+ 1,... Let by simplicity A be constant and independent on t.
Soif r >0

s - L5
N if( T+7 >
Az(m)

r( +)
- 7a<1ir) M
()

147

>
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t—1
- () o
147

You can now compare the temporary and the permanent shock

1 t
TS = 7’( )A,
1+7r
1 t—1
PS — ( ) N
147

TS r(1+7“)_t T

PS (1+7’)_t+1 S l4r

This ratio does not depend on t.

In other terms

6.2.8 The Permanent Income Hypothesis

Let us consider a continuous time version of the consumer’s behavior ac-
cording to the permanent income hypothesis. Friedman (1957) enriches the
Modigliani and Brumberg (1954) model by taking in account the role of
the credit market. In other words we can though the life-cycle theory as a
particular case of the permanent income hypothesis with r = 0.

For simplicity we reconsider a previous exercise augmented now by the
assumption of a positive and constant interest rate across the life cycle.

Compute the permanent income of a one-period life with an income flow
in continuous time specified as follows:

y = (t—t*) 107

euros and an annual credit market interest rate r = 4%. Life horizon is
assumed to be equal to 80 years.

Solution

Let p be the one-period (80 years) interest rate. The life-cycle budget con-
straint under a free credit market entry is

1 1
/ e Pledt = / e " (t—t*)107dt
0 0
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c l——} = [e” (PP + (2—p) (1 + pt)) /ps}(l) 107

= {e [P+ @2=p)(1+p)]/0° = (2= p)/p*} 107

cp’(1—e?) = {e?[p’+2-p)(1+p)] —(2—p)} 107
Lo ) A4 = (2=p)
pP(L—e?)

Annual discount factor
~0.04

One-period discount factor:

—0.04\80 _ 3.2
(e 0% = ¢

Therefore the one-period consumption is

N e A DR ) el e OB

p*(1—e")

= 1437500

euros and the annual consumption will be equal to

c
— = 17969
80

euros.

000@g

00 0.2 0'4t0'6 0.8 1

Figure 24.
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6.2.9 Three-Period Utility Maximization

The consumer maximizes an isoelastic utility function

o V-1 L1 a1 L1 a1
1-1/o 1+60 1-1/0 (1+6)7° 1-1/o

u (C[)a C1, 02)

over three periods, and he must satisfy a unique intertemporal budget con-
straint, 7.e. his discounted consumption must not be greater than his wealth
(the consumer can freely borrow and lend in the credit market):

C1 C2 Y1 Yo

co + + <o+ + .
R TS S E N T

Find the consumption demand function as well as the saving for the three
periods.

6.2.10 Infinite Horizon Utility Maximization

An infinite-lived consumer maximizes the following utility functional:

Z (1+6) “ne,.
t=1

His intertemporal budget constraint has a usual form:

e}

S s Y

t=1 =1

where we specify

oy (L)' —bY), if tis even,
e Yo (1+)" (1410, if t is odd

with

vo< r

b < 1
Notice that the income path oscillates around and converges to the long run
path {yo (1+7)'},7,
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(7) Compute the consumption path.

(74) Which is the impact of the parameters b, 7y, 0, r, yo on the shape of
the consumption path?

(747) Compute numerically the shape of the consumption path, if 6 = 0.01,
r = 0.03, yo = 100, v = 0.03, b = 0.5.

Hint

Maximization gives

and

— (1+ r)t

We obtain

B 0 L+r\t& i
G = (1+r)—1+9<1+9) ;(1—1—@'5

1+r) & Yt
= 40 .
(1+9) ;(1+r)t

We want now to compute the sum of discounted revenues..

[e.9]

- Yt - Yot Yat—1
= — = T —
; (1+7) ; (1+7)" 2 (1+r)""

t=1
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Yo (1+7)” (1 D) o=y (L+ )% (1 + 5
- Z 1 Z 2t—1

+)
2 st
)i

1+ 147 1
1 () L[/ ()P

_<1—|—7) 1
I+7r) 1—pb1+v)/Q+n)]

1+ 14+~ 1
i) (bl+r) 1—[b(1+7)/(1—|—r)]2}
1 14r

B y0<[(1+7’)/(1+7)]2—1<1+7+1)
1 1+7r
a0/ pa -1 {bmw ‘1])

Therefore

[e.9]

Yt _ 1 1
;(1+7‘)t N yo{(1+7“)/(1+7)—1+(1+7“)/[b(1+7)]+1}
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B { 147 N b(1+7) }
- I1+4r—(1Q+7v) 14+r+b(1+7)

b
= y0(1+7){1Jr (1+7)+1+7‘+b(1+’7>}
{1+r+b 1+7)+b[1+r—(1+7)]}
) (
1

I+r—(1+9)|1+7r+b(1+7)]
1+7)(1+7r)
+r+b(1+7)]

(14+0)(
=)

In conclusion

t o0

1+r Yy
= 0
“ (1+9) ;(1+7‘)t

O(1+b)(1+7)(1L+7) <1+7’>t
"=l +r+b(1+4)]\1+6) "

6.2.11 Constant Elasticity of Intertemporal Substitu-
tion

Show that an utility function characterized by a constant elasticity of in-
tertemporal substitution o (CES) gets the following shape:

cgfl/"—l
1-1/0

Represent this curve for ¢ = 0.5 and o = 2.

Solution

As usual in macrodynamics we consider an utility function displaying a con-
stant elasticity of intertemporal substitution (C'ES). The elasticity of sub-
stitution between the consumption at time s and consumption at time ¢ is

given by
u'(cs) fu'(er)  dcs/cr)
/e du! () o (co)]
Taking the limit for s converging to ¢, one obtains in continuous time o (¢;)
= —u/(c) /[ () er] = —{u" () ) [W (¢r) Jer]} ", that is the negative in-
verse of the elasticity of marginal utility (for more details see Blanchard and

o= —
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Fischer (1989), chapter 2). In discrete time we adopt the latter formula as
a definition. An isoelastic function with elasticity o has the form wu (¢;) =
Chep Ve /(1 —1/0)+ Cs, where C; and Cs are integration constants. To see
that, reconsider the definition of elasticity: —u’ (¢;) / [u” (¢;) ¢;] = o, hence
—u" (¢;) Ju' (¢;) = 1/ (o¢y) . We can write —dInu' (¢;) /dey = (1/0) dIn ¢, /de;.
The indefinite integral is
_[4 Inu' (¢;) dey = 1[4 In c;de;.
c o c

Thereby —Inu' (¢;) = (In¢) /o + ¢, where ¢ is an indefinite integration con-
stant. Taking the power with base e we obtain e~ %(ct) = e(lner)/ote apd
el e ™ = geene’7 e, [ ()] " = e°¢}’” and o/ (¢;) = e~°c; /7. The

integral is now defined between 0 and ¢; : fccot o (x;)dry = e¢ fccot z; 7 da,.
t

Finally [u (z,)]" = e~ [@71/0/ (1— 1/0)]C and
co

w(es) —uleo) = e {c;}—l/“/ (1—1/0) — 7)1~ 1/0)} .

Hence u(¢;) = e%c; 7/ (1 —1/5) —e~°ch 7/ (1 = 1/0) + u(co) . We can

specify the two integration constants as ¢ = 0 and wu (¢y) = c(lfl/ 7 — 1)
/(1 —1/0), to obtain the standard CES function
1-1/0
. Ct - ]_
ule) = =37,

By applying the definition, it is possible to check that the elasticity of in-
tertemporal substitution is actually o. For o = 1, this isoelastic function is
replaced by the logarithm in the function space:

1-1/c
c -1
T e

Check that the logarithm function has a constant elasticity of intertemporal
substitution just equal to one.

6.2.12 Infinite Horizon Utility Maximization

An infinite-lived household computes the intertemporal consumption demand
as a function of the prices which are given by the future interest rates, and
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of the future revenues {y;};° he will receive during his life. We assume that
the household has a perfect foresight of the future revenues as well as of the
interest rates, and he can freely enter the credit market.

More precisely the intertemporal utility functional gets the following form:

Uleryegy...) = (1+6) "Ine,.
t=1

For the sake of simplicity we assume that the market interest rate is
constant at each period and equal to r.

(1) Compute and interpret the Euler equation.

(74) Compute the consumption and saving as time functions.

Solution

The household maximizes an intertemporal utility function. By simplicity
we assume that his life goes on forever and that the utility functional is
additively separable.

e}

Uler,co-o ) =) (140) " u(e). (6.3)
1

t=

The utility function u is assumed to be increasing and strictly concave. The
consumer has a free access to credit market as lender or borrower, so he faces
an intertemporal budget constraint.

Z(l

t=1

Z tyt

The revenue at period ¢ is given by the capital and labor income.

v =yl + .

The Lagrangian for the program is given by

o0 [e.9]

- 1
A= ;14‘9 Ct +)\ Z tyt z;mct

=1
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Notice that A is independent on time. Deriving with respect to the generic
choice variable ¢;, we get the corresponding first order condition

oA
— =0,
8Ct
1.€.

(1+60)"d (c) =A(1+7)".
To eliminate the multiplier we compute the intertemporal marginal rate of
substitution:

(1+6)" (c) (1+7)"

Ut W () (L+7)

Notice that the right-hand side is just the price ratio. We obtain

1+7r

eu' (Cey1) - (6.4)

/ JR—
we) =17

This is the non-stochastic Euler equation.

= Ct B - Yt
Z(Hr)t_;(ur)t'

t=1

The constraint is now binding because the utility function is monotonic.

To provide an explicit solution we consider a particular class of utility
functions.

As usual in macrodynamics an utility function with a constant elasticity
of intertemporal substitution o (C'ES) is employed:

C1—1/(7
uler) = 1 t— 1o
From (6.4), we write
—1/o :
Ct+1/ 1+6

The consumption growth rate is given by

Cy1 (147 7
Ct N ]_—|—9 '
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14+ 7\7¢Y
“TAN\119

i Yi _icl [(1+7)/(1+6)7¢
— (1+ r)t (1+ 7“)

t=1

Therefore

and

B i [(L+7)/ 1+9)]"(t‘1)

147 = (1+r)"
o b1t
. C1 Z (1 + 7”)
L+re—~| (140) |
%) o— Tt
. C1 Z (1 + 7’) L
1+7r = (1 +0) |
The series converges if and only if
1 o—1
% < ]_7
(140)

1+ < (1+06),
(c—DIn(l4+r) < oln(1+96),
o—1 - In(1+6)

. 6.5
o In(1+7r) (6:5)
We assume that » > 0. Then
|
n(l+90) S0
In(1+7)

The inequality (6.5) is for instance respected if o < 1 (weak elasticity of
intertemporal substitution).
Under inequality (6.5) we obtain

o0

- =
— (1+7) 1+7’t 1—|—9
B 1
1+r1—(1+r)"1/(1+9)"
C1

I+r—[(1+7r)/(1+6)]
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We are able now to determine the initial consumption and then the entire
path.

1+7\7] & m
i = |1+7r— —
! { <1+9)}§(1+r>t
1+r)a(t1)
C1

o(t—1) o7 ©©
r 1+r Ut
1 _
1+9) [ o <1+9) ]Z(IH“Y

t=1
o(t—1) ot]| oo
1+7r 1+r UYs
1 — .
( ”)(He) <1+9) 2y

t=1
It is possible to perform the comparative statics by evaluating the impact of
r and 6 on the path {c;},2, .

The saving at each period is given by

Ct =

St = Y— G

(T, (LT e
- T 110 1+6 < (14+7)"

T=

6.2.13 Two-Period Stochastic Maximization

Consider a problem of consumption choice over two periods under uncer-
tainty. The individual consumes ¢y during the first period and ¢; during the
second. He receives at the end of the first period a revenue y; with proba-
bility 7, or y, with probability my = 1 — ;. The interest rate in the credit
market is constant and equal to r. The intertemporal utility function gets
the following form:

1
Ul(co,c1) =Inecyg + ——1Incy,
(core1) =lnco + 5 ey
where # measures the consumer’s impatience.
(7) Determine the optimal stochastic consumption. Show that the interest
rate does not affect the consumption ¢y (under the logarithm specification
the revenue and substitution effects exactly compensate).
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(74) Compute the numeric solution, if

T = T2,
vy o= 1
Yo = 2,
0 = r=1%.

Solution

(1) The expected intertemporal utility is

Incy +

1
milne;; +malnes).
1T 9( 1inen 2Incio)
There are two states of nature, two histories and then two intertemporal
budget constraints:

co+ cn <y,

1+7r
1
Co +

c < .
1_1_7,12 = Y2

We observe that the second period consumption is a random variable.
The Lagrangian function has two multipliers (as many as the histories):

1
1+9(7T11H011—|—7T21n012>
+A L + A !
—Cy — c —Cy — c .
11 % 0 1rr 11 2\ Y2 0 1rr 12

We obtain the following first order conditions:

111 Co +

1
- = )\1+)\27
Co

m 1 N

1—|—9011 N ].—FT’

Up) i . A2

1+9€12 n 1+7’

Then
1 1 T 1 1 1 1

1+ 0c, 1+0cy 1+r
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Rearranging we get the stochastic Euler equation:

1 1+r 1 n 1
Co 1+60 \ e 2e1y)
147
! = Eou .
u' (co) 110 ou’ (1)

The constraints are binding because the utility is monotonic.
Therefore we have now three equations

1 l—l—T( 1 + 1)
— = T— + To— |,
Co 1+9 1011 2012
CO+1+7°CH = Y,
CO+1—1—7°612 = Yo

and three variables: ¢, c11, ¢12.
Using the fact that m; + 79 = 1, we obtain the explicit solution:

(I+0+m)y +(1+0+m1)y,
2(2+0)
VIO 0wy + (140 m)gal® — 4(1+0) (24 0) s
:l: )
2(2+0)

Ch =

e = (L+7)(y1—co),
crz = (L+7)(y2— o).

6.2.14 Three-Period Stochastic Maximization

Consider a problem of consumption choice over three periods under uncer-
tainty. The individual consumes ¢y during the first period, ¢; during the
second, and c3 in the third period. He receives at the end of the first period
a revenue yi with probability 7§, or y2 with probability 73 = 1 — 72, He
receives at the end of the second period a revenue yi with probability 71, or
y? with probability 72 = 1—72. We assume that the probability distributions
of the two periods are independent. The interest rate in the credit market is
constant and equal to r. The intertemporal utility function gets the following
form:

1 1 \?
U (co, c1,¢3) = u(co) + mu (c1) + <m> u(cy),
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where 6 measures the consumer’s impatience. For the sake of simplicity we
consider a quadratic utility:
b o
u(c) = ac — =c°.
() =ac—
(1) Compute the stochastic Euler equations.
(74) Determine the optimal stochastic consumption at each period under
the Hall’s assumption (1978) r = 6.
(747) Compute the numerical solution, if

T o= 7,

yp = 1,

t = 1,2,

0 = r=1%.

Solution

(1) The expected intertemporal utility is:

u (co) + 41_9 [Wou (cl) + 7r0u (cl)}
+ () et () + mbau (65) + minls () + et ().

There are two states of nature in the first period and two in the second
period. Therefore there are four possible histories:

11,
12
21,
22.

Y

Thereby four are the constraints
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co + 1 C2+ 1 2C21 < y2+ 1 yl

Ot 1+r) 2 — 200 14470
1 2 1 ? 22 2 1 2
_ < _

c°+1+rcl+(1+r> @ S W

and four are the Lagrangian multipliers.
Hence the Lagrangian function becomes:

1
wen) + g [ (el + 7 ()]
1 \2
T (1 T 9) [momiu (") + momiu (e3%) + momyu ( ) + mmiu (37) ]

A g+ —Tyi -

1 1
A2l —— 2 — g ——2 —
Yo Tyl 0 o

We obtain the following first order conditions.

u(co) = AT AT N 4N,

1 1

T mou’ (ci) = 137 ()\11 + )\12) ,
1 1

T () = o (),
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1 \? 1 \?
/ 22
<1+9) mm () = <1—|—7°) A

From the first three equations we get

1
u' (co) = A2 N A2 = : Ig [mou (e) + mou’ (3) ] (6.6)
that is the first Euler equation:
L+r
! = Equ’ .
' (co) 110 ou’ (1)

From the remaining equations we obtain:
)\11 +)\12+>\21 _|_>\22
22

2
- <1 1 2) [”(1)7&“/ (Cél) + mmiu’ (Céz) + mami/ (cgl) + mama/ (02 )} ,

which gives with (6.6) the second stochastic Euler equation:

[Wéu’ (c%) + mau (c%)}
= [Wéﬂu’ (c%l) + mamiu’ (052) + mamiu’ (c%l) + mamu (ng)] ,
1+7r
Eou Eou’ .
ou’ (c1) 110 ou (c2)
(73) To explicitly solve the program we arrange the first order conditions
as follows:
1+7r 1+7)° 1+7r\2
T Hﬂ(l)u' (c}) = (1——|—9> memiu’ (cél) + (1—4—9> memiu! (052),
1+r 1+r 2 1+r 2
Ll () = (_1 . 9) Rl () + ( = 9) r2d ().

Simplifying we get seven equation with seven unknowns: ¢, cf, ¢%, cil,

12 21 22 .
Cyo, G5y G537

1
u (cp) = : i_; [ﬂéu’ (C%) + mou (c%)} ,
u (cf) = Lt [ (") + miu (¢3%)],

—_
+
>
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1
W(R) = L [ () + 72 ()]
1+46
L 5 1\ 4 1 L
C°+1+rcl+<1+r> @ = T
L 1L\ 1 L
L 1\ 2 L
CO+1+T01+<1+T> G = yo+1+r?/1:
L 1\ o 2 L,
“rTy Cl+<1+r> R et
By simplicity we assume
r = 0,
b
u(c) = ac—502.
The previous system gets a simple form:
G = el + i,
d = e,
d = g+,
L L\ 0 1 L
C°+1+rcl+(1+r> @ = T
L 1\ 1 L s
CO+1+7“61+(1+7“> G = yo+1+ryla
L 1\ o 2 L
C°+1+rcl+(1+r> @ = T
L 5 1\ o 2 Lo
C0‘*‘14_70014‘(14_7) G = yo+1+ry1
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In matrix terms it becomes

1 -t -2 0 0 0 0O Trel1 0 1
0 1 0 -7l —n2 0 0 0[1) 0
0o 0 1 0 0 S é 0
Lgs 0 ()7 0 000 bl gy
1 &= 0 0 () 0 0 3’ y$+r%yf
1 0 &~ 0 0 (&) o ¢! Yo+ T
1 0 L 0 0 0 ()] L Yo + Tt
L 1+r 1+r/) 4 - - - -

The analytical solution is

R 01 02 0 0 1 r 0 -
C% O ]. 0 _771 _771 01 02 0
1 1
g =]t = 0 (m) o 0 0 Yo + Tl
1 1 —_—
G 1 0 = 0 0 (i) 0 Yo + Tl
c 1 1 )2 Yo+ =y
-2 - L1 0 = 0 0 0 (7)1 L¥% T mehn .

Numerical computations provide a straightforward solution.

6.2.15 Infinite Horizon Stochastic Optimization

Solve the problem of intertemporal consumption choice after replacing the
quadratic utility of Hall (1978) by a logarithmic utility. We assume that
the revenues are provided by a stochastic return (by simplicity i.i.d) on the
residual wealth after the consumption action.

Solution

The infinite-lived consumer is at period ¢ and from this period on solves a
stochastic version of the intertemporal utility optimization program:

max 5 3%, (14+0)" " D u(e,),

AT-‘rl S (]- + TT) (AT - CT) )
Ay given
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where f measures his impatience, u is the utility of a period, ¢, the consump-
tion at period 7, A, is the random wealth at period 7 providing during the
period a random rate of return r,.

r, is governed by a first order Markov process.

More precisely the cumulative function of r, depends only on r,_; :

prob{r, <r'|lr,_y=r}=F(r;r).
Solving the problem as in Hall (1978) we obtain the stochastic Euler equation
(1+0) B (¢;) = E[u (1) (1 +17)]. (6.7)

We notice that
Eie, = ¢

because ¢; € I;. Setting 7 = ¢ in (6.7), we obtain

1

Eu (¢;) = (¢) = 170

EyJu' (er1) (L+1)] - (6.8)

There is a simple economic interpretation of (6.8). If the consumer re-
nounces to one unit of consumption in ¢, he reduces the utility of u'(c¢;)
and increases in t + 1 the utility of the expected gain E; [u/ (ci11) (14 74)].
However the latter expression must be discounted according to the time pref-

erence 1

1+6

Subjective costs and benefits are equal at optimum.
We develop now the required specific example:

B[/ (crpa) (14 m)].

u(c) =Ineg.

ry is assumed to be an independently and identically distributed random
variable (with the restriction

1§1—{—E7‘t§1—|—9,

to allow for the series convergence).
We guess that the optimal solution gets the form

e = yA
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(life-cycle-permanent income hypothesis). The problem consists in determin-
ing v, a constant.
By substitution in the Euler equation we obtain

1
u(e) = 1+9Et[ul(6t+1)(1+7’t)]a
1
(ne) = B [(new) (1+m)],
i . 1 1+7’t
. 14+0 " ey
i)
YA, 1+0 AL

We know that

Ay = (1 + Tt) (At - Ct) )
= (1 + ’I“t) (At - 7At) )
= (1=7) (147 A

Therefore

1 1 ].+7"t

= E
A L+0 "y (1—=9) (1+r,) A,
1 1

E .
1+0 '~ (1—7) A,

As At € It, EtAt = At. Then

11 1
1 1
] = ———
14+61—7v
B 0
T T 1t

The evolution of the assets is the following

Ay = (T+71) (A — )
(1+1m) (A —vA)
(1 —=7) (1 +m) A
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t—1

A = A=A+ A
7=0
t—1

= 7(1—7)tH(1+rT)A0.

7=0

We can compute the stochastic intertemporal utility

E, Z (1+60)"u(c)

= In(yAp) + EOZ (1+6)"In [y(1 - ’y)tH (14r;)Ag

t=1 7=0

= lnfy—l—lnAo+Z(1+9)_tln7+2t(l—|—9)_tln(1 —9)

t=1 t=1

[e’e) t—1
+ZEO(1+9)’tZIn 1+7r,) +Z (1+6)"In A,
=0

t=1 = t=1

= ) (140 Iy + > (1+0) " mA+In(1—7)) t1+6)"
t=0 t=0 t=1

t(1+6)"

[M]¢

)~ +1nAOZ(1 +6) " +In(1—~)

t=0 t

+Z (1+6)" tEyIn (1+7),
t=1

1

because r; is identically and independently distributed.
As 6 > 0, we obtain

o0

_ 1+6 1+6 1+6
EOZ(l—l—H) “ule) = 7 Invy + 7 In Ay + —— E

t=0

In(1-7)

+[Eoln (1 +7)] Zt (1+6)”

t=1
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146
= % (Invy +1n A)

146
4 ;2 o (1—~) + Eoln (14 7),

because if z € (0,1)

t=1 t=1

6.3 The Investment Function

6.3.1 Static Behavior

Show the duality between the production maximization and the cost mini-
mization in the Cobb-Douglas case.

Solution

We want to compare the two programs

max f (z).

wx < c.

and
min wz, (6.9)
f@) >y '
in the Cobb-Douglas case.
We observe that in the Cobb-Douglas case the isoquants are convex. This
entails that the two programs are dual and give the same factors demands.
Let us verify this point.
First we consider the production maximization:

max z{xs
x
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wWi1x1 + wexoy < C

Lagrangian:
alnzy + (1 —a)lnzy + Ae — wizy — wary
FOC’s:
g = )\wl
T
1 —
a = )\wg
o)
W11 + waxe = ¢
We have
AT + AweTa = e
o 11—«
—x + To = Ac
T i)
1
A= -
c
and finally
« o
r = — =—c
! )\wl W1
l—-a 1—«
Ty = = c
2 )\’U)Q W2

and the optimal production is given by

a, l—«

Yy = T1%9
(i) ()
= —cC c
wq Ws
() (=)
= — c
w1 W2

The cost in term of production level is given by

c= (ﬂ)“( — )1_ay=c<w,y> (6.10)

o 11—«
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while the demand functions in terms of production level are provided by

x1

T2

a a <w1>a< wWo )la
w1 w1 \ o 11—«
1 l—a
W1\ & Wo
() (7)o
« 11—«

( o “’—)y — 21 (w,) (6.11)

1—aw;
1—a 1—a<w1)a( wo )10‘
c= — Yy
Wo Wa « 1—a
w1\ ¢ Wa -
(%) v
« 11—«

(* ‘aﬂ)ayzxz (1,3) (6.12)

o Wy

We want now to show the duality. In other terms the solutions (6.10), (6.11)
and (6.12) are the same we obtain in the cost minimization program (6.9):

Lagrangian:

FOC’s:

17
—W1T] — WXy + A [m?mz

min W1T1 + Wols
T
a, l—« >
TiTag 2

(07

_y]

a—1_1l-«
—w; + Aaz] xy ¢ =

0
—wy+A(1—a)afz,® = 0

w, = laxy lzd®
wy = A1 —a)zfzy®
w1 (6 1))
Wa l1—ax
l1—aw
Ty = —I1

o Wy
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Substituting that in the constraint we obtain

. a wo l—a
T = —
! 1—aw; y

1—aw;

a  Wa
11—«
1—auy a Wy
=k
a wy \1—aw;
_ a wy\
N 1—awy 4
(1—Ozw1>a
= — Y
o Wy

Eventually we find

¢ = wr] +war)

a wy\? 1—aw \°
= w7 Y+ ws — )y
— W1 o Wa
a W 1—aw \“ 1—aw \“
= w —= — | y+w — Y
1—awy a Wy a  Woy
= |w — | +ws — Yy
1—awy a Wo
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Summing up, we have:
. a we 11—«
r; = —
! 1—awy 4
. < 1—auw > “
o Wy
. wy\ @ ( Wo )1—04
c- ()
o 11—«
These are exactly formulas (6.10), (6.11) and (6.12) and the cost minimiza-

tion program (6.9) is the dual of the production maximization program. This
is due, as highlighted above, to the isoquants convexity.

6.3.2 Static Behavior

Solve the profit maximization program with a Cobb-Douglas production func-
tion, find the profit function (optimal profit) and verify the envelope theorem
by computing the derivative of the profit function with respect to the product
price and the factor prices.

Compare this program to production maximization and/or cost minimiza-
tion.

Solution

Insert.

6.3.3 Dynamic Behavior

Solve the firm value maximization without adjustment costs and show the
program equivalence with the static profit maximization.
Which kind of dynamic change is concerned by the adjustment costs?

Solution

Intertemporal profit maximization.

I, = F(K,N,) - [Kp1— (1—8) K] —wN
{Kjfll,?v}j}?it ' (Ko No) = o = VR = e

e}

1

+ —_
(3
i=t+1 Hh=t+1 Ry,

[F (K, N;) — [Kiy1 — (1 = 6) K] — wilVy]
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where Ry, is the interest factor of period h.
FOC’s.

oll, 1 1

217

OF (K;, N;)

= +(1-6)| =0
OK; h t+1 R, Hh 1 2 OK;
1 = t+1,...,00
ON; Hz=t+1 Ry, ON; H2=t+1 Ry, l
1 = t,...,00
We obtain
i—|:1_5+u} — —
Hh:t+1 Ry, OK; h=t+1 Fh
i = t+1,...,
1 OF (K;, N;) 1
7 = ™ Wi
Hh:t+1 Ry ON; Hh:t-H
1 = t,...,00
— 1-6+—=| =1
RJ TR, ]
1 = t+1,...,00
OF (K;, N;)
ON;
1 = t,...,0
OF (K;, N;)
1-6+——"—=> = R;
+ Ok, R
1 = t+1,
OF (K;, N;) 0
ON; o
1 = t,...,00
FeH!
Let t be a generic period.
0 K,
1—-6+— |N,F 1 =
~ o [ (31)| = =
0 K,
N.F 1 =
o, [ (51)] =
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642Nk = R

0K,
O Nf (k) = w
8Nt t t - t
k = K/N
f = F/N
R, = 1—6+i[Nf(k)]:1—5+Nf’(k)i:1—5+f’(k)
t aKt t t t t Nt t
p = o [N (k)] = £ (k) + N (k) (—e ) = £ (k) — K (k)
v aN, N
that are the usual first order conditions in the static profit maximization.
Firm value.
Z(St = F (Kt,Nt) — [Kt+1 — (1 — (S) Kt] — 'U)tNt
Rte+1 _ qte-H + 5;—1
d
Gt 01 O Qi
QG = = +
Ry Riy1 Riy
_ Oii1 1 Gryo+ 040 _ Ori1 0142 qt+2
Riyyr Riyn Ripo Ryyr RepiRipe RypiRipo

- b; . qr
G +o6 = 5t+z—i + lim ————
i L B T [Th—ti1 B

where Z is the number of shares and ¢; is the dividend per-share at time t.
NBC (No-Bubble-Condition).

. dr
lim ——r
T=00 [Tjzisr B
Under the NBC we get the value:
PRI

i=t+1 Llp=t+1 Ry,

=0

More explicitly
—~ 75

Z2g+ 28, = Zé+ Y ———
i=t+1 Hh=t+1 Ry,
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= F (Kt7 Nt) — [Kt+1 — (]_ — 6) Kt] - tht

[
i=t+1 Hh=t+1 Ry,
= Ht

Therefore the value of the firm is just given by the intertemporal profit:

Z(qt + 515) = Ht

6.4 Exogenous Saving

6.4.1 A Static Linear IS — LM Model
Good market (1.S) and money market (LM) :

(Y =C+I1I+G+ XN

0200+CYD o

YD=(1-1)Y ét:TLY{_W
1S T =1, —ir LM sT T om

L=IL,+1I,

G=tY I

XN=X-M s

| M = My+mYD

where Y is the product, C' the consumption, / the investment, G' the public
spending, X N the net export, Cy the autonomous consumption, ¢ denotes
the propensity to consumption, Y D the disposable income, ¢ the rate of the
income tax, Iy the autonomous investment, ¢ the investment sensitivity with
respect to the interest rate, r the interest rate, X the export, M the import,
My the autonomous import, m the propensity to import, L; the demand of
transaction money and precautionary money, 7y the sensitivity of L, with
respect to the income, 7, the sensitivity of L, with respect to the interest
rate, L, the demand of money to speculate, Ly the autonomous demand of
money to speculate, o the sensitivity of money to speculate with respect to
the interest rate, L the money demand and finally M, the money supply.
Notice that there are three equilibrium condition: ¥ = C + 1 + G +
XN (equality between supply and demand in the good and service market),
L = M, (equality between demand and supply in the money market), G =
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tY (government budget equilibrium). The equilibrium in the implicit bond
market is guaranteed by a corollary of the Walras’ law.

(1) Write down the reduced system with two equations and two unknowns:
the product Y and the interest rate r.

(#7) Find the equilibrium solution (Y*,7*) in the two markets simultane-
ously with the technique of matrix inversion.

(7i1) Measure the impact of a rise of the marginal propensity to consume
on the equilibrium income and interest rate (0Y™*/0c, 0r*/Oc) , the impact of
the increase of the tax rate (0Y*/0t,0r*/0t), and finally the impact a rise
of the marginal propensity to liquidity (0Y*/07y,0r*/0Ty).

Hint
The system becomes

1-t)(14+m—c)Y +ir =Co+1Ip+X — M,
TvY —(c+71)r =Ms;— Ly '

6.4.2 Time to Double

How do you compute the time it takes the per capita income to double?

Solution

2y = (1+9)y

2 = (1+g)
n2 = tn(l+g)
;o In2 %ﬂ
In(l+g) g

6.4.3 The Solow Model with a Cobb-Douglas Produc-
tion Function
The neoclassical production function is now specified. We consider a simple

intertemporal economy, which is characterized by an exogenous saving rate
s and a Cobb-Douglas production function

F(Kt,Nt) = KtaNtlia
a € (0,1)
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K is the aggregate stock of capital and L is the population growing according
to a growth rate equal to n. The depreciation rate of capital is denoted by 6.
1.e.

k) = kK
h = gk)=k""!
 A— gfl (h) — h*l/(lfa)

Check that the Cobb-Douglas production function satisfies the Inada condi-
tions.
The law of motion becomes

1—6 S
1+n " 14n

k:( s )1/(1—00
o+n

Insert the comparative statics from (4.4) and (4.5).
Local dynamics.
Since

ki = ki = o (k)

and the steady state

1—-46 S
14n 14n

1/(1-a)
, , s o |1=0 s
e (k)] = w((&#—n) > B 1+n+1+na

1-46 s 6+n 1-6 o+n
+

ak_afl

s \Va-e] et
0+n

- 14+n 1—1—na s B 1+n+a1+n
_|1=é+adb+an| |1-6(1-a)+an 1
B 1+n B 1+n

Insert the golden rule analysis (s* = arg max; c).
We know from (4.7) that the golden rule is that the saving rate must
equal the capital share on total income:

S =¢£
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In the Cobb-Douglas case we obtain

Rk (ak* )k
- fk) ke
Thereby the golden rule becomes

9 =«

sf =«
Speed of convergence.
We apply formula (4.8)
. In(1-o0)
Ing' (g7 ((6 +n)/s))
where we have fixed
o = 90%
6 = 5%
n = 1%
a = 1/3
We know that 1-s0 \
— —a)| +an
/ k —
@ (k) 1+n
Then
. In(1-o0)
In({[1-6(1—a)]+an}/(1+n))
~ 56.98
years.
6.4.4 C(CFES Case
We consider the CES case.
F(Ki,N,) = (aK? + bN?) o
a,b > 0
> 0
o # 1



6.4. EXOGENOUS SAVING 223

(0 = 0 is the Leontief case, 0 = 1 is the Cobb-Douglas case, 0 = oo is the
linear case).
The elasticity of substitution is defined as follows

d(Ne/Ky) d(=TRS)  dln(Ny/Ky)
N,/ K, / —~TRS  dln(—TRS)

Provide a graphic interpretation. We observe that

OF 9K,

—TRS = 9F JON,

and that

o—1 g—1\ -1
OF 8<aKt" +bNt“) 1
aKt 8Kt

o=l g=1\ ;11 —1_ e-1_
= (a7 40N )T aZ =
o—1

1

=1 =1\ 5071
= (aKt" +bN, 7 ) ak,
=1 =1\ 757
9F 8<aKt" +bNt“>
8Nt 8Nt
L og—1_ o1 4

o—1 o—=1\ o= o—1
_ 0i1<aKt” +bNt”> I oNT

g

g
1

=1 a1\ 7551
- (aKt" BN, 7 ) bN, 7

Hence o
(aKtT %—l)]\ftT)(F1 aK, a [N,\7
aK, " +bN,” ) bN, 7

q |~

Let x; = In (N;/K;). Therefore

din (N,/K;) dln (N,/K,)
A (=TRS) — aw [(a/n) (N/ KD} |
dln (N,/K;)

d[In(a/b) + (1/0)In (N;/K))
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dx,
(In (a/b) + (1/0) ]

d
{d [In ( a/bdmt (1/0) z] }—1

= (/o)

Notice that F' is homogeneous of degree 1, as required in the Solow model.
The per-capita production function is:
F (K, Ny) 1 71

N = Nt(aK" BN, )

Notice that
f(0)=0b-71>0

The Inada conditions are not respected. There is no longer the trivial steady
state: a positive production can be ensured by a positive labor.

1l o—1 o1

-1 z
Fk) = 01<akt" +b) "y ke

o — g

1
- (k +b) k7 >0
fro+) = a/V>0ifo<1
= ooifo>1
f(0) = 0ifo<1
= ¢/ Vifg>1

£ (k) = [(ak T )" Tk ]/
= Lt (kT )T [kt — (a0 ]

g

Then f” < 0 if and only if

ak1+0/7 < glle=V/e L p
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Example: let a =b =1 and 0 = 1/2 and o = 2. We obtain the following
2
figures with respectively f (k) = (k; "+ 1)71 and f (k) = (k'tl/2 + 1) )

0.
1
0.
0. 1
0. 1
0.
0.
0.
0.
0. 2
0 2 g 6 8 0 2 g 6
Figure 25. Figure 26.

The law of motion of the general Solow model holds

1—-6 S
ki = k k
t+1 1+nt+1+nf<t)

and becomes in our case

1-96 s o=1 72T
hipn = ——k (aki™ +0)
T T T T T
Steady state.
There is no longer the trivial steady state (kg = 0) for b > 0. The existence
of a non-trivial one depends on the parameter configuration. From (4.3) we
have

S

f (k) o+n

(ak%’l +b)ﬁ 5n
k S
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(me’l + b) o
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k= b = <6+”k) ’
S
o—1
o—1 6 “I’ n 7 o—1
k= +b = ko
a + < S )
o—1
<6~|—n) g ] o1
—aQa o —
S
5 -1
o ooz
b /(o=1)
[ A—
{[(5 +n) /5] a}
The existence condition
[(6+n) /s] “>a
Analyze the comparative statics.
Stationary production.
71
S <{[<6+n e~ } ) "
- (6 +n) (U Die _ + b}

{ 6+n) /s o=b/e _

§+mn) /s

§+n) /s

"
[

_ ({a+ 5+n/s
e

[(6+n) /s(” Diey 1ot
7 _a
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B b = b+n
- ey —af s

Stationary consumption.

(1 b ﬁ(5—1—71
c=(1 ){[(6+n) /S](al)/a_a} s

Local dynamics.

227

Dynamics are one-dimensional. The local stability condition requires the
unique eigenvalue to have modulus less than one:

Al = ¢ (k)] < 1
where
1-46 S 1-6 s
/ o o /
o (k) = L+nkt+1+nf(kt)} _1+n+1+nf (ke)
1.e.
1—9¢ s 1—-96 s o1 = 1
‘1—|—n+1—|—nf(k>‘_‘1+n+1+n(akJ +b) ak ‘

o/(oc—1 o
1+n 1+n [((5+n)/s](0_1)/0—a

o/(e-1)\ ~7
a b T <1
[(§+n)/s]" V7 —q

Find the growth rate of the intensive variables when the steady state does
not exists.
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6.5 Endogenous Saving

6.5.1 The Clower Constraint

“Money buys goods, goods buy money, but goods do not buy goods”. This
was the seminal intuition of Clower (1967). First Stockman (1981) formalizes
Clower in a context of dynamic general equilibrium, by adding a cash-in-
advance constraint to budget constraint. The representative agent maximizes
an intertemporal utility functional

S (1+0) " ula),
t=1

where 6 is a measure of impatience (time preference) and ¢; denotes the con-
sumption at period t¢. Individual must satisfy a budget constraint at each
period: M1 + pikii1 + picy < My + pyriky + prwely, where My, is the money
demand at period ¢, p; is the price of a unique produced good which is em-
ployed as either consumption or investment good. k;y; is the investment at
period ¢, which will generate the production of period ¢ + 1. Capital entirely
depreciates at each period (§ = 1) . r; is the real return on one unit of capital,
and w; is the real wage. [; are the labor forces. Individual faces a cash-in-
advance constraint on consumption: p;c; < M;. In other words he must pay
cash his consumption. The production function F (ki [;) displays constant
returns to scale in capital and labor. Labor supply is inelastic: {; = 1. Money
supply is constant across the time: M7 = M. Observe that the agent must
store at each period (¢ — 1) an amount M; of money to finance his consump-
tion ¢; in the following period. The existence of a monetary equilibrium is
exactly guaranteed by this monetary constraint.

In what follows we shall compute (i) the dynamic system and (i) the
stationary state. We will characterize (éi7) the local stability of stationary
state and eventually verify (iv) equilibrium determinacy.
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Solution

(7) The program of representative household is the following:

max oi 1+ 9 7t'u/ c 7
{(Mgy1,keq1,et) Yoo, Zt—l ( ) ( t)

M1 + pikigr + prey < My + pereky + powgly,
picy < My,

Ml: ]{71 given,

t=1,2, ...

The infinite horizon Lagrangian is characterized by two sequences of multi-
pliers:

(1+0) " u(c)

M8

t=1

+ Z At [My + perike + prwily — Myy — pekiyr — pice)
=1

+ Z fi [My — prcy] -
=1

Deriving with respect to {(Myy1, kit1,¢)} o, one obtains the following first
order conditions: (1 + 9)_t uw (er) = pe (N4 1y)y Aem1 = N+ gy MeaPro1 =
ri\De, t = 1,2, ... By eliminating the multipliers one obtains: u' (¢;11) /u’ (¢;)
=1+0)(1+m1)/[re (1 +m)], where 1 + 7, = py/pi—1 is the gross infla-
tion rate. The period utility u (felicity) is specified in a CES (constant
elasticity of substitution) form. Thereby u(c) = (¢! —1) /(1 —-1/0),
where o is the elasticity. So the previous equation becomes: (c;/cip1)"”
=1+0)(1+m1)/[re (L4 m)].

We compute the market clearing solution. Under constant returns to
scale in production, profit maximization requires r, = f’(k;) and w, =
[ (k) = kef' (k), where f (k) = f(k/l) = F(k/li;,1), with f" < 0.
The inelastic labor supply is normalized to [ = 1. The equilibrium con-
ditions for the firm are satisfied. The opportunity cost of holding money is
given by the nominal interest rate and, as we will see later on, it is pos-
itive at steady state because of a zero inflation rate. This implies that
the cash-in-advance is binding (individuals do not want to hold more real
balances): pic; = My, i.e. pye; = M at equilibrium because for the sake
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of simplicity we assume a constant money supply. Price ratio becomes
1+ m1 = ¢/eir1. Good market equilibrium requires ki1 + ¢ = f (k).
As f (k) = rky + wly and M; = M, the budget constraint is binding
too. Hence 1+ my = [f (ki—1) — ki] / [f (ki) — kiga] - Collecting these results
and considering the logarithmic felicity case (¢ = 1), one has (1 +6) /f" (k)
=14+m = [f(k—1)— ke /[f (k) — ky1] . The reduced dynamics for the
state variable k; is then provided by a second order difference equation:
ki1 = f (ke)—[f (kie1) — k) f' (k) / (1 + 6) . To construct an equivalent two-
dimensional system of first order, we simply set h; = k;_1. Thereby

ht+1 = kt
kier = f (k) = [f (he) = kel f' (Ke) / (1 46).

(77) The stationary state is implicitly determined by f' (k) =1+ 6, ¢ =
f(k)y—Fk,p=M/c, m=0.

(731) The Jacobian matrix of dynamic system evaluated at the steady
state is

e e
—f?/A+0) f=f"If—k/A+0)+f/(1+06)

1
l—(1+9) (1+9)+1—f”(/f)[f(k)—k]/(1+9)]'

Straightforward computations give D = 146 and T' = 1 4+ D + a, where
a=—f"(k)[f(k)—k]/(1+6) >0. Hence 1 < D < T — 1 and the steady
state is always a saddle point (see figure 18). As the initial condition k; is
given, then h; = k;_; is a predetermined variable, while k; is a choice variable,
i.e. the control (for ¢t = 2,3,...). The equilibrium dynamics is determinate
because the dimension of the stable saddle manifold (1) equals the number
of predetermined variables (1)).

Now we can sum up about determinacy and neutrality. Equilibrium deter-
minacy implies that there is a unique equilibrium under rational expectations.
Capital k;_; is a predetermined variable and capital k; is not predetermined.
At each period there is only one possible choice for consumer to stay on
the converging saddle path. Rational expectation arguments allow for this
solution, because agents reply to each price path announce only with the
consumption paths respecting the transversality condition. The auctioneer
will find the equilibrium price paths which clear the market, only among the
paths satisfying the transversality condition.
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In our case the saddle path is the unique trajectory compatible with the
transversality condition and agents are forced by their rational expectation
behavior to select k; such that (k;_1,k;) belongs to the saddle path, given
the capital k;_; inherited from the previous period.

As well as in the standard Real Business Cycle models we can simulate
the propagation of shocks on fundamentals (outside money and technology).
As in Sidrauski (1967), a continuous time model of money in the utility func-
tion, the standard result of the Ramsey-Cass-Koopmans benchmark, i.e. the
modified golden rule, holds: the market is efficient and performs the Pareto-
optimal planner’s solution. Observe that the depreciation rate of capital is
one and the modified golden rule becomes f’ (k) = 1+ 6. Furthermore money
is neutral at steady state: ¢* = M/p.

In slightly different monetary models indeterminacy and sub-optimality
may arise under low elasticity of intertemporal substitution. Eventually note
that in the model there is no monetary growth. Money is no longer su-
perneutral under monetary growth and resource allocation is affected by the
monetary growth rate.

6.5.2 Barro Model

We provide the discrete time version of an endogenous growth model with
taxes and public expenditure due to Barro (1990). The public spending plays
as a production externality.

An infinite-lived and representative agent maximizes an intertemporal

utility functional
o0

S+ ula),
t=0
where 6 measures the time preference, ¢; denotes the consumption which
gives him an utility u (¢;) at period ¢. The utility function is assumed to be
increasing and strictly concave. The consumer faces a budget constraint at
each period
kt+1 — kt + ¢ S (1 — 7') (T’tk't + wtlf) s

where k; 1 — k; denotes the investment in capital. The capital by simplicity
does not depreciate. On the right-hand side the disposable income is consti-
tuted by the capital income r;k; and the labor income wyl} after the income
tax 7. [7 is the amount of labor services provided by the representative agent
during a period of production. We assume an inelastic labor supply [; = 1.
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Let us consider the firm equilibrium and the government budget equilib-
rium. A constant private returns to scale production function is specified as
in Barro (1990)

F(k, If) = AR (1) g5,

where ¢ is the firm’s labor demand and « is the capital share on total income.
g; is the public spending which plays as a positive externality in production,
and € > 0 is the relative elasticity'.

Write down the global dynamics and find the tax which maximizes the
welfare.

Solution

The intensive production is obtained, by normalizing the production function
by the labor services I¢.

f (he) = F(ke, 1) /1 = Ake /1) g5,

where h; = k; /12
As in Barro (1990) we set ¢ = 1 — « to allow for a balanced growth.

Therefore
f(ht) = Ah?gtlia-

Firm equilibrium requires

e = f/ (ht) 9
wy = f(ht> - f/ (ht> hy.
We obtain
ry = aAhY gl

Because of the inelastic labor supply at equilibrium we get ¢ = I§ = 1.
Therefore
ht - k't.

In this model the income tax is the only way to finance public spending.
Budget equilibrium requires

g =T (reke +we) = 7f (k) = TAk’tagtlia-

By simplicity we consider a Cobb-Douglas specification instead of a more general
production function with constant returns to scale.
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It follows that

gt = (TA)I/akh
f(kt> _ Al/a’fl/a_ll{?t,

r = aAYert/el =

The production per unit of labor services is linear in the intensive capital,
while the real interest rate is a constant (1) and depends on the technological
parameters (o and A) and on the income tax rate (7).

The representative agent maximizes the intertemporal utility functional
under the budget constraint. kg is given as initial condition. The choice
sequences are {k:},-, , {ct}ioy - We set the Lagrangian

= > 1+ ulc)
t=0

+ Z M (L =7) (riky +wy) — ke + ke — ¢,

t=0

where )\; is a non-negative Lagrangian multiplier.
We obtain the following necessary first order conditions which are also
sufficient because of the strict concavity of the utility function.

OL/0k, = 0,
8L/8Ct = O,
thm )\tkt = 0.
Notice that the first equation must hold for ¢t = 1,2, ... while the second must

hold for £ = 0,1, ... The last equation is the usual transversality condition.
Rearranging we get the relevant Euler equation:

() 1+0-7)ry 1+(1—7) aAl/ar1/a—1
u (c1) 1+6 N 1+6 :

The utility function is now assumed to display a constant elasticity of
intertemporal substitution o :

ctl_l/g— 1

u(e) = =i
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We obtain the consumption dynamics:

1+06

Cip1 [1 +(1—7) aAl/“Tl/o‘l} 7
Ct ’

The economy jumps from its very beginning on the long run growth factor:

1+(1—7) ozAl/aTl/"‘_l]a

1
1+6 (6:13)

1—{—75{

In other words there is no transition.
More explicitly

1+ (1—7)aAl/art/e-t ot
cr = c
! 1+6 0

The law of motion for capital is

]{It+1 — ]{It = (]. — ’7') (Ttkt + wt) — Ct
= (1-7)f(kt) —a=(1—-1) AYert/elp o

The only non trivial equilibrium is the balanced growth: v, = v, = v, =
v, ie. kya/ke —1 = (1 —1)AYert/e=t ¢ /k, Hence 1+ v = kyyi/k
=1+ (1—71)AVerlel— ¢y [k i.e. cg = [(1— 1) AVort/e=l — 5] k. Notice
that kg is known as initial condition. The complete solution becomes

b = 1+ (1 —1)aAl/art/et 7t
L 1+6 0
r 1 1— Al/a 1/a—1719
co = |14 (1—7)Atfort/et— { *{ Tl)j‘g . } } ko,(6.14)
S 1+ (1 —7)aAlart/et ot
o 1+0

_ 1/a1/a—179
{1+(1—7)A1/%1/“—1— FHl m)ad P } }ko.

1+06

It is possible to measure the welfare at the steady state. We evaluate the
utility functional along the balanced growth path.
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If o # 1, we obtain

00 cl 1/0_1
. -tCG 1
W = E (1+6) 1_1/0

o 1+80 o ,(170)/000
T 1-5 6  1-o70 ; 146

t
ey o]

The convergence of the series requires
(1+6)" (144)" 7> 1,
i.e. exactly the transversality condition. We get

1+6 N ca(l_g)/g
TR s R |

W =2

l1—0

where v and ¢ are respectively defined by (6.13) and (6.14).
If o =1, i.e u(e) =1Iney, we obtain

1+46 146 r
7 In ko + T{eln(1+7)+ln1+(1—r)a—(1+7)]}

W =

Given the other parameters the welfare function can be viewed as a function
of the income tax rate.

W=Wi(r).
Straightforward computations show that the welfare is maximized by
TrT=1—-«

in accordance with Barro’s (1990) result.

6.5.3 The Diamond Model with Central Planner

Diamond (1965) as Samuelson (1958) is an overlapping generations model
where agents have a two-period life. Production activity and capital ac-
cumulation are considered. First we study a centralized economy where a
benevolent planner takes in account the welfare of future generations and
implements a Pareto optimum. The main result of Ramsey model, i.e. the
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modified golden rule, holds. However a decentralized economy may be inef-
ficient. In the OLG case the competitive equilibrium decentralized by the
market, may be Pareto-inferior and there is room for dynamic inefficiency,
i.e. the failure of first welfare theorem (see the next section).

The economy is composed by individuals and firms. Individuals born at
time ¢ live two periods: they consume c;,; in period ¢ and cy;41 in period
t+ 1.

generation 4
generation 3
generation 2
generation 1
generation 0
generation -1  ——

I I |
[ [ [
0O 1 2 3 4 5 6

Figure 27. Overlapping generations.

The planner’s program is the following.

max (14 6) " u(cap)

{kt,c1,t,¢2,t oo g
+ 300 (1+ R [u(ery) + (14 60) " u(earn)]
fke) = (A 4n) ks — ke +cpt+coe/(14n), t=1,2,...

The objective is a welfare measure as weighted average of generational util-
ities u. The weights are constituted by powers of the social discount factor
(1+ R)f(tﬂ) , where R is the planner’s time preference. Individual time pref-
erence is captured by 6. All remaining notations are usual. Notice that a rep-
resentative agent is considered for each generation. Aggregate demands for
investment and consumption equal the aggregate production: K;+F (K, N;)
= K41 + Niery + Ni—1co4. Dividing by the generation size N; one obtains
the constraint of the program f (k;) = (1 4+ n) kg — ke + 10+ cot/ (1 + 1),
i.e. c1p =ke+ f (ki) — (14 n)keyr — ot/ (1 +n). The program becomes

max (14 60) " u (cop) + Z (1+R)"*Y

2,
t=0

s [u (ke + f (ke) = (T4 n) kepy — c20/ (14 n)) + (1+60) " u(czep1)]
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and is equivalent to two sequences of sub-programs:

(i) max (1+R)"“!

+ﬂ+ﬁyFHﬂh+f%0—ﬂ+nﬂﬂy—gﬂﬂ+nn,
(44) max (14 R) ™ (kpey + f (kee1) — (L +n) ky1q1 — copn/ (1 4n))

+ 14+ R) " T ke + f (k) — (L+n) kg — c24/ (1 +n))

with ¢ = 1,2,... The first order conditions of sequence (i) are: (1+ R)™
(14+60)" o/ (cay) + (1+R) D (o) [~ +n) ] =0, de. (14+6)7"
w (ca) = (1+R)™ (1+n)"" o (c1,) describing the allocation between the
old and the young at time ¢. The sub-program (ii) provides the second se-
quence of first order conditions (1 4+ R)™" ' (c1y-1) [~ (1+n)] +(1+R)""
u' (c1z) [1+ f' (k)] = 0. Thus

W (erp-1) (L4n) = (L+ R) " (eng) [L+ f (k)] = 0

and o (c1,1) = 1+R) ™ (1+n)" o (crp) 1+ f (ks
conditions are summed up by (i) (1+6)"" ’(02 i) = (14 R) (14n)""
u' (c1y) and (i) o' (cry-1) = (1+R) " (L4+n) " [1+ f' (k)] o (c1,) . At the
steady state the last condition becomes 1+ f' (k) = (1+n)(1+ R) =~

n + R, which constitutes a discrete time restatement of Ramsey’s modified
golden rule: f'(k) = n+ R. R is interpreted as an infinite horizon time
preference, while the finite horizon time preference 6 does not matter.

)]. The ﬁrst order
1

6.5.4 The Diamond Model with Market Economy

In the market model saving decisions are decentralized. Each household
becomes a decision center. Individual are price taker and the price system
carries the information. In this real economy prices are given by the real wage
w and real interest rate r. As above economy is composed by individuals and
firms. Individuals born at time ¢ live two periods: they still consume ¢; ¢ in
period ¢ and ¢ 441 in period ¢ +1 (see figure 19). The problem the individual
born in ¢ faces, is the following.

max  u(cry) 4+ (14 60) " u (o),

C1,t,C2,t+1,5t
C1t + 8¢ = wy,
Cop1 = (1 +741) 5
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He works only in the first period of his life. He furnishes only one unit of
labor and receives the wage w;. r; is the return on capital, i.e. the real
interest rate. To solve the program we substitute the constraints in the
utility function: max,,, u (wy — s¢) + (1 4+60) " w ((1 + 7441) 5) . Endogenous
saving simply means that saving is a choice variable. The first order condi-
tion is u' (wy — s¢) — (1 4+ rep1) o (1 +7441) 8¢) / (1 +60) = 0. It is an implicit
function. We apply the implicit function theorem to describe the local dy-
namics. Differentiating the first order condition, we obtain the partial deriv-
atives for the implicit function: s, = s (1441, w;) . We denote them by s,, and
Spu” (wy — 8¢) dwy —u” (wy — s¢) dsy — [(L+741) / (L + )] u” (14 7ri11) 8¢)
(1+74q) dsg =0, e
ds; u” (wy — 84)

= 5 € (0,1).
dw; " (wy — s¢) + (L4 7r42) 0" (14 7441) 8¢) / (1 +6)
The impact of real wage on saving is unambiguous. In contrast to know
the sign of ds;/dr;, more information is required. It depends on the relative
importance of substitution and revenue effects.

On the firm side profit is maximized. We compute the equilibrium con-
ditions. A neoclassical production function is adopted: F' (K, N;). We nor-
malize the aggregate production to obtain f (k;) = F (k, 1) = F (K4, Ly) /Ny.
Profit maximization requires f’ (k;) = r, and w; = f (k) — f’ (k) k¢, because
the production function if homogeneous of degree 1. The Euler formula im-
plies an optimal zero profit.

The equilibrium in the good market requires that aggregate demand
equals aggregate supply and investment equals saving: [ = S. By defi-
nition the investment is the variation of capital. Thereby AK = S and
K1 — Ky = Nysy — Ky Ngs; is the saving of the young. The old consume
(1+7)81Ny_1, i.e. the capital K; = s, 1N;_; and the fruit of capital
K; : rys4_1N; 1. Thus the capital increases of K, 1 = N;s;, the contribu-
tion of the young, and decreases of K; = N; 1s; 1, the dissaving of the
old. Notice that here the capital is assumed to not depreciate (6 =0). It
is consumed by the old. The growth rate for population is assumed to
be constant Ny 1/N;, = 1+ n. The aggregate capital is normalized by the
generation size: ki1 = Ki11/Nip1 = ¢/ (Ney1/Ni) = s¢/ (1 +n). Thereby
(L+n)kipr =8¢ = s (repq, wy) -

Local dynamics. We know from the Euler formula that production
is shared by capitalists and workers: f'(k;) = r, = r (ki) and wy = f (ki) —
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f' (kt) ke = w (k) . Substituting these prices in the implicit equation (1 + n) kyy1 =
s = s (ry1,w) we obtain kg = s (g, wy) /(L 4+n) = s (r (k) , w (k)

/ (L+n). Hence ko1 —s (f' (keir) , f (k) = ' (ko) ki) /(14 n) = @ (ki kigr)
= 0. This is an implicit difference equation:

q) (kt, kt+1) - 0

The stationary state is given by ® (k, k) = 0. We locally know the explicit
function k;11 = ¢ (k). The steady state is locally stable if and only if the
eigenvalue lies inside the unit circle: |¢’ (k)| < 1. From the implicit function
theorem we obtain: ¢’ (k) = dki1/dk|,.. = — (09/0k:) | (0P /0Oks+1)
The total differential is d® = (0®/0k;) dk; +

k* -
3@/8kt+1) dkt+1 = 0. Then

(
= |=swkf"(k)/[1+n—s.f"(k)]| < 1. Monotonic conver-

| dkyy1/ k.

gence requires 0 < —s,kf"” (k) /[1 +n —s.f" (k)] < 1, where
S = 05 (re1,we) [Oren
Sw = 05 (res1, wy) [Ow

Dynamics are represented in figure 28.

K

v

45° K,
ko k

Figure 28. Monotonic convergence.

Dynamic inefficiency. We investigate the condition under which dy-
namic inefficiency arise. The competitive equilibrium may be different from
the central planner’s solution and the first welfare theorem may fail. The con-
sumption is C =Y — I, i.e. Cy = F (K3, Ny) — (K¢41 — K3) . Normalizing by
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the population size one obtain: C;/N; = F (K, Ny) /N;— (K1 /Ny — K /Ny) .
Thus ¢; = f (k) — [(Kt11/Ner) (Newan /Ne) — ki) = f (ki) — ke (1+n) — ke,
At the stationary state we have ¢ = f (k) — nk. The capital which maxi-
mizes the stationary consumption, is f’ (k) = n, or in terms of gross rates
1+ f"(k) = 1+ n. This is just the golden rule of Solow model?.In the Cass-
Koopmans model the modified golden rule is Pareto-optimal: 1+ f’ (k) =
(1+n) (1 + 60) which is approximated in continuous time by f’ (k) = 60 +n
as in the Ramsey model. Notice that ky;gr < kgr because the production
function is concave. The saving of modified golden rule is optimal because
the time preference is taken into account. The oversaving of golden rule is
clearly inefficient. In the Solow model preferences were naively specified: the
saving rate was constant, which in terms of time preference means 6 = 0.

In the OLG planner’s case the modified golden rule becomes 1+ f (k) =
(14n)(1+ R), i.e. approximately f’ (k) ~ n + R, where R replaces 6.
The social discount factor of the planner’s who takes into account an infi-
nite number of generations replaces the discount factor of the representative
agent living an infinite number of periods. The planner’s case is optimal
in the Pareto sense. First notice that R depends on planner’s tastes and is
discretional. Hence the outcome of a decentralized economy is likely to not
coincide with the planner’s optimum. In the decentralized case the equilib-
rium may be sub-optimal and the economy may be over-capitalized at the
steady state.

To show that in general we consider the aggregate consumption C; =
Nicii+ Ni_1co:. By dividing by NV; one obtains ¢; = ¢1;+ ¢/ (1 + n) and from
k) = (1 +n) ki —keterte/ (1+n),de f(k)=(1+n)kg1—ki+er.
The steady state is given by ¢ = f (k) —nk and the golden rule by f’ (k) = n.
Let the economy be at the steady state: k; = k. Assume a decrease of k; .
From f(k;) = (1+n)ki — k¢ + ¢ one obtain de; = — (14 n)dkyq >
0. Such decrease may be permanent, so for every successive period from
¢ = f(k) — nk one obtains dc = (f' —n)dk. As dk < 0, then dc > 0
if and only if f/ < n. In this case all generations will be better off and
a downward deviation from the inefficient golden rule, i.e. a decrease of
stationary capital stock, will constitute a Pareto-improvement. It is clear
that in the Cass-Koopmans-Ramsey case f' = n+6 > n and in the planner’s

In Solow (1956) the law of motion is k' = sf (k) — (6 +n)k = f (k) —c— (6 +n) k.
The stationary consumption is given by ¢* = f (k*) — (§ + n) k* and the golden rule by
f(k*) =64+ n. In our case § = 0.
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case f" = n+ R > n. So the equilibrium turns out to be Pareto-efficient.
In contrast in a decentralized OLG economy we may observe f' < n. The
general equilibrium is no longer optimal and the first welfare theorem fails.
To see more in detail the occurrence of dynamic inefficiency, an example
with a Cobb-Douglas production function is provided in the next section.
Otherwise the reader is referred to Blanchard and Fischer (1989, p. 103).

6.5.5 The Decentralized Equilibrium in an Overlap-
ping Generation Model

By providing an explicit form for fundamentals, we are able to solve the de-
centralized equilibrium in an overlapping generations model ¢ la Diamond
(1965). As above the economy is composed by individuals and firms. The
agents born at time t live two periods and consume c;; in period ¢ and
2441 in period ¢t + 1. The utility of the individual born at time ¢ is specified
as follows: Inecy, + (1 + 9)71 Incyy1. The agent works only in the first pe-
riod of his life, supplies inelastically a unit of labor and earns w;. He saves
s¢. The real return on his saving is r;y;. This saving will finance the con-
sumption of second period. The production function is a Cobb-Douglas:
F (K, Ny) = KEN7 0 < o < 1, where N is the size of generation t. Let
n be the constant population growth rate. Growth is then exponential. We
want (i) to write the individual program, (i7) to evaluate the impact of the
interest rate on saving, (#i7) to determine the equilibrium of the firm, (iv)
to compute the stationary state for capital, production, consumption and
prices. Moreover we investigate the stability of the steady state. We want
(v) to determine the explicit dynamics for capital, production, consumption
and prices, (vi) to explore the sense of a decentralized equilibrium and (vii)
dynamic inefficiency.

Solution

(7) The consumer’s program gets the following form:

1
max Inci;+ (1460)  Incyy,
C1,t,C2,t,St

Cit + St = Wy,
Cop1 = (14 7441) 5t
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An equivalent program is max,, In (w; — s;) + (1 +6) " In (1 + r¢41) 5;) . Sav-
ing is now endogenously determined. The choice of saving gives the first
order condition: —1/ (wy —s;) + (L +r1) /(1 +6) (1 +71441) 5] =0, i.e. sy
=w/(2+6).

(73) Notice that ds;/0ryy1 = 0 : this means that the revenue effect com-
pensates exactly the substitution effect.

(737) The intensive production is represented by the following function:
f (k) = KEN}*/N, = (K,/N,)* = k. At the equilibrium the profit is
maximized: f’(k;) = r, and wy = f (k) — ke f' (ki) (Euler formula). Thereby
k™t =7, and w; = k¥ — akd 'k = (1 — a) kY.

(iv) Nys; is the saving of the young. K is the dissaving of the old. The
old people consume (1 + 7;) s¢—1V;_1, i.e. the capital Ky = s;_1/V;—; and its
fruits rys;_1NV;—1. Then Ky 1 = sV, and ki1 = Kyp1/Niyr = 8¢/ (New1 /INy)
= s;/(14+n). We focus now on the implicit dynamics. s; = w;/(2+6),
wy = (1 — )k and ki = s¢/ (1 +n) implies ki = wi/ [(14+n) (2 +6)]
= (1—a)ky/[(1+n)(2+0)]. The capital of steady state is computed as
follows: k = w;/[(1+n)(240)] = 1—a)k*/[(1+n)(24+0)], i.e. k=
{(1=a)/[(1+n)2+6)]}" . The stationary production is given by y
=k={1-a)/[(1+n)2+ 9)]}0‘/ (1=%) " The stationary consumption is
now obtained. Note that C;, = Ny + Nt_lcgt, i.e. ¢g = cyp+co/(1+n).
The equilibrium requires f (k) = (1 +n) ki1 — ke + c1p + cot/ (1 +n), then
f (k) = (1 +n) ki1 — ki +cp. It follows that ¢, = f (k) + ki — (1 +n) kg =
E4ki—(14+n)(1—a)k*/[(14+n)24+0)] =k+[1—-(1-a)/(2+0)] k.
The consumption of steady state is given by ¢ = f (k) — nk = k* — nk
= {(1—a)/[(1+n) @+ OB —n{(1—a)/[(1+n) 2+O}.
The interest rate is r = ak®! = a(1+n)(2+46) /(1 — a), while the sta-
tionary wage is w = (1 — ) k* = (1 —a) {(1 —a) /[(1 +n) 2+ )]}/,
The stability aspect are now investigated.

|0ki1/0ke|" = |a(1— ) k* '/ [(1+n)(2+08))| =a<1:

the steady state is stable.
(v) The explicit dynamics for all the variables are computed.

kio= {(1-a)/[(1+n)(2+0)]} kg,

ke = {(1—a)/[(1+n)(2+9)]}{{(1—a)/[(1+n)(2+9)]}k8‘}“,
= {(1—a)/[(1+n) 2+ O}k,

ks = {(1—a)/[(1+n)2+0)]} " k.
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In general

ke = {(1—a)/[(1+n)2+ 9)]}23;100/ ke
— {(1—a)/[(1+n) @+ o)1)/ por

Notice that
lim b = {(1—a)/[(1+n) 2+ @)=/ ghmeoco
= {(1-a)/[L+n) @+ O} =F,

because o € (0,1). It is possible to know the dynamics of all variables. The

production path is: y, = kf = {(1 —a)/[(1+n) (2+ 9)]}0‘(1—0¢t)/(1—0¢) gt
The consumption trajectory:

¢ = k+[1—(1—-a)/(2+0)]k}
— {(1—a)/[(1+n) 2+0)(-a)/0-a) po
+1—(1—a)/2+0)]{(1—a)/[(1+n)(2+)y(t-e)/0-a et

The equilibrium interest rate changes according to
ro= okt = a{(1-a)/[(1+n)@2+0)}* Tk
Eventually the real wage path is
wp = (1= a) kg = (1= a){(1 = a) /[(1+n) 2+ V0 kg™,

(vi) Agents are price takers. The prices carry all information of the eco-
nomic system. Price movement clears the market: the equilibrium is general
(in every market demand equals supply) and dynamic (in every period de-
mand equals supply). Here the equilibrium is not decided by a central plan-
ner. Every agent decides independently from the others, by simply observing
the prices.

(vii) The dynamic system is inefficient if the dynamic general equilibrium
is not optimal in the Pareto sense, i.e. the first welfare theorem fails. One
knows that a sufficient condition to have dynamic inefficiency is f' (k) < n
(see the previous section). Here f' (k) = r = ak® ! = a (1+n) (2+6)
/(1 —a) < n. If for instance the technological parameter « is low enough,
dynamic inefficiency is observed.
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6.5.6 Central Planner’s Problems

We compare the two planner’s solutions for an economy with infinite-lived
representative agent and an economy with overlapping generations.

Solution

First the planner maximizes an infinite horizon intertemporal utility of a rep-
resentative consumer: Y ;% (1 + ©) " In¢,. The initial endowment for capital
is denoted by ko. The product is partially consumed (¢;), partially devoted
to investment (k11 — (1 — 6) ki, where 6 denotes the depreciation rate of
capital).

We write the law of motion for capital and determine the first order condi-
tions of maximization.. A simple infinite horizon economy is considered. The
program of a representative agent is the following: max .~ (1 + 0) 'Ing
subject to f (k) = [ki+1 — (1 — 6) ki) + ¢ where the notation is usual and
© captures the time preference. Capital depreciates at rate 6. The intensive
production function is linear: f (k;) = Ak;.

The Lagrangian is

i(l—i—@)tlncri—i)\t [f (k) = kg + (L= 6) by — ] -

t=0

The first order conditions are the following. Deriving with respect to k; :
Mo1/N =1 — 6+ f' (k). Deriving with respect to ¢; : (1+0)"" o/ (¢,_1)
/(1 + Q)" (c)] = Mci/de = 1 =64 f k), ie. u(cm1) /U (c) =
1 -6+ f (k)] /(1+©). We must integrate this Euler condition with the
law of motion: ki1 — (1 — 6) ky = f (ki) — ¢y, and the transversality condition
limy oo ke Ay (14 ©) 7" = 0.

We determine the growth rate for consumption, capital and product.
The Euler condition becomes ¢;11/¢; = {[1 — 6 + f' (ki11)] /[1 + O]} . In this
model f’(k;11) = A because of linearity assumption. This endogenous
growth assumption is crucial and radically changes the conclusion of the
exogenous growth benchmark of Solow, Cass-Koopmans-Ramsey and Dia-
mond. Let 14 7¢,; = ¢;41/¢; be the consumption growth factor. So 1+ ~°
=(1-6+A)/(1+0). There is no transition, economy directly jumps on
the stationary growth rate v¢. Growth is exponential:

c=[1-6+4)/(1+0)c.
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From ki1 = (1 —0) ks +Ak; —c; one computes the capital growth factor
L+f =k /ki=1—64+A—ci/k.

We compute the initial consumption as a function of initial capital, and
the capital, the consumption and the product at each period as a function of
the initial capital. The only possibility is a balanced growth, 7.e. a common
growth rate for capital, consumption and product: ¥ = 7% = ¢ = ~.
This implies that the initial condition £y determines the initial product and
consumption: yo = f (ko) = Akpand (1 — 6+ A) /(1 +0O) = 1—-6+A—co/ko,
ie. cg=(A—7)ko=k©(1—-06+A)/(1+6). Finally

¢ = O[(1-6+A)/(1+0)"k, (6.15)
ke = [(1—64+A)/(1+0)] ko, (6.16)
y o= [1=6+A)/(1+0)" Ak (6.17)

An overlapping generation model is now considered. The central planner
maximizes the welfare function

Incyp+ Z (1+0)" e+ (14 ) "' In Cot1] »
=0

where In ¢ ¢ is the old’s utility in the initial period and In ¢; ;+(1 + 9)_1 Inco sy
is the utility of the generation born at time ¢. ¢;, is the consumption of the
young born at time ¢, ¢y, is the consumption of period ¢ of the old born at
time t—1. 6 denotes the time preference which is common to every generation.
O is the social planner’s time preference. The welfare function can be inter-
preted as a weighted average of generational utilities. We set the population
growth equal to zero for simplicity. The capital depreciation rate is 6. The
intensive production is linear f (k;) = (AK;) /Ny = Ak,. Let ¢, = 14 + ¢y
be the aggregate consumption of period t.

We write the law of motion for capital and determine the first order
conditions for maximization. The planner’s program is: MaX (k1 ,01,,2,6152,
Incog+> 0 (1+ 0)~" [ln cie+ (1 + ) 'In cth} subject to the law of mo-
tion for capital kyyy — (1 —0) ke = f (ki) — c1p — cor. We substitute c¢;
= (1 —=0)k + f (kt) — kiy1 — 24 in the objective. So the program becomes:

max _ Inecyg
{ktr1,c2,6} 52

+D (14 0) " {In[(1 = 8) ky + f (k) — kesr — cog] + (1+6) ' Ineggin } -
t=0
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Deriving with respect to c;; we obtain:
(1+6) ™ (1+0) " (coy) — (1+0) " (c1,) = 0,

ie. U (c1y) /U (cop) = copfere = (1+0©)/(1+6) describing the optimal
allocation between the old and the young at time ¢. Deriving the objective
with respect to k;, one obtains the following first order condition

—(14+0) " (er1) + (14 0) " (1) [L =6+ f (k)] = 0,

ie. U (cri-1) /U (c1p) = crpfcri-1 = (1 =6+ A) /(14 ©) describing the
optimal intertemporal allocation.

We determine the growth rate for consumption, capital and product.
We compute the capital, the aggregate consumption and the product at
each period as functions of the initial capital. We shall compare these re-
sult with the corresponding ones in an infinite horizon setup. Note that
cor = c14(1+0)/(140), so the aggregate consumption is ¢; = ¢14 +cay
=1+10+0)/1+0)]ciy=c1,2+60+0)/(1+0), ie. c1p =c(1+06)
/(24+0+0)and ¢ = (1+0) /(24 60+ ©). The growth factor of ¢; is
given by ¢;/c1, 1 =(1—-6+A4)/(1+0),50c1, =[(1-6+A)/(1+0)]
c10 and

¢ = [24+0+0)/1+0)][(1-56+4)/1+6) cro
= [1-=6+4)/(1+0)]c.
One knows that ki1 — (1 —0) ky = f (ki) — 10— car = f (ki) — i Exactly as
above from k1 = (1 — ) ks+ Ak, — c¢; one computes the capital growth factor
1+ fny = ki1 /ki =1—06+ A—c;/ki. As above the only possibility is a bal-
anced growth, i.e. a common growth rate for capital, consumption and prod-
uct: 79 = v¥ = ¢ = ~. This implies that the initial condition kq determines
the initial product and consumption: yog = Aky and (1 -6+ A)/(1+0O)
= 1—5—|—A—Co/]€[), 1.€. Co = (A—’y)]{?[) = ko@(1—5+A>/(1+@) Fi-
nally
¢ = O[1-6+4)/(1+0)"" k,
e = [148)/2+0+0)0[(1-6+A4)/(1+0)] "k,
ey = [(1+40)/24+60+0)0[1-6+A4A)/(1+06)"" k,
ke = [(1-6+A)/(1+0)] ko,
gy = [(1—64+A)/(1+0)]" Ak.

which are exactly formulas (6.15) - (6.17).
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