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Abstract: This paper focuses on a two-sector overlapping generations model with productive
capital, where the investment good is jointly provided by government and private …rms. Keeping,
for simplicity, the production technologies identical for both sectors, we look at the issue of
existence and stability of steady states and we derive some necessary and su¢cient conditions to
observe a unique rational expectations equilibrium. In particular we study the real and …nancial
e¤ects of privatization.

In our very speci…c context, we highlight, by means of numerical

simulations, a negative privatization impact on the utility level and the speed of absorbing
exogenous shocks
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Introduction

This paper deals with a standard two-sector overlapping generations model with productive capital. The Diamond [6] formulation is adopted, but augmented to include a second
sector, producing an investment good. We consider the OLG counterpart to the twosector growth model (Uzawa [17], [18]) developed by Galor [10]. But, unlike in the Galor
formulation where private …rms produce goods in both sectors, we assume that there are
two kinds of …rms producing the investment good. A proportion ¼ of …rms is private,
whereas a proportion 1 ¡¼ is public. Schmitz [16] also considers a two-sector model where
government produces investment goods, but he assumes the government technology to be
di¤erent from the private technology. In our setup both use the same technology and also
the same technology is used in both sectors.
The situation where the government produces the vast majority of investment good
purchased in a country is not unrealistic since in a number of countries the government restricts imports of investment goods and then produces domestic investment goods. Egypt,
but also India and Turkey are characteristic of such a policy. Nevertheless, there is not
much research examining the aggregate consequences of government production of goods.
The World Bank’s (1995) report about government enterprise tells us that the share of
public output on total output is 10 to 15% in poor as well as in rich market economies.
As it is the same whatever country is considered, we could conclude that there are no
aggregate consequences. But Schmitz [15] proves that the types of goods produced by
government are di¤erent and correlated with income. The share of manufacturing output is large in many poor countries and very small in all rich countries. Thus, despite
the fact that there is some overlap between the manufacturing and investment sectors, it
seems that government production may have important aggregate consequences and thus
generate di¤erent types of dynamical behavior of variables like the interest rate on the
…nancial market.
Schmitz [16] considers a growth model where productivities are di¤erent when the …rm
is public or private. That is because he wants to explain that the policy which consists in
making the investment good produced by government reduces drastically the productivity
in both sectors. We are interested in another economic feature which is privatization. As
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we know public …rms have to show that they are competitive before being sold to private
agents, we assume that they act competitively and have reached the same technology than
private …rms. The other di¤erence with the Schmitz’ assumptions, is that we consider
that, initially, public …rms own their capital. In Schmitz, the only di¤erence between a
public …rm and a private one is that their technology is di¤erent. Actually, both …rms
are owned by private agents since they buy shares of the …rm in each period and receive
the return of their last period investment.
Our aim is to study the short and long-term e¤ects of privatization. As a …rst step,
in this paper, we consider the very special case where the government owns all, or a part,
of the investment sector, and wants to improve the capital stock of the economy. We
will say that the capital stock of the economy is improved if the level goes closer the
golden rule value. To implement such a policy, the State employes the dividends from
investment …rms to o¤er …rst-period transfers to agents. When dividends are positive,
then young agents receive positive transfers. But when they are negative, agents are then
taxed. As we will show, this last case corresponds to an overaccumulation: government
decreases the …rst-period income of agents and thus their saving. When the capital stock is
lower than the golden rule value, then young agents receive additional lump-sum transfers
allowing them to consume and save more. We will then analyze the consequences of the
privatization of the investment sector during and after the transition in terms of price
stability and welfare level.
To reach this goal, we …rst have to study the existence and stability of steady state
equilibria for all proportions of private …rms in the investment good sector, i.e. for every
degree of privatization. We analyze the determinacy properties of equilibrium paths for
capital and labor supply allocation between the two sectors. A given con…guration will
be referred to as locally indeterminate as soon as there exists a continuum of distinct
equilibrium paths starting from the same initial value for the capital stock. It is now
well-known that indeterminacy of perfect foresight equilibrium is a su¢cient condition
for the existence of sunspot equilibria and stochastic ‡uctuations based upon extrinsic
uncertainty1 . In the past the occurrence of indeterminacy has been considered to be a
theoretical weakness, while a recent literature admits that the theory of indeterminacy has
1
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a role to play, to explain a large part of economic ‡uctuations. The traditional approach
highlights the existence of shocks on the fundamentals such as technology and tastes, and
simulates the propagation mechanism of these shocks. Indeterminacy may constitute a
rich source of propagation dynamics to an equilibrium model and sunspot may provide
an alternative shock to technology or taste changes.
Such shocks would be inconsistent if the rational expectations equilibrium were unique.
Under indeterminacy this is no longer the case. As long as the sunspot process is consistent
with the expectations of agents, equilibrium conditions are satis…ed, and sunspots will
a¤ect the real dynamics. The sunspot theory is not a mere intellectual trick to perform
an equilibrium selection.
We shall focus on both the classes of shocks: on the beliefs to generate endogenous
real business cycles, on fundamentals to obtain exogenous business cycles. For the sake of
plausibility and simplicity we shall take in account a temporary shock on the beliefs about
employment, and a permanent shock on the proportion of public …rms viewed as the main
fundamental among the others. Actually, we note that in a period of privatization, it is
not unrealistic to assume that agents can be in‡uenced by extrinsic signals about the
risk of unemployment like just some warning messages. Moreover, a real shock on the
proportion of public …rms producing the investment good, for example a decrease of this
proportion, just means a partial privatization of the investment sector.
With imperfect competition, local indeterminacy easily arises in Ramsey as well as
in OLG models2 . In the case of perfect competition, Kehoe and Levine [12] consider a
pure exchange economy, and prove that there exist some robust examples of overlapping
generations models with a continuum of equilibria. This indeterminacy result has been
extended to production economies by Muller and Woodford [13]. These contributions
are concerned with multi-dimensional OLG models with many consumption and capital
goods. The coexistence of state and forward variables allows therefore to consider local indeterminacy of perfect foresight equilibrium near steady state equilibria. On the
contrary, in the standard Diamond model, perfect foresight equilibria are locally unique.
Nevertheless, as soon as labor supply is endogenous, Nourry [14] shows that for large
range of fundamentals parameters, a steady state equilibrium is locally indeterminate. In
2
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a one-sector growth model, Benhabib and Farmer [1] provide a necessary and su¢cient
condition for indeterminacy in a relative simple way. However this condition requires
large externalities. In a two-sector model, Benhabib and Farmer [2] introduce increasing
returns to scale that occur as a consequence of sector speci…c externalities. Keeping the
production technology identical for both sectors, they show indeterminacy occurs for realistic parameter values. In a two-sector OLG model, Galor [10] proves that, when the
technology is di¤erent in the consumption good sector and the investment good sector,
indeterminacy easily arises. But as we will check in our paper, if we consider the Galor’s model with identical technology in both sectors, local indeterminacy of steady state
equilibria is no longer possible.
It su¢ces to write the dynamical system corresponding to the evolution of the capital
stock in a two-sector model without government, to see that it is exactly the same than
the system used by Farmer [8] and corresponding to a one-sector model with a government debt. In this last model, Farmer proves the existence of deterministic ‡uctuations.
Stochastic ones are not possible since a steady state equilibrium cannot be indeterminate.
We thus have the same characteristics for our model in the extreme case where all the
investment sector in private and government does not play any role (of course, there is no
debt).
Adding the assumption that public …rms supply a part of the investment good, we
completely characterize the existence of steady state equilibria and the dynamical behavior
near these stationary states. We establish, thereby, the necessary and su¢cient conditions
for the existence of indeterminate equilibria. We prove that, when there exist several
steady state equilibria, some of them can be locally indeterminate. If the steady state
equilibrium is unique, then, for a proportion of public …rms in the investment good sector
which is not “too large”, perfect foresight equilibria are determinate. The proportion
of public production that allows the existence of endogenous ‡uctuation depends on the
saving behavior of private agents. The existence of government …rms in a two-sector
model introduces then a drastic modi…cation of the dynamical behavior involved since we
obtain indeterminacy even when the technology is the same in both sector.
The lack of economic stability is interpreted in two di¤erent ways. On the one hand
the equilibrium multiplicity allows the expectation-driven stochastic ‡uctuations. On the
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other hand the slowness of convergence to a stationary state after a shock, even in the
case of unique equilibrium path, can be viewed as a form of economic instability.
The …rst non-intuitive result we obtain is thus that, when the steady state is unique,
the economic system can be destabilized when the government owns a large part of the
sector, because there is room for a multiplicity of transition equilibria and stochastic
‡uctuations.
However, according to our second interpretation of economic instability, we are able
to show within a plausible example, that privatization has a destabilizing impact on the
economic system because as the proportion of private ownership increases, the speed of
convergence after a shock on the degree of privatization or on other fundamental parameters, decreases. It is thus more and more costly, in terms of instability, to absorb real
shocks when the government is leaving the sector.
In a long-run perspective, the welfare impact of the privatization is not surprising.
We show on a standard example that the utility of agents decreases with the degree of
privatization of the sector. In our example, where the stationary level is below the golden
rule, this is just the consequence of the government policy who improves the steady state
level of capital.
But, when the level of private ownership of the sector is increased, the utility level
jumps to a level above the initial one, because of the expectations of agents. Only afterwards it begins to decrease continuously towards a level below the initial one.
The paper is organized as follows. In the next section we shall present the model. In
section 3, we focus on the steady state and establish an existence result. In section 4,
we analyze the local dynamics and derive our main theoretical results. Section 5 shows
the …nancial aspects, while section 6 studies the occurrence of endogenous ‡uctuations
generated by shocks on the beliefs as well as the transmission of exogenous shocks on the
fundamentals. Numerical computations are performed in section 7 to simulate the shock
impact on capital and labor dynamics. Section 8 gives some concluding comments. All
the proofs are gathered in section 9.
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2

The model

Consider a perfectly competitive world where economic activity is performed over in…nite
discrete time in which there are identical sel…sh agents. In every period, two goods, a
perishable consumption good and an investment good, are produced using two factors,
labor and capital, in the production process.
Each agent lives for two periods: he works during the …rst, supplying inelastically
one unit of labor. He has preferences for his consumption of private good (c, when he is
young, and d, when he is old), which are summarized by the utility functions U (c; d).
Assumption 1. U (c; d) is strictly increasing with respect to each argument ( U1 (c; d) > 0,
and U2 (c; d) > 0), C 2 with negative de…nite Hessian matrix over the interior of the set
2
. Moreover, for all consumption levels c, d > 0, U1 (0; d) = U2 (c; 0) = 1.
R+

Each agent is assumed to have 1+n children, with n ¸ 0, and the number of individuals
born in period t is denoted Nt . During his …rst period of life, he receives a lump-sum
amount Tt from the government which can be seen as a tax if it is negative. He maximizes
his utility function over his life-cycle as follows:
max

ct ;dt+1 ;ztc ;ztI

U (ct ; dt+1 )
wt + Tt = ct + qtc ztc + qtI ztI ,
¡ I
¡ c
¢e
¢e
+ ± It+1 ztI = dt+1 ,
qt+1 + ± ct+1 ztc + qt+1

s.t.

(1)

where qtc and qtI are respectively the asset prices of the two representative …rms in the
consumption and the investment sector. ± ct and ± It denote the dividends of these two …rms
per asset share. ztc and ztI are the demands of shares addressed respectively to the two
representative …rms.
The consumer is price-taker as usual and maximizes the utility function with respect
to the consumption and asset demands ct , dt+1 , ztc , ztI . The …rst order conditions with
respect to ztc , ztI are resumed by a no-arbitrage condition, which can be viewed as an
equilibrium condition:
¡

c
+ ± ct+1
qt+1
qtc

¢e

¡

qI + ±I
= t+1 I t+1
qt
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¢e

´ Ret+1 ,

(2)

where the common return factor is denoted by Ret+1 and is simply interpreted as an interest
factor. The assets value constitutes the consumer’s saving and we are allowed to set
st ´ qtc ztc + qtI ztI .
After resetting, the program gets a more convenient form:
max

U (ct ; dt+1 )

s.t.

wt + Tt = ct + st ,

ct ;dt+1

e
st = dt+1 .
Rt+1
e
Agents are assumed to expect perfectly the interest factor Rt+1
= Rt+1 . Assumption 1

implies the existence and uniqueness of an interior optimal saving level st . The …rst order
condition
U1 (wt + Tt ¡ st ; st Rt+1 ) = Rt+1 U2 (wt + Tt ¡ st ; st Rt+1 )

(3)

determines the saving supply of each agent as a function
st = s (wt + Tt ; Rt+1 ) .
Let us denote the initial disposable income as follows: ! ´ w + T . Under Assumption 1,

the saving function s (:; :) is di¤erentiable for (!; R) 2 R2++ , with value in R+ . We will

make use of the following restriction throughout the paper.
Assumption 2. Consumptions c and d are normal goods.
Under Assumption 2, it is well known that the saving function is increasing with
respect to the …rst period income, i.e. s! (!; R) ¸ 0.
We assume the technology to produce the consumption and the investment good to be
identical. The production function of a representative …rm, denoted F (K j ; Lj ), is thus
the same within the two sectors. It depends on the stock of capital K j and labor Lj
used in the sector j, and is assumed to be homogeneous of degree one. Assuming also
that capital depreciation is complete in each period (the active life of a generation), and
denoting k j = K j =Lj the capital stock per labor unit in the sector j, we may de…ne the
production function in intensive form as f (k j ) = F (k j ; 1).
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Assumption 3. f (k) is positive valued, C 2 , strictly increasing, strictly concave over
R++ , and satis…es limk!0 f 0 (k) = 1, limk!1 f 0 (k) = 0 and f (0) = 0.
Let the consumption good be the numeraire, and let pt denote the price of the investment good, Ktc and Lct the stock of capital and labor used in the consumption good
sector. The …rm maximizes a sum of discounted future pro…ts:
c
max
F (Ktc ; Lct ) ¡ wt Lct ¡ pt Kt+1
+
c c

Kt ;Lt

1
X

¿ =t+1

Q¿

1

i=t+1

Ri

£

¤
F (K¿c ; Lc¿ ) ¡ w¿ Lc¿ ¡ p¿ K¿c+1 .

In the investment good sector, there exists a proportion 1 ¡ ¼ of the representative …rm
owned by the government and ¼ owned by private agents. We denote by KtI and LIt the

stock of capital and labor employed in the investment good sector. The only di¤erence
with a model, where the whole …rm is private, is that a share 1 ¡ ¼ of the dividends
goes to government. We assume that the dividends received by the government in each
period are used to …nance a lump-sum additional income for the young (if the dividends
are negative, then the young pay a tax), whereas the private …rms use it to pay interests
on the capital borrowed to consumers. Actually, in our model, a share 1 ¡ ¼ of the capital
used in the investment sector is owned by the public sector, and a share ¼ is borrowed to
agents. Thereby we can de…ne ¼ as a relevant measure of the privatization extent. The
representative …rm of the investment sector maximizes a sum of discounted future pro…ts:
max pt F

KtI ;LIt

¡

KtI ; LIt

¢

¡

wt LIt

¡

I
pt Kt+1

+

1
X

¿ =t+1

Q¿

1

i=t+1

Ri

¡
£
¢
¤
p¿ F K¿I ; LI¿ ¡ w¿ LI¿ ¡ p¿ K¿I+1 .

Thereby the government transfers are given by
£
¡
¢
¤
I
Nt Tt = (1 ¡ ¼) pt F KtI ; LIt ¡ wt LIt ¡ pt Kt+1
.

(4)

If labor and private capital are perfectly mobile across sectors and if both goods are
produced, then the competitive equilibrium conditions imply that the interest factor Rt
and the wage rate wt satisfy:
Rt
wt

¡ ¢
pt f 0 ktI
f 0 (ktc )
=
=
,
pt¡1
pt¡1
¡ ¡ ¢
¡ ¢¢
= f (ktc ) ¡ ktc f 0 (ktc ) = pt f ktI ¡ ktI f 0 ktI .
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(5)
(6)

We thus obtain the capital intensity in each sector is the same3 : ktc = ktI ´ kt for every t,
and the investment good price turns out to be equal to unity4 .
Since each young agent supplies 1 unit of labor, the total labor in the economy in
period t is: Lt = Nt . As ltj 2 [0; 1] is the proportion of the labor force employed in sector
j at time t, we have ltc + ltI = 1.
From (4) we derive the transfer to a young consumer.
Tt = (1 ¡ ¼) [(1 ¡ lt ) kt f 0 (kt ) ¡ (1 + n) (1 ¡ lt+1 ) kt+1 ] .
The only way to save for agents in this model is the private capital. Thus, the capital
accumulation equation simply states
c
I
Kt+1
+ ¼Kt+1
= Lt s (! t ; Rt+1 ) .

Moreover, the capital of the economy in period t + 1 is the investment good produced in
period t by the investment sector:
¢
¡
c
I
Kt+1
+ Kt+1
= F KtI ; LIt .

We denote lt ´ ltc .

In this economy, the dynamics of capital and labor allocation are thus given by the
Euler-Lagrange equation (3), and the following conditions:
(1 + n) kt+1 = (1 ¡ lt ) f (kt ) ,
s (! t ; Rt+1 )
= lt+1 kt+1 + ¼ (1 ¡ lt+1 ) kt+1 .
1+n

3

(7)
(8)

Steady state equilibria

We denote w (kt ) ´ f (kt ) ¡ kt f 0 (kt ). Restricting our attention to the steady state equilibria, and using competitive equilibrium prices, we may de…ne the following equilibrium
3

Equations (5) and (6) imply
f 0 (kc )
f (ktc ) ¡ ktc f 0 (ktc )
¡ I ¢ = ¡ tI ¢ ,
¡ I¢
I
0
f kt ¡ kt f kt
f 0 kt

¡ ¢
then G (ktc ) = G ktI with G (k) ´ [f (k) + kf 0 (k)] =f 0 (k), a monotonous function.
4
From equation (6).

9

conditions which corresponds to the conditions (7) and (8) with kt+1 = kt = k¹ and
lt+1 = lt = ¹l:

(1 + n) k = (1 ¡ l) f (k) ,
s (w (k) + T; f 0 (k))
= lk + ¼ (1 ¡ l) k,
1+n
T = (1 ¡ ¼) (1 ¡ l) k (f 0 (k) ¡ (1 + n)) .

(9)
(10)

From this last equation, we know that the amount of T¹ is negative only in the dynamically ine¢cient case of over-accumulation (f 0 (k) < 1 + n) in which the stationary state
is greater than that of golden rule.
As in the one-sector OLG model, the existence of an interior steady state equilibrium
is not guaranteed even with strengthened Inada conditions5 . Restrictions on the nature
of the interaction between preferences and technology are required as well. Let us denote
' (k) ´ (1 + n) k [1 ¡ (1 ¡ ¼) (1 + n) k=f (k)] ¡ s (! (k) ; f 0 (k)) .

(11)

Proposition 1 . Under Assumptions 1 ¡ 3, there exists a trivial steady state k^ = 0.
¹ 2 (0; 1) such that,
Proposition 2 . Under Assumptions 1 ¡ 3, there exists a ¼
£
¡
¢¤
(i) if limk!0 '0 k¹ [¹
¼ ¡ ¼] ¸ 0+ , there exists at least one interior steady state.

Generically, the number of steady states is odd;
¡ ¢¤
£
¼ ¡ ¼] · 0+ , then the number of interior steady states is gener(ii) if limk!0 '0 k¹ [¹
ically even, and can be zero.

4

Analysis of the local dynamics

Let us now precise the notion of indeterminacy that will be used in the following.
De…nition 3 . Let fkt g1
t=0 denote an equilibrium for an economy with initial condition
k0 . It is said to be locally indeterminate if for every " > 0 there exists another sequence
0
0
fkt0 g1
t=0 , with 0 < jk1 ¡ k1 j < " and k0 = k0 , which is also an equilibrium.
5

See Galor and Ryder [11].
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If an equilibrium is not indeterminate, then it is said to be determinate. We will
discuss the dynamic properties of the equilibrium according to the proportion of private
…rms in the investment good sector, and we will study …rst the speci…c case where all the
investment good is produced by private …rms.

4.1

The case ¼ = 1

We establish the relation between our two-sector model with no public production and no
public debt, and the one-sector model with debt due to an initial de…cit and zero de…cits
in the other periods. We obtain a …rst result:
Proposition 4 . The evolution of capital stock in a two-sector overlapping generations
model without debt is represented exactly by the same dynamical equation of a one-sector
model with initial debt. The involved dynamical behavior is thus the same in both of the
models.
We deduce from the results obtained in Farmer [8], that deterministic ‡uctuations can
actually be observed in our model when the investment good is produced with private
capital.
The following equations describe the equilibrium paths in a neighborhood of the steady
¡ ¢
¹ ¹l :
state k;
(1 ¡ lt ) f (kt )
,
1+n
s (w (kt ) ; f 0 (kt+1 ))
=
.
1+n

kt+1 =

(12)

kt+1

(13)

As the equation (13) does not depend on the labor supply used in the consumption
good sector, it determines the dynamic behavior of kt . Equation (12) gives then the
behavior of the labor supply6 . We remark that the dynamic behavior of kt , in each
sector, is exactly the same than in a one-sector model à la Diamond. If we denote s! ´
¡
¢
¡
¢
¹ =@! and sR ´ @s w;
¹ =@R the derivatives of the saving function evaluated at
@s !
¹; R
¹ R

¹ we thus obtain the usual stability condition:
k,
6

A stationary solution k¹ of the second equation gives the relevant value for labor supply in the …rst

l = s¹=f¹ < w=
¹ f¹ < 1.
one. As s¹=(1 + n) = k¹ = (1 ¡ ¹l)f¹=(1 + n), then 1 ¡ ¹
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¯
¡ ¢
¡ ¢ ¯
¹ 00 k¹ sw + ¯1 + n ¡ f 00 k¹ sR ¯. Under Assumptions 1 ¡ 3,
Proposition 5 . Let ¢ ´ kf
the following cases hold.

(i) If ¢ > 0, then k¹ is stable.

(ii) If ¢ < 0, then k¹ is unstable.
Let n be the number of steady state equilibria. These states are ranked as follows:
k1 > k2 > : : : > k n .
Proposition 6 . Under Assumptions 1 ¡ 3, all steady states with an odd number are
locally stable, whereas a su¢cient condition for the steady states with an even index to be
¡ ¢
unstable is 1 + n ¡ f 00 k¹ sR > 0.

Corollary 7 . Under Assumptions 1¡3, if there exists a unique steady state equilibrium,
then it is stable.

4.2

The case ¼ 2 [0; 1)

We obtain the dynamical system which describes the equilibrium paths in a neighborhood
¡ ¢
¹ ¹l :
of the steady state k;
(1 + n) kt+1 = (1 ¡ lt ) f (kt ) ,

st = (1 + n) [lt+1 kt+1 + ¼ (1 ¡ lt+1 ) kt+1 ] ,

(14)
(15)

where
st ´ s (f (kt ) ¡ kt f 0 (kt ) + (1 ¡ ¼) [(1 ¡ lt ) kt f 0 (kt ) ¡ (1 + n) (1 ¡ lt+1 ) kt+1 ] ; f 0 (kt+1 )) .
This is a two-dimensional dynamical system with one predetermined variable, kt , and
one forward variable, lt . The dimension of indeterminacy can not be greater than one.
¡ ¢
¹ ¹l is indeterminate if and only if the local stable manifold
Actually, the steady state k;
is two-dimensional. System (14-15) is equivalently restated:
' = 0,
where
kt+1
' ´ (1 + n) kt+1 ¡ (1 ¡ ¼) (1 + n)2
kt+2 ¡ st ,
f (kt+1 )
¸
µ
· 0
¶
kt f (kt )
kt+1
0
0
st ´ s f (kt ) ¡ kt f (kt ) + (1 ¡ ¼) (1 + n)
kt+1 ¡ (1 + n)
kt+2 ; f (kt+1 ) .
f (kt )
f (kt+1 )
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A de…nition of saddle point is required.
De…nition 8 . A steady state k¹ of the second order di¤erence system (14-15) is saddlepoint stable if and only if the dimension of the local stable manifold is equal to 1.
We can now state the following result.
Proposition 9 . Under Assumptions 1 ¡ 3,
¡ ¢
¡ ¢
(1) if '0 k¹ > 0 or '0 k¹ ¡ 2@'=@kt+1 > 0, the steady state k¹ is saddle-point stable;
¡ ¢
¡ ¢
(2) if '0 k¹ < 0 and '0 k¹ ¡ 2@'=@kt+1 < 0, the steady state k¹ is
(2:1) unstable if and only if @'=@kt + @'=@kt+2 > 0,

(2:2) locally indeterminate if and only if @'=@kt + @'=@kt+2 < 0.
Proposition 10 . Under Assumptions 1 ¡ 3,
(i) if ¼ > ¼
¹ , all steady states with an odd index are saddle-point stable.
(ii) if ¼ < ¼
¹ , all steady states with an even index are saddle-point stable.
We observe from the last proposition that indeterminacy may occur even if there is
a unique steady state equilibrium. We know that indeterminacy generates endogenous
‡uctuations and can be seen as a source of …nancial markets instability. Let us assume that
the State owns a given part of the investment sector and that the only non-trivial steady
state is indeterminate. The economy can be stabilized by selling shares of the investment
…rms to private agents and thereby ruling out the occurrence of indeterminacy. When the
level of privatization is higher enough, the system is determinate. But the destabilizing
real e¤ects of this privatization in terms of speed of convergence after a shock have to
be taken into account too. Summing up, the privatization rules out the multiplicity of
equilibrium paths, but it can decrease the speed of convergence to a long-run equilibrium.
This counter-e¤ect will be highlighted in the numerical example of section 7.

5

Financial aspects

(i) First, we focus on the equilibrium quantities in the asset markets. Assets demand
adjusts to satisfy the no-arbitrage condition (2). On the supply side we assume an inelastic
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asset provision: the number of shares per …rm at each period is equal to Z. In other
terms the young representative agent will buy Z=Nt shares of the …rst …rm (consumption
sector) and a fraction ¼Z=Nt of the shares of the second …rm (investment sector), because
a proportion (1 ¡ ¼) of the second …rm is owned by the government. Therefore at the
equilibrium:
Nt ztc = Z,
Nt ztI = ¼Z.
The global amount of dividends distributed to the old, born at t ¡ 1, by the two …rms as
returns on …nancial investment are respectively
Z± ct = Lt [lt kt f 0 (kt ) ¡ (1 + n) lt+1 kt+1 ] ,
¼Z± It = ¼Lt [(1 ¡ lt ) kt f 0 (kt ) ¡ (1 + n) (1 ¡ lt+1 ) kt+1 ] .
We notice that an exogenous fraction 1 ¡ ¼ of the dividends in the investment sector are
transferred to the young, born at t, as consumption subsides:
Nt Tt = (1 ¡ ¼) Lt [(1 ¡ lt ) kt f 0 (kt ) ¡ (1 + n) (1 ¡ lt+1 ) kt+1 ] .
(ii) Second, we compute the equilibrium prices. The dividends per share are respectively given by ± c¿ and ± I¿ for the …rst and the second …rm. The equilibrium prices qtc
and qtI are simply obtained by computing the discounted sum of future dividends under
a usual no-bubble condition.
1
1
X
± c¿
1 X N¿ [l¿ k¿ f 0 (k¿ ) ¡ (1 + n) l¿ +1 k¿ +1 ]
c
Q¿
Q¿
qt =
=
0
R
Z
i
i=t+1
i=t+1 f (ki )
¿ =t+1
¿ =t+1
qtI

= pt Ktc = Ktc ,
1
X
±I
Q¿ ¿
=
=

6

¿ =t+1
pt KtI

1
1 X N¿ [(1 ¡ l¿ ) k¿ f 0 (k¿ ) ¡ (1 + n) (1 ¡ l¿ +1 ) k¿ +1 ]
Q¿
=
0
Z ¿ =t+1
i=t+1 Ri
i=t+1 f (ki )

= KtI .

Endogenous and exogenous ‡uctuations

Indeterminacy means the existence of an in…nite number of equilibria, all very close to
each other. In the past the occurrence of indeterminacy has been considered to be a theoretical weakness, while a recent literature admits that the theory of indeterminacy has
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a role to play to explain a large part of economic ‡uctuations. The traditional approach
highlights the existence of shocks on the fundamentals such as technology and tastes, and
simulates the propagation mechanism of these shocks. Indeterminacy may provide a rich
source of propagation dynamics to an equilibrium model and sunspot may provide an
alternative shock to technology or taste changes. More precisely the equilibrium multiplicity we call indeterminacy, allows the introduction of exogenous shocks that are not
based on fundamentals. Such shocks would be inconsistent with equilibrium if the rational
expectations equilibrium were unique. Under indeterminacy this is no longer the case. As
long as the sunspot process as a chain of extrinsic stochastic signals is consistent with the
expectations of agents, equilibrium conditions can be satis…ed, and sunspots will a¤ect
the evolution of real economic variables. The prevailing equilibrium is de facto selected
by this exotic process.
In the following we will focus on both the classes of shocks from a theoretical viewpoint:
on the beliefs, to generate endogenous real business cycles; on fundamentals, to obtain
exogenous business cycles.
As we are interested in the impact of such shocks on the …nancial market through the
interest rate, we will study directly the capital dynamics and thus the evolution of the
interest rate by the production function.
The Jacobian matrix evaluated at the steady state is detailed in appendix in the proof
of proposition 9. For notational simplicity we call the Jacobian components as follows:
2
3
j11 j12
5.
J ´4
(16)
j21 j22

Let (k0 ; l0 ) be an initial condition. We assume that the initial condition lies in a

neighborhood of the steady state and we approximate the non-linear dynamics (14-15)
with the following linearized ones:
3
2
3
2
¹
¹
k ¡k
k ¡k
4 t+1
5=J 4 t
5.
¹
¹
lt+1 ¡ l
lt ¡ l

(17)

We provide the explicit analytical form of these linearized dynamics to study the shock

propagation and to perform numerical simulations.
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Proposition 11 . If the eigenvalues of the Jacobian matrix are complex (say ¸1 ´ a + bi
and ¸2 ´ a ¡ bi), then the approximated dynamics become
¸
³p
´t ½·
¡
¢
a
¡
j
11
kt = k¹ +
a2 + b2
cos (tµ) ¡
sin (tµ) k0 ¡ k¹
b
¾
¡
¢
j12
+
sin (tµ) l0 ¡ ¹l ,
b
(
³p
´t
¡
¢
b2 + (a ¡ j11 )2
2
2
¹
lt = l +
a +b
¡
sin (tµ) k0 ¡ k¹
bj12
¸
¾
·
¢
¡
a ¡ j11
+ cos (tµ) +
sin (tµ) l0 ¡ ¹l ,
b
¡ p
¢
where µ ´ arccos a= a2 + b2 .

(18)

(19)

If the eigenvalues ¸1 and ¸2 are real, then the linearized dynamics are:
¶
µ
¢
¢¡
¢
¸2 ¡ j11 t ¸1 ¡ j11 t ¡
j12 ¡ t
¹
kt = k ¡
¸1 ¡
¸2 k0 ¡ k¹ +
¸1 ¡ ¸t2 l0 ¡ ¹l , (20)
¸1 ¡ ¸2
¸1 ¡ ¸2
¸1 ¡ ¸2
¢¡
¢
(¸1 ¡ j11 ) (¸2 ¡ j11 ) ¡ t
lt = ¹l ¡
¸1 ¡ ¸t2 k0 ¡ k¹
j12 (¸1 ¡ ¸2 )
µ
¶
¢
¸1 ¡ j11 t ¸2 ¡ j11 t ¡
+
¸1 ¡
¸2 l0 ¡ ¹l .
(21)
¸1 ¡ ¸2
¸1 ¡ ¸2

We apply the theory to our speci…c model and distinguish the following cases.

(1) The steady state is a sink. We observe indeterminacy. There is room for shocks on
the fundamentals and also on the beliefs. For the sake of simplicity we consider only the
latter ones. There are two sub-cases: (1:1) the eigenvalues are complex and conjugated,
and convergence displays deterministic ‡uctuations; (1:2) the eigenvalues are real.
(2) The steady state is a saddle. The equilibrium is always determinate and there is
no room for shocks on the beliefs. We focus only on the shocks on the fundamentals.

6.1

Shocks on the beliefs

We follow Farmer and Guo [9] and Benhabib and Farmer [3]. We refer to linearized
dynamics and we assume that the realization of the vector at time ¿ depends on the
expectation formed at time ¿ of the vector at time ¿ + 1 :
3
3
2
2
¹
¹
¡k
k
k ¡k
5 = M E¿ 4 ¿ +1
5,
4 ¿
¹
¹
l¿ ¡ l
l¿ +1 ¡ l
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(22)

where M is the matrix of the forward looking dynamics and E is the usual expectation
operator. Equation (22) is reset as follows.
2
3
2
3
02
3
2
31
¹
¹
¹
¹
k¿ +1 ¡ k
k ¡k
k
¡k
k
¡k
5 = 4 ¿
5 + M @4 ¿ +1
5 ¡ E¿ 4 ¿ +1
5A
M4
¹
¹
¹
¹
l¿ +1 ¡ l
l¿ ¡ l
l¿ +1 ¡ l
l¿ +1 ¡ l
2
3
2
3
k¿ ¡ k¹
k
¡ E¿ k¿ +1
5 + M 4 ¿ +1
5.
= 4
¹
l¿ +1 ¡ E¿ l¿ +1
l¿ ¡ l

If M is invertible we get
2
3
2
¹
k
¡k
4 ¿ +1
5 = M ¡1 4
l¿ +1 ¡ ¹l
2
k¿
= J4
l¿

k¿ ¡ k¹

3

2

5+4

k¿ +1 ¡ E¿ k¿ +1

l¿ +1 ¡ E¿ l¿ +1
l¿ ¡ ¹l
3 2
3
¹
k
¡k
¡ E¿ k¿ +1
5 + 4 ¿ +1
5,
¡ ¹l
l¿ +1 ¡ E¿ l¿ +1

3
5

where J = M ¡1 is the Jacobian matrix (16). We observe that the deterministic system
(17) has been augmented by taking into account the vector of forecasting errors at time
¿ + 1:
2
4

k¿ +1 ¡ E¿ k¿ +1
l¿ +1 ¡ E¿ l¿ +1

3

5.

In our model the capital is a predetermined variable known at time ¿ after the investment
decision: E¿ k¿+1 = k¿ +1 . For simplicity we assume that E¿ l¿ +1 = ¹l, i.e. before the
shock on the beliefs the agents expect the labor at time ¿ + 1 to get a long-run value.
The temporary shock on the non-predetermined variable l¿ +1 occurs between ¿ and ¿ + 1
according to a sunspot signal. Agents coordinate on the new value l¿ +1 . This freedom of
choice is compatible with a rational behavior because there is indeterminacy. Summing
up, the vector of forecasting errors becomes (0; "¿ +1 ), where "¿ +1 ´ l¿ +1 ¡ ¹l.
To simplify the notation we set ¿ + 1 = 0. The shock is performed in 0 on the non¡ ¢
¹ ¹l . The
predetermined variable l0 . Before the shock the economy is at the steady state k;

¹ The shock is temporary. The steady state is not
predetermined variable is still k0 = k.
a¤ected by the shock because it depends only on the fundamentals. We still assume the
¡
¢
¡ ¢
¹ l0 to lie in a su¢ciently small neighborhood of k;
¹ ¹l , i.e. the vertical
initial condition k;
shock "0 = l0 ¡ ¹l to be not too large.
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As seen above there are two cases.
(1:1) The eigenvalues are complex and conjugated and deterministic oscillations arise.
Under the condition k0 = k¹ system (18-19) becomes:
kt
lt

³p
´t j
12
2
2
¹
= k+
a +b
sin (tµ) "0 ,
b
·
¸
³p
´t
a ¡ j11
2
2
¹
= l+
a +b
cos (tµ) +
sin (tµ) "0 .
b

¹ System (20-21) simpli…es:
(1:2) The eigenvalues are real. As above we set k0 = k.
¢
j12 ¡ t
¸1 ¡ ¸t2 "0 ,
kt = k¹ +
¸ ¡ ¸2
¶
µ1
¸1 ¡ j11 t ¸2 ¡ j11 t
¹
lt = l +
¸ ¡
¸ "0 ,
¸1 ¡ ¸2 1 ¸1 ¡ ¸2 2
where "0 ´ l0 ¡ ¹l still measures the shock on the beliefs.

6.2

Shocks on the fundamentals

The shock is performed in t = 0 on the privatization degree ¼. The degrees before and after
the shock are respectively ¼ 0 and ¼. The steady state of ¼ 0 is (k0 ; l0 ), the steady state
¡ ¢
¡ ¢
¹ ¹l . We assume that (k0 ; l0 ) is in a su¢ciently small neighborhood of k;
¹ ¹l .
of ¼ is k;

k0 is predetermined. Agents have rational expectations and respect the transversality
³
´
l0 ,
condition. The unique initial condition compatible with a long run equilibrium is k0 ; b
where b
l0 is such that the starting point lies on the saddle path converging to the new steady
¡ ¢
¹ ¹l . We consider an approximated b
state k;
l0 because we compute a linearized saddle path
around the new steady state.

Both the eigenvalues are real. Let ¸1 be the stable eigenvalue and ¸2 be the explosive
³
´
one. The linearized saddle path equation is satis…ed in k0 ; b
l0 :
¢
¸1 ¡ j11 ¡
b
l0 ¡ ¹l =
k0 ¡ k¹ .
j12

We notice that the slope is negative if and only if (¸1 ¡ j11 ) =j12 < 0.
The linearized dynamics (20-21) simplify:
¡
¢
kt = k¹ + ¸t1 k0 ¡ k¹ ,
¢
¸1 ¡ j11 t ¡
lt = ¹l +
¸1 k0 ¡ k¹ .
j12
18

(23)
(24)

¹ 0 depends on the shock on the privatization degree ¼¡¼ 0
The shock on the capital level k¡k
¹
according to the linear approximation: k¹ ¡ k0 ¼ (¼ ¡ ¼ 0 ) dk=d¼,
where the privatization

¹
impact on the stationary capital dk=d¼
is obtained by totally di¤erentiating the steady
state equation (11). More precisely the system (23-24) becomes
dk¹
(¼ ¡ ¼ 0 ) ,
kt = k¹ ¡ ¸t1
d¼
¸1 ¡ j11 t dk¹
¸1
lt = ¹l ¡
(¼ ¡ ¼0 ) ,
j12
d¼
where
(1 + n)2 k¹2 =f
dk¹
£
¡
¢¡
¢¤
=
¹
¹ 0 =f ¡ 2
d¼
sk ¡ (1 + n) 1 + (1 ¡ ¼) (1 + n) k=f
kf

and sk is the derivative of the stationary saving with respect to the steady capital.
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Numerical simulation

For simplicity the utility function is assumed to be a separable CES:
1¡1=¾

1¡1=¾
d
¡1
c
¡1
U (ct ; dt+1 ) ´ t
+ ¯ t+1
,
1 ¡ 1=¾
1 ¡ 1=¾

where ¾ denotes the elasticity of intertemporal substitution, while the production function
is assumed to be a Cobb-Douglas: F (K; L) = K ® L1¡® , i.e. in an intensive form f (k) =
k ® , where f ´ F=L and k ´ K=L.
Under this fundamentals speci…cation the steady state is given by the system

£

0 = (1 + n) k ¡ (1 ¡ ¼) (1 + n) k
l = 1 ¡ (1 + n) k 1¡® .

2¡®

¤

(1 ¡ ®) k ® + (1 ¡ ¼) (1 + n) [®k ¡ (1 + n) k 2¡® ]
¡
,
1 + ¯ ¡¾ (®k ®¡1 )1¡¾

To perform the numerical simulations we choose the parameter values according to
those commonly adopted in the business cycle literature. We set ® = 1=3, ¾ = 2. As
there are two overlapping generations, we assume the length of a period (the active life)
equal to 35 years. Thereby ¯ = 0:5 corresponds to a per year subjective discount factor
of 0:98039, while n = 0:5 corresponds to an annual population growth rate of 1:17%.
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The following table describes the evolution of the steady states in terms of capital
¡ ¢
¡ ¢
¡ ¢
¹ ¹l , consumption c¹; d¹ and utility U
¹ as long as the privatization degree
and labor k;
increases. The progressive eigenvalues values are provided too.
¼

k¹1

¹l1

c¹

d¹

U¹

¸1

¸2

0.0 0.084 0.71230 0.20754 0.15671 -1.6930 0.22208 5.2521
0.1 0.081 0.71919 0.20357 0.16135 -1.6959 0.22236 6.2681
0.3 0.075 0.73323 0.19501 0.17127 -1.7030 0.22508 9.2869
0.5 0.071 0.74280 0.18850 0.17810 -1.7097 0.22531 14.493
0.7 0.066 0.75503 0.18129 0.18880 -1.7139 0.23002 27.381
0.9 0.063 0.76325 0.17631 0.19659 -1.7168 0.23158 90.388
¡ ¢
¹ ¹l = (0; 1). Under our parameThere is always a trivial steady state given by k;

ter choice the meaningful steady state is characterized by under-accumulation for every
privatization degree ¼ 2 [0; 1). To see the point compare the column of the stationary
capital k¹ with the golden rule value: k ¤ = [®= (1 + n)]1=(1¡®) = 0:10476.

Moreover we notice that the steady state is always a saddle point. As there is only one
non-predetermined variable the equilibrium is always determinate (unique). There is no
indeterminacy and no room for endogenous ‡uctuations. Thereby we consider only shocks
on the fundamentals and in particular the relevant shock on the privatization degree ¼.

7.1

An example of shock on the fundamentals

We …x the privatization degrees before and after the shock respectively equal to ¼ 0 = 40%
and ¼ = 50%. In other words the shock is set equal to 0:1. The non-trivial stationary capital is given by k¹ = 0:071, while the labor share employed in the consumption good sector
is equal to ¹l = 74; 28%. We observe a negative privatization impact on the stationary
capital:
dk¹
(¼ ¡ ¼ 0 ) = ¡0:0022141.
k¹ ¡ k0 ¼
d¼

(25)

The privatization e¤ect is positive on the fraction of workers employed in the production
of consumption good and thereby negative in the investment sector. The equilibrium
¢
¡
intensive capital is the same in both the sectors k c = k I , but it decreases with respect
20

to the saddle point. Therefore the aggregate capital employed in the investment sector
drops o¤.
The stable and the unstable eigenvalues are respectively ¸1 = 0:22531, ¸2 = 14:493.
Dynamics are described by the following trajectories:
18
16

0.073

14
12

0.0725

10
l
8

0.072

6

0.0715

4
2

0.071

0

0.5

1

1.5

2
k

2.5

3

0

4
t

6

8

6

8

6

8

Transition for k:

Saddle path.
0.752

0.256

0.75

0.254

0.748

0.252

0.746

0.25

0.744

0.248
0

2

4
t

6

8

0

2

Transition for lc :

4
t

Transition for lI :
0.1785

0.1905

0.1784

0.19

0.1895

0.1783

0.189

0.1782

0.1885

2

3.5

0

2

4
t

6

8

Transition for c:

0.1781

0

2

4
t

Transition for d:

21

-1.704
0.004

-1.705
-1.706

0.0039

-1.707

0.0038

-1.708

0.0037

-1.709

0.0036

0

2

4
t

6

8

0

Transition for U:

2

4
t

6

8

6

8

6

8

Transition for T:

0.025
0.008

0.0248
0.0246

0.0078

0.0244
0.0242

0.0076

0.024
0.0074

0.0238
0.0236
0.0234

0.0072

0

2

4
t

6

8

0

Transition for ±c :

2

4
t

Transition for ± I :

1.94

0.2785
0.278

1.93

0.2775

1.92

0.277
0.2765

1.91
0

2

4
t

6

8

Transition for R:

0.276

0

2

4
t

Transition for w:

The impact of the shock on the asset prices is depicted in the next …gure.
We …rst note that the level of the stationary stock of capital decreases as the proportion
of investment …rms owned by private agents increases (see the table). This is due to the
particular government way of allocating the dividends. Actually, for the private proportion
of the sector, dividends are received by agents when they are old, corresponding to the
dividends from the shares sold when they were young. Whereas the dividends obtained by
the government, if they are positive, are given to young agents as an additional income.
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When private agents own a larger part of the investment …rms, they receive a lower
proportion of their income, when they are young, and a greater one, when they are
old. Then they decrease their saving. As the capital accumulation is the counterpart
of private saving, the capital stock decreases. The interest rate increases, generating an
indirect substitution e¤ect straightening the direct one.
Nevertheless, we note that this saving decrease is not enough in the long-run to compensate the income transfers from young to old since when ¼ is raising, the …rst period
consumption decreases, and the second period consumption increases. The resulting effect is that the utility level of agents decreases (see the table). We can remark that, just
after the privatization, the utility is …rst above the former level, then decreases during
the transition to a lower level (see the …gure with the transition for U). The result is not
surprising since, as the stationary level of capital is less than the golden rule value, when
this capital stock decreases, it just goes away from the golden rule. The agents’ utility
would increase, if the transfers were destined to old agents and the stationary capital was
above the golden rule.
Another e¤ect of the decrease of capital stock is that the investment good has to
be produced in reduced quantity. The investment sector uses lower quantities of inputs,
namely the stationary employed capital and labor are lower. For a constant labor supply,
a higher quantity of labor is then used in the consumption sector.
We eventually observe that, when the shock occurs, in order to reach the saddle path
by opportunely setting the non-predetermined variable, agents’ expectations focus on a
too high second period consumption with respect to the steady state value, increasing
temporarily the utility level above its initial value. The di¤erent levels converge then
slowly to the new steady state, where the utility level is decreased. The stationary values
of the labor supply in both sector, as well as the share prices, are also overshooted in the
short term. As the increase of ¼ means that the number of shares of the investment sector
…rms supplied to private agents increases, in the long-run, their price then decreases. In
the same time, the number of shares of …rms in the consumption good sector becomes
relatively lower with respect to the total number of shares, and then their price becomes
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higher (see the …gure with the transition share prices).

q ct

q It
q It

0.0251

0.00858

0.00854

0.0249
0.0247

q ct
0

2

4
t

6

8

0.00850

Privatization and …nancial adjustment (to be checked).

7.2

Destabilizing power of privatization

The speed of convergence is informative about the stability of the economic system under
exogenous shocks. A usual indicator of this speed is the stable eigenvalue ¸1 . More
precisely the time to absorb a given fraction of the shocks is an increasing function of the
modulus7 of ¸1 . In our example the saddle case is characterized by a stable eigenvalue
which is increasing with ¼. Therefore the privatization of public …rms has a destabilizing
e¤ect over a longer period in more privatized economies. In countries where the state
owns a larger part of the investment sector, the privatization is thus less troubling.
The same conclusion holds for all the shocks on the other fundamentals such as the
technological parameter A in the production function f (kt ) = Akt® (notice that in our
model we have normalized A to one for simplicity). Hence in general the stabilization is
faster in less privatized economies.

8

Concluding comments

We have studied a two-sector overlapping generations model with production and fully
characterized the local dynamics generated by the model.
7

The absorption period of a part d of the shock is given by T = ln d= ln ¸1 .
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In an economy where the state owns a large part of the …rms producing the investment
goods, business cycles may arise even if the fundamentals remain unchanged, even in a
model with a unique steady state equilibrium. Actually, agents’ beliefs can be di¤erent
from the perfect foresight. Thus the stationary state is not robust and the interest rate
can ‡uctuate endogenously. To avoid endogenous ‡uctuations, the solution is to have no
government or to have a government who owns a weak part of the investment sector. In
this sense, the privatization can be stabilizing.
But in the standard example studied in this paper, we have not found any endogenous
‡uctuation because the unique steady state turns out to be a saddle point. Moreover, the
stationary level of capital is below the golden rule value. The only source of economic
instability are the exogenous real shocks on the fundamentals of the economy. A privatization can be seen as a shock, since that just means, in our model, that the proportion
of the shares of the investment sector sold to private agents increases. We thus analyze a
permanent shock on the privatization degree and the convergence along the saddle path
has been also simulated. We observe that such a shock destabilizes the economy for a
longer period when the privatization degree increases. In this terms, the privatization can
be seen as destabilizing, as it slows down the processus driving prices and quantities back
to the new stationary values. When, to the contrary, the government owns a large part
of the investment sector, exogenous ‡uctuations are limited.
This example shows us that, in a standard representation of the economy used in the
theory of real business cycles, privatization could contribute to destabilize the economy
as it represents a real shock on the fundamentals. And the destabilizing e¤ect is worth
and worth when the proportion of the sector owns by private agents increases.
The welfare e¤ect of privatization is negative in the long run and positive just after
the shock. If the …rms partly owned by government are as e¢cient as private …rms, and
the government really cares about the agents’ utility, it can improves the life-cycle level of
agents’ consumption. We thus show that the general idea about the improvement of the
agent’s consumption after privatization is linked to the fact that …rms where government
is a partial owner are less e¢cient, or to the goal aimed by the State.
Of course, if the transfers to agents from the government are received during the second
period of life of individuals, the result would be that the welfare of agents increases after
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privatization.
It is of interest to study the e¤ects of privatization for di¤erent dividend redistribution policies the government could choose. Among various research lines, we would like
to investigate whether a debt …nancing policy would give di¤erent results, and to compare our analyses to the case where government owns shares of the sector producing the
consumption good.
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Appendix

Proof of Proposition 1. A steady state k¹ is a solution of the equation

(1 + n) k [1 ¡ (1 ¡ ¼) (1 + n) k=f (k)] = s (! (k) ; f 0 (k)) .
As agents can not save more than their initial income ! (k), then for all k ¸ 0,we have
0 · s (! (k) ; R (k)) · ! (k), with ! (k) ´ w (k) + T (k). Under Assumption 3, f (0) = 0
and w (k) is non negative, then limk!0 T (k) = 0, w (0) = 0 (see de la Croix and Michel [7]
that f (0) = w (0)) and limk!0 [k=f (k)] = 0, we deduce that limk!0 s (! (k) ; R (k)) = 0.
The result therefore follows from Assumption 3.
Proof of Proposition 2. The system of equations (9) and (10) can be written
l = 1 ¡ (1 + n) k=f (k) ,
s (! (k) ; f 0 (k)) = (1 + n) = k ¡ (1 ¡ ¼) (1 + n) k 2 =f (k) .
¡ ¢
Thus a stationary k¹ is characterized by ' k¹ = 0, where ' is de…ned by (11) and,

as l 2 (0; 1), the …rst equation of the system tells us that this k¹ must be such that
¡ ¢
¹
k=f
k¹ < 1= (1 + n). Under Assumption 3, as k=f (k) is increasing, limk!0 k=f (k) = 0
and limk!1 k=f (k) = +1 then there exists a kmax such that (1 + n) kmax =f (kmax ) = 1.
We state now three important Lemmas.
¹ 2 (0; 1) such that for every ¼ 2 [0; ¼
¹ ), ' (kmax ) < 0,
Lemma 12 . There exists a value ¼
and for every ¼ 2 [¹
¼ ; 1), ' (kmax) > 0. If ¼ = ¼
¹ , then kmax is a steady state equilibrium.
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Proof. We have ' (kmax ) = ¼ (1 + n) kmax ¡ s (! (kmax ) ; f 0 (kmax )). Thus when ¼ = 0,

' (kmax ) = ¡s (! (kmax) ; f 0 (kmax )) and is strictly negative under Assumption 1. Whereas
when ¼ = 1, ' (kmax) = (1 + n) kmax ¡ s (! (kmax ) ; f 0 (kmax )). As kmax is greater than

the golden rule, we know that T < 0, and, therefore, ! < w and s (! (kmax ) ; f 0 (kmax )) <
w (kmax) < f (kmax ) by de…nition. We deduce that ' (kmax ) > (1 + n) kmax ¡ f (kmax )
which is zero. As ' (kmax ) is increasing with ¼, we …nally obtain the result.

¹ ), there exists at least one steady
Lemma 13 . If limk!0 '0 (k) > 0, then, when ¼ 2 [0; ¼
state equilibrium. Generically, the number of steady state is odd. And when ¼ 2 (¹
¼ ; 1),
the number of steady state equilibria is generically even, and can be zero.
Proof. As limk!0 '0 (k) > 0 and ' is a continuous function of k, thus if the value of
this function is positive when k tends to zero, and negative when k is at his maximum
¡ ¢
value (as ¼ < ¼
¹ ), there exists a k¹ 2 (0; kmax ) such that ' k¹ = 0. When ' (k) = 0 for

¹ the number of these values is even only if there exists a value k¹1 such
several values of k,
¡ ¢
¡ ¢
that ' k¹1 = 0 and '0 k¹1 = 0. This situation is not robust to any small change in the

parameters, we will thus refer to it as ‘non-generic’. The result is obtained similarly when
' (kmax ) is now positive (i.e. when ¼ < ¼
¹ ).

¼ ; 1), there exists at least one steady
Lemma 14 . If limk!0 '0 (k) < 0, then when ¼ 2 (¹
state equilibrium. Generically, the number of steady state is odd. And when ¼ 2 [0; ¼
¹ ),
the number of steady state equilibria is generically even, and can be zero.
Proof. The proof is the symmetric of the preceding one.
Proof of Proposition 4. In the two-sector model considered in this paper, when
there is no government production, the equilibrium in the consumption good market is:
ct + dt = (1 + n) = lt f (kt ). Using the consumer’s budget constraints, his optimal solution
for the consumer, the equilibrium factor prices and equation (7) we …nally obtain:
w (kt ) ¡ s (w (kt ) ; R (kt+1 )) + R (kt )

s (w (kt¡1 ) ; R (kt ))
= f (kt ) ¡ (1 + n) kt+1 .
1+n

(26)

If we now consider the one-sector model with debt used by Farmer [8], and we denote bt the
per young debt amount at date t, the debt evolution equation is: bt = R (kt ) bt¡1 = (1 + n),
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and the agents’ saving …nances the actual debt and the capital of the next period: bt =
s (w (kt ) ; R (kt+1 )) ¡ (1 + n) kt+1 . The dynamical behavior of the capital stock is thus
given by the equation:
s (w (kt ) ; R (kt+1 )) ¡ (1 + n) kt+1

¸
s (w (kt¡1 ) ; R (kt ))
= R (kt )
¡ kt .
1+n
·

(27)

As w (kt ) = f (kt ) ¡ kt R (kt ), then equation 26 and 27 are identical.
Proof of Proposition 5. We remark that the capital evolution equation allows to
compute dkt+1 =dkt evaluated at the steady state k¹ which is
¡ ¢ ¡ ¡ ¢
¡ ¢¢
¹ 00 k¹ sw w k¹ ; f 0 k¹
¡kf
¡ ¢ ¡ ¡ ¢
¡ ¢¢ .
1 + n ¡ f 00 k¹ sR w k¹ ; f 0 k¹

As the steady state is stable if and only if jdkt+1 =dkt j < 1, we obtain the proposition.
Proof of Proposition 6. As for ¼ = 1, T = 0, and then ' (k) = '1 (k) ´

(1 + n) k ¡ s (w (k) ; f 0 (k)) > (1 + n) k ¡ w (k) > (1 + n) k ¡ f (k) by de…nition of
saving and wage, and Assumption 3 implies limk!+1 (1 + n) k ¡ f (k) > 0, we know
that limk!+1 '1 (k) > 0. Then the steady state with the higher index, and generi¡ ¢
cally all the steady states with an odd index, are such that '01 k¹ > 0. As '01 (k) =

1 + n + kf 00 (k) sw (w (k) ; f 0 (k)) ¡ f 00 (k) sR (w (k) ; f 0 (k)), the positivity of this expression

means 1 + n ¡ f 00 (k) sR (w (k) ; f 0 (k)) > 0 and thus ¢ > 0. The steady state equilibria
¡ ¢
with an even index correspond generically to '0 k¹ < 0. Under the assumption that
1 + n ¡ f 00 (k) sR (w (k) ; f 0 (k)) > 0, this property implies that ¢ < 0.

Proof of Proposition 9. The characteristic polynomial is obtained from the Jacobian
matrix of the two-dimensional dynamical system evaluated at the steady state. Some
tedious computations allows to obtain: P (¸) = ¸2 ¡ T ¸ + D = 0, with
¡ ¢
¡ ¢
f 00 k¹ sR ¡ (1 + n) [1 ¡ (1 ¡ ¼) ®s! ] f k¹
T = ¡ (1 ¡ ®) ¡
,
k¹
(1 ¡ ¼) (1 + n)2 (1 ¡ s! )
"
¡ ¢ 00 ¡ ¢ #
¡
¢
f
k¹ f k¹
s!
1
,
D =
(1 ¡ ® + "R ) f 0 k¹ ¡
1 + n 1 ¡ s!
(1 ¡ ¼) (1 + n)

¡ ¢
¡ ¢ ¡ ¢
¹ 0 k¹ =f k¹ is the capital share on total income and "R ´
where ® = ® k¹ ´ kf
¡ ¢
¡ ¢
¹ 00 k¹ =f 0 k¹ is the elasticity of the interest factor. Using the positivity of the wage
kf

rate and the fact that every stationary value of k¹ has to be greater than kmax , we can
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deduce the numerator of D is negative, and thus D is positive. Moreover, it is easy to
show that:

¡ ¢
f k¹
P (1) = ¡
,
(1 ¡ ¼) (1 + n)2 (1 ¡ s! ) k¹
¡ ¢
¡ ¢
f k¹
2@'=@kt+1 ¡ '0 k¹
.
P (¡1) =
(1 ¡ ¼) (1 + n)2 (1 ¡ s! ) k¹
¡ ¢
'0 k¹

Since under Assumptions 1 ¡ 3, as P (0) = D is positive, the eigenvalues, if they are
¡ ¢
real, are both positive or negative. We note that if '0 k¹ > 0, then P (1) < 0 and if
¡ ¢
'0 k¹ ¡ 2@'=@kt+1 > 0, P (¡1) < 0. The condition P (1) < 0 or P (¡1) < 0, is a
necessary and su¢cient condition for the steady state to be saddle-point stable. As soon

as P (1) > 0 and P (¡1) > 0, the eigenvalues are real or complex. In this case, the steady
state is locally indeterminate if and only if the product of eigenvalues, i.e. D is less than
one, and locally unstable if and only if the determinant is greater than one.
¡ ¢
¹ , '(kmax ) > 0, then, '0 k¹ > 0 and P (1) < 0
Proof of Proposition 10. As if ¼ > ¼
¡ ¢
for steady states with an odd index; and '0 k¹ < 0 and P (1) > 0 for those with an even

index.

¡ ¢
And if ¼ > ¼
¹ , '(kmax ) < 0, then, '0 k¹ < 0 (P (1) > 0) for steady states with an odd
¡ ¢
index and '0 k¹ > 0 (P (1) < 0) for those with an even index. The rest of the proof is
obvious.

Proof of Proposition 11. The Jacobian matrix evaluated at the steady state is provided by equations (16). System (14-15) is linearized to obtain the following approximated
trajectories:

2
4

kt+1 ¡ k¹
lt+1 ¡ ¹l

3

2

5 = Jt4

k0 ¡ k¹
l0 ¡ ¹l

3

5.

We provide the explicit analytical form of the linearized dynamics to make numerical
simulations. Let

2

¤´4

¸1

0

0

¸2

3

5,

where ¸1 and ¸2 are the eigenvalues of J and let
2
3
j12
j12
5
V =4
¸1 ¡ j11 ¸2 ¡ j11
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be an associated transformation matrix such that V ¤V ¡1 = J . We observe that
2
3
j12
5
vi = 4
¸i ¡ j11

is an eigenvector associated to the eigenvalue ¸i , i = 1, 2. Two cases matter. The
eigenvalues are (i) complex (¸ = a § bi) or (ii) real.
(i) We write the complex eigenvalues in polar coordinates ¸ = a + bi =

r (cos µ + i sin µ), where r2 = a2 + b2 , cos µ = a. Therefore ¸t = rt (cos µ + i sin µ)t
¡ ¢t
= rt eµi = rt e(tµ)i = rt (cos tµ + i sin tµ). We obtain the linearized dynamics:
2
2
2
3
3
3
¹
¹
¹
k ¡k
k ¡k
k ¡k
4 t
5 = Jt4 0
5 = V ¤t V ¡1 4 0
5
¹
¹
¹
lt ¡ l
l0 ¡ l
l0 ¡ l
2
3
2
3
¸t1 0
k ¡ k¹
5
5 V ¡1 4 0
= V4
0 ¸t2
l0 ¡ ¹l
2
3
j12
j12
5
= 4
a + bi ¡ j11 a ¡ bi ¡ j11
2
3
t
r (cos tµ + i sin tµ)
0
4
5
t
0
r (cos tµ ¡ i sin tµ)
2
3
3¡1 2
¹
j12
j12
k ¡k
4
5
5 4 0
a + bi ¡ j11 a ¡ bi ¡ j11
l0 ¡ ¹l
32
3
2
¹
(j12 =b) sin tµ
k ¡k
cos tµ ¡ [(a ¡ j11 ) =b] sin tµ
54 0
5.
= rt 4 £
¤
2
2
¹
¡ b + (a ¡ j11 ) = (bj12 ) sin tµ cos tµ + [(a ¡ j11 ) =b] sin tµ
l0 ¡ l
More explicitly we get the system (18-19).

(ii) Let ¸1 and ¸2 be real. The linearized dynamics become:
2
3
2
3
2
3
¹
¹
¹
k ¡k
k ¡k
k ¡k
4 t
5 = Jt4 0
5 = V ¤t V ¡1 4 0
5
lt ¡ ¹l
l0 ¡ ¹l
l0 ¡ ¹l
32
3
2
t
¸ 0
j12
j12
54 1
5
= 4
t
¸1 ¡ j11 ¸2 ¡ j11
0 ¸2
2
3
3¡1 2
¹
j12
j12
k ¡k
4
5.
5 4 0
¸1 ¡ j11 ¸2 ¡ j11
l0 ¡ ¹l

We obtain the system (20-21).
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