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A]ostract

The difficulties associated with the appraisal of the determinacy properties of a three-dimensio-
nal system are circumvented by the introduction of a new geometrical argument. It first
brings about a complete and easy-to-use typology of the eigenvalues moduli in discrete time
three-dimensional dynamical systems and then provides a new apparatus for assessing from a
geometrical standpoint the emergence of local bifurcations. The argument is first illustrated
in an environment where outward—looking comparison utﬂity may question the determinacy
of the steady state and subsequently used within a competitive monetary equilibrium with
heterogeneous agents and financial constraints.
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1 Introduction

The characterisation of the local behaviour of a three-dimensional discrete time (iynarnicai
system in the neigiii)ourilooci of a stea(iy state position gives rise to a range of speciiic difficul-
ties which are currentiy circumvented ioy the introduction of a new geornetricai argument. It
then provi(ies a new apparatus for assessing from a geornetricai standpoint the emergence of
local bifurcations in three-dimensional ciynamicai systems. The argument is first illustrated in
an environment where mimetic effects w.r.t. society7s past consumption may question the lo-
cal uniqueness of the equiiiioriurn and suiosequentiy used to Stu(iy a model with heterogeneous
agents and financial constraints.

As tiiey reconsider a version of the Woodford [16] framework with heterogeneous agents and
financial constraints that is amended to anaiyse the role of factors suiostitutaioiiity, Grand-
mont, Pintus & de Vilder [14] have come to introduce a tractable geornetricai way of assessing
local uniqueness or local indeterminacy for dynamicai systems of order two. Their approaoh is
based upon a grapiiicai partition of the piane defined from the two coefficients of the second-
order characteristic poiynorniai associated with the ciynamicai system in the neigiiioouriiooci
of the stea(iy state. Such a partition is then cornpiete(i ioy cirawing the critical loci associated
to real and Compiex eigenvaiues with unitary rnociuius, such loci ieaturing in turn boundaries
between staioiiity and unstaioiiity zonas. A given economy — a set of fundamental preierences
and teciinoiogicai parameterisations — is thus to be understood as a point over that piane
whilst the appraisai of its local dynarnics summarised to the localisation of this point. Letting
one of its iouii(iing parameters vary gives rise to a iarniiy of economies featured tiirougil a curve
over that piane whose localisation provi(ie(i insigiits about the Ciiange unciergone by the ciy—
namical properties of the economy aiong the course of such a modification. The crux interest
of this approacii for economic tiieory stems from its expiicit consideration of rneaningiui and
generic concepts without iiaving to resort to speciﬁc parametric formulations. As a matter
of iact, its essential limit springs from its intimate link with a (iirnensionaiity of two for the
(iynarnicai system: iiigiier orders formulations associated Witii, e.g., en(iogenous growtii set-
tings with ileterogeneous ca,pitai goo<is, alternative formulations of interternporai preierences
with endogenous discounting7 muiti—country setups, could not be appraise(i i)y such a method
and the assessment of their staioiiity properties comnioniy remained extrerneiy (ienian(iing.
Anciioring the argument on formal (ieveiopments that embed the approacii of Cran(irnont,
Pintus & de Vilder [14] as a particuiar case, the current contribution will nonetheless argue
that the iiey—ieatures that un(ieriay the sirnpiicity and the convenience of the two-dimensional
anaiysis are entireiy recovered in a three-dimensional dynarnicai system.

A noticeable metiiocioiogicai insigiit of the approach put forth ioy Grandrnont, Pintus & de
Vilder [14] sprung from the appraisai of unrestricted economic setpus tiirougii the reference to
linear critical loci and basic notions of piane geometry. Two i<ey difficulties however quici{iy
emerge as ioeing associated with the conceivai)iiity of such an approacii for a three dimen-
sional system. Firstiy, the intricacies of three-dimensional grapiis and the intrisic subtelities
of the geometry of a three-dimensional space. Secondiy, the uprise of a nonlinear critical
locus that ilappens to describe the occurrence of cornpiex eigenva,iues with unitary modulus.



The first of these issues shall be circumvented ]:)y apprehending the originai three-dimensional
space — whose coordinates emerge from the three coefficients of the third-order characteristic
poiynomiai — in terms of a collection of sections defined aiong a given coordinate and thus of
two-dimensional piames.1 Fortunateiy enougil, this approacii also recovers linear definitions
for the critical loci and thus overcomes the second major (iigicuity of the appraisai of stabil-
ity issues within a three-dimensional space. A direct byproduct states as the simplicity of
the typoiogies it allows for the moduli of the eigenvaiues and thus for the uncierstan(iing of
the boundaries between unstabiiity and sta]oiiity areas within a three-dimensional ciynami—
cal system. Another major a(ivantage then emerges from the consideration of parameteriseci
economies for which the current approacii can anew boil the appraisai of the role of a funda-
mental preierences or tecimoiogy parameter on the stal:)iiity and bifurcation properties of the
intrisicaiiy three-dimensional (iynamicai system down to a set of eiementary notions of piane
geometry — organiseci around the localisation of a curve featuring a famiiy of economies.

The usefulness as well as the tractabi]ity of such an approacli are first illustrated tiirougii the
anaiysis of a variation on the basic Ramsey [15] model of capitai accumuiation, augmenteci
iay a Catciiing—up with the Joneses argument in the instantaneous utiiity of the consumers. A
growing literature has indeed recentiy aimed at expioring the consequences of instantaneous
utilities parameterised by a direct comparison of the individual consumption to a benchmark
stock determined ]oy the consumption of others. As a matter of iact, the literature dis-
tinguishes two forms of consumption benchmarks: the Catciiing—up with the Joneses which
captures the influence of society’s past consumption choices — vide Abel (1] —; the Keeping—
up with the Joneses captures the influence of the society7s current choices — — vide Gali
[11].2 The Catciiing—up with the Joneses form of the comparison utiiity has been recentiy
introduced into the en(iogenous growtii literature by Caroii, Overland & Weil 8] — — vide
also Alonso-Carrera, Caballé & Raurich [2] and Alvarez-Cuadrado, Monteiro & Turnovsky
3] For the current purpose, the noticeable conclusion reached ]oy these authors is that the
introduction of a iagged external consumption benchmark does not question the saci(iie—patii
stai)iiity property of the iong—run equiii]oriurn. The graphica] methods cieveiope(i in the first
part of the article allow to evaluate whether and to what extent such a conclusion relies upon
the functional speciﬁcations tiiey empioy and the parameterisations tiiey retain. |he main
conclusions state as follows. As iong as the influence of the iaggeci value of consumption re-
mains moderate the stea(iy state is saddie—point stable. Interestingiy, a rise in this influence
will translate into the possi]oiiity of a dramatic ciia,nge under which the stea(iy state becomes
unstable and, in c01r1"eiation7 quasi-periodic orbits iiappen to emerge. This anaiysis is however
suppiementeci i)y the contempiation of an alternative class of assumptions on instantaneous
utiiity. As a matter of iact, while a Catching—up with the Joneses for instantaneous utiiity
features a desire to be similar to otiiers, the eventuaiity that consumers testimony of a desire

IThis iiiuminating insigiit was made ]oy JM. Grandmont at C.R.E.S.T. ]oy spring 1999 after the presentation
of a preiiminary contribution i)y the current authors that attempted at a generai geometric picture of the local
stai)iiity properties of three-dimensional (iynamicai systems.

2The Catciiing—up with the Joneses iiypotiiesis is actuaiiy an external habit formation setup where the
consumption benchmark is an externaiity. This contrasts with the internal habit formation setup where the
reference is the consumer’s own past consumption.



to be different from others cannot a priori be dismissed. Such an observation has led Dupor
& Liu [10] to consider utilities (iispiaying Running—away from the Joneses — — as a coun-
terpart of Keeping—up with the Joneses. Wiiiie, as mentioned, Catching—up with the Joneses
has been the focus of some recent research in the growtii iiterature, the Running—away from
the Joneses counterpart has not, to the best imowie(ige of the autiiors, been yet expiored.
The (ieiiniteiy strii(ing result that emerges from its consideration is tiiat, in contradistinction
with the Catciiing—up case, and even for moderate orders for the influence of the consumption
benchmark remains, the desire to run-away from the Joneses gives rise, aside from determin-
istic quasi—periodic equiiiiaria, to local indeterminacy, hence stochastic expectations—ciriven
fluctuations.

This contribution is iinaiiy concerned with the properties of a monetary economy with hetero-
geneous households and financial constraints. The i<ey role of heterogeneity in the emergence
of endogenous fluctuations has been identified quite eariy with the contributions of Grand-
mont [12] in an overiapping generations environment. Alternative iieterogeneity arguments
that iiinge upon more canonical iniiniteiy—iive(i agents and borrowing constraints were then
suggested by Bewley [7] and Woodford [16]. Recent developments have provided extensions
of the Woodford [16] environment and raised the new dimensions it brings with respect to
the standard Ramsey representative agent structure. In particuiar, Grandmont, Pintus &
de Vilder [14] have relaxed the cornpiernentarity dimension of the teciinoiogicai set of Wood-
ford [16] and emphasised the role of factors substitutability in the occurrence of endogenous
fluctuations. Taking a(ivantage of the recent literature on increasing returns which was mo-
tivated iay the puioiication of Benhabib & Farmer 5], Cazzaviiian, Lioy(i—Braga & Pintus
9] have illustrated how the consideration of external effects could improve upon the close
link between low orders for inputs suiostitutaioiiity and enciogeneous cycies that was raised
iay Grandmont, Pintus & de Vilder [14]. Suiosequentiy, Barinci (4] has relaxed another facet
of the Woodford [16] iramewori{, ie., the postuiate of an unitary eiasticity of intertempo-
ral substitutions for the capitai—iioi(ier. It was notaioiy shown therein tiiat, even tiiougii a
constant returns to scale asssumption was iiept on the production spiiere, low elasticities of
substitution between capitai and labor were not any ionger require(i in order for en(iogenous
cycies to occur. Uniortunateiy and as a direct ]oyprociuct of the anaiyticai intricacy of the
three-dimensional (iynarnicai system under consi(ieration, this ﬁnoiing was obtained in a knife-
e(ige speciﬁcation. The grapiiicai methods will currentiy offer the opportunity to reconsider
its robustness an(i, in a(i(iition, to reach clarified picture of the local (iynarnics. Succintiy, a
remarkable result iormuiates, iiaving restricted labor suppiy to be sufﬁcientiy eiastic, as the
potentiai occurrence of two (iegrees of inoieterniinacy. Such an insigiit ioeing further available
under a Cobb—Dougias speciﬁcation for the teciinoiogy, it is unequivocaiiy disconnected from
the articulation between low orders for factors suiastitutai)iiity and local incieterminacy that
was raised i)y carlier studies.

The geometricai teciiniques are introduced in Section 2. Section 3 deals with the comparison
utiiity modei, the heterogenous households one iaeing examined in dection 4. Some technical
details are provi(ie(i in a final appen(iix.



2 A Geometric Argument for the Appraisa] of Three-Dimen-
sional Dynamical Systems

This section will first unveil the regards in which a sequence of simple geometric pictures
underlies the typology of eigenvalues and the emergence of local bifurcations in discrete three-
dimensional dynamical systems. It will thereafter detail the regards in which this provides
an useful and easy-to-use apparatus for assessing the Stabﬂity, uniqueness and bifurcations

properties of a large class of parameterised economies.

21 A (Geometric Picture for the Critical Loci

Letting the equihbrium dynamics of an economy be described by a system: yi, = G(y),
y € R, steady states equilibria are the roots of y—G(g) = o. The characterisation of the
local dynamics nearl)y a given Steady equili]orium proceed from the appraisal of an associated
linear map 24, = B2 for J = DG(y) the Jacobian matrix of G() evaluated at 7 and
Ze =Y — Y the deviation from the steady state. Lhe eigenvalues of the matrix J are the
zeroes of the fouowing third degree polynomial:

(1) P(2) = (21 — 2)(22 — 2)(23 — 2)
= —z3 4 (21 + 2, + 23)z2 - (zlz2 + 2,25 + zzzg)z + 212,24

=—B+ T2 - Mz+D

for 7 , M and 2 that denote the trace, the sum of the principal minors of order two and the
determinant of the Jacobian matrix, respectively.

The locus such that the coefficients .7 M D satisfy P(+1) =0— genericaﬂy, a saddle-node
bifurcation? will occur in its neighbourhood and the uniqueness properties of the steady state

will be lost — is a plane whose characteristic equation is given lay :
(2) —1+T — M+ P =o0.

Similarly, the locus such that the coefficients .7 M D satisfy P(—1) =0 — genericauy, a
ﬂip bifurcation?! will occur in its neighloourhood and two—period cycles will emerge — is a
plane whose characteristic equation is given ]oy:

(3) 1+T+M+P=o0.

Lastly, when a pair of nonreal characteristic roots exhi]oiting an unitary norm emerges, the
outstanding eigenvalue, e.g., z3, sumarises to the product of the eigenvalues 2. The latter
thus becomes a characteristic root, i.e., Z(Z2) = o. Solving, the characteristic polynomial
restates as P (z) = (2 —2)[:*— (T = D)z+ M — (T —2)9]. A standard analysis of the two-
degree polynomial in square brackets then indicates that the locus of coefficients 7 , M and
2 such that two roots are complex conjugate with unitary modulus is a regulated surface —

3 Vide Grandmont [12].
1Vide Grandmont [12].



genericaiiy, a Poincaré—Hopi bifurcation will occur and quasi—periO(iic equiiiiaria will emerge

in its neigiiioouriiood — delimited i)y |<7 — _@‘ < 2 and defined from
(4) //—1—(9—.@).@:

The central ciiiiicuity in the appraisai of this ultimate locus in a three-dimensional grapil
stems from its nonlinear siiape that in turn results from the appearance of the qua(iratic
expression (7 — 2)Z in its definition. Interestingly, both of them are circumvented upon the
fixation of the coefficient 2. An anaiysis with a strong two-dimensional flavour — any of the
aforementioned critical loci can anew be represented tiirougin a straigiit-iine — ]oeing then
conceivable in the space of the two outstan(iing coefficients .7 and 7. More expiicitiy and

%k

Figure 1: Benchmark case 2 = o.

first introducing the benchmark case 2 = 0 on Figure i, the set of coefficients (T, M) such
that 2(+1) = 0 and 2(—1) = o respectively boil down to the lines (AoCo) and (AoB,) —
the index o refers to the value of the parameter ¥ under which the whole picture is drawn —
while the Corresponding set for two nonreal eigenvalues with unitary norm is (iepicte(i i)y the
horizonal segment [BOCO] . This gives rise to a construction familiar from the two-dimensional
analysis, namely the triangle (AoB,Cy) defined by |.7| < |1 + 4| and || < 1.

As 2 is increased over R, and as illustrated on Figure 2, the siopes of (A@C@) and (A@B@)
are unmodified while the segment [B @C@} , of siope 9, essentiaiiy follows a translated counter-
clockwise rotation.

As a matter of iact, the pararneterise(i coordinates of Ay, By and Cy respectiveiy derive

from the solving of (2) and (3), (3) and (4), (2) and (4). They list as:

(5) (Jag, Ma,) = (=2,-1),
(9397%3@) = ( 2+ .@ 1— 2.@)
(gC@w//C@) (2—|—.@ 1—|—2.@)



Cy

Cy C,
\@/
ANCB, Ag

[.@ €]o, 1[} [.@ = 1] [9 €1, +oo)}

By

Figure 2: Translated counterclockwise rotation as 2 is increased over R,.

It is worth emphasising that on Figure 2, the Poincaré—Hopi and the saddle-node critical loci
coincide and merge for 2 = 1 in the sense that A, = B,. A counterpart scenario is available
on Figure 3 where negative values are considered for 2. Simiiariy, the Poincaré—Hopi and
the ﬂip critical loci coincide and merge for 2 = —1 in the sense that A, =C_,. These
mergers imply that the definition of the triangle (A@B@C@) is modified as | 2| goes through
one: for |2| < 1 it is available as |7 + 2| < 1+ .4 and 4 <1+ (7 - 2)2; for |2] > 1, it
is changed to 1 +.#| < 7+ Z and . > 1 + (7 -2)2.

By
B_,
><O@ ' A 011 CoxAg '
Ag
2 €] -1,0]] 2 =] |2 € (—00,—1]]

Figure 3: Translated clockwise rotation as 2 is decreased over R_.

Figures i, 2 and 3 illustrate how such a three-dimensional parameteriseci construction, still
organised around the same ieatures, essentiaiiy the triangie (A@B@C'@), keeps on procee(iing
from the same lines as the traditional two-dimensional one, but to the quaiiﬁcation that the
siope of the Hopi segment [B@C@], ioeing given ]r)y 9, will vary accorciingiy.

22 A Typoiogy of the Eigenvaiues

In order to reach the essence of the argument about the car(iinaiity of stable eigenvaiues,
consider F igure | and the basic conﬁguration for which 2 = 0. As at least one eigenvaiue
is nil and hence stabie, the anaiysis essentiaiiy boils down to the standard two-dimension
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argument. An economy within the triangle (AOBOCO) — this means for values of 7 and
A that remain close to zero — displays three eigenvalues with modulus inside the unit
circle. Consider then an upward perturbation on Figure 1. The system will cross the segment
[BOCO}: this implies that the modulus of the complex eigenvalues gets out of the unit circle
and there only remains a unique eigenvalue with norm less than one. When one, after a
rightward or a leftward pertur]aation, leaves the origin sta]oility area ]oy crossing (AOC’O) or
(AOBO), the position of a unique eigenvalue with respect to the unit circle will be modified
and the system falls in an area with two stable eigenvalues. Finauy, a downward perturloation
from any of these areas will lead the system within an area that exhibits one modulus within
the unit circle, hence an unstable steady state.

As illustrated by Figures 2 and 4, the earlier assessment on stable eigenvalues — the number
between parenthesis on these ﬁgures — will remain unmodified until the attainment of 2 = 1
and the already mentioned occurrence of A, = C,. All these conclusions ]oeing recovered from
fort}u*ight apphcations of the Implicit Function Theorem, a detailed argument ]oeing providecl
in Appendix 1.

For 2 > 1 and again on Figure 4, the typology of the stable eigenvalues is drasticaﬂy modified
since the triangle (A@B@C@) now delimits an area without any stable eigenvalue. To perceive

v A
Cy
(1) <
(1)
By
T T
@ "

Ay
(1)

Figure 4: Typologies for 2 €]o,1][ and 2 > 1

this, first consider the Poincare/—Hop{j segment [B@C@] and recall that, lay deﬁnition, it is
associated with a pair of complex eigenvalues with unitary norm plus a real eigenvalue given
by 2, hence greater than +1 within the current conﬁguration. Then assuming an upvvard
perturl:)ation of the coefficient .# and again from the imphcit function argument cleveloped
in Appendix 1, this results in a modulus of the cornplex eigenvalues that gets out of the unit
circle. Hence, in deep contradiction with the case 2 € ]0, 1 [, the triangle (A@B@C@) is now
associated with an area with no modulus inside the unit circle and thus corresponds to the
occurrence of an unstable steady state. The number of stable eigenvalues for the outstanding

8



areas can be inferred from the same lines of reasoning used for the case 2 € Jo, 1].

As this is also illustrated on Figure 5, a mirror argument can be compieted when 2 is
decreased starting from zero: a position within the triangie (A@B@C@) corresponds to three
stable eigenvalues and the features of the outstanding areas can be assessed from the same
reasoning as above. A decrease in 2 now entails a rotation around Cy that takes piace until
the threshold value of 2 = —1. When the latter is attained, the Poincaré-Hopi and the ﬂip
loci coincide and the positions of three moduli with respect to the unit circle are modified.
For 2 < —1, one obtains the exact mirror picture of the conﬁguration described above for
2 > 1 with a location inside the triangie (AgB@C@) that corresponds to no modulus inside
the unit circle.

Figure b: Typologies for 2 €l —1,0] and 2 < —1

As this soon will become Ciear, this collection of iigures introduces an alternative benchmark
for anaiysing the sta]oiiity properties of paranieterised economies that entails the treatment
of a three-dimensional dynamicai system.

2.3 Parameterised Economies

This subsection shall argue that Figures 4-5 provide a suitable device for undertaicing a
sensivity anaiysis in actual parameterised economies. Consider indeed a set of economies
indexed on a parameter 7 € |o, +00| and further assume that the coefficient 2 is independent
of that parameter. A set of parameterised economies is then symboiised ioy a parameterised

family of triples (7 (1), .# (n), 2).

The spanning of its interval i)y 7 generates a parameterised curve A(n) that originates from
A(0). This curve becomes a parameterised half-line in the plane (.7,.#) that is associated
with a given value of 2 as soon as A" := .7’ (n)/F"(n) is a constant, an assumption that is



Currentiy retained.” [t cieariy appears that whenever 2 is independent of n, the i<ey features
that underiy the sirnpiicity of the two-dimensional anaiysis, i.e., an argument conducted over
a given piane partitioned iay linear boundaries, is recovered in spite of the extra dimension of
the emir)edding environment.

2]

Figure 0: Basic Bifurcation Scheme for a Parameterised Economy with 2 > 1

As an illustration of the bifurcation scheme and of the way it articulates with the deterrninacy
issue, consider a conﬁguration 2 > 1 and an economy with one predetermined variaioie, the
interval for the bifurcation parameter 7 i)eing [0, +00). As this iias, e.g., been exarnpiii‘ied
by Grandmont, Pintus & de Vilder [14], it may be the case that A(0) belongs to the saddle-
node line (A@C@) on Figure 8, hence iiiustrating the uniqueness of the steady state for
interior values of the bifurcation parameter. By construction, ¥ ioeing independent of the
bifurcation parameter 7, the economy will stay of the same Figure when the latter spans its
interval. Assurne, e.g., that the slope A is positive and further let A'(n) > o. If A <y,
the economy will cross the Poincaré—Hopi segment [B@C_@} for a given critical value of the
bifurcation parameter denoted as n?. For n €lo,n””], it will assume no eigenvaiue into
the unit circle and will hence be iocaiiy unstable. As it crosses the segment [B@C@], two
— conjugate — eigenvaiues will become stable and for n € ]ng% , +00l, the equiiiioriurn will
be iocaiiy indeterminate with a degree of indeterrninacy equai to 1. In opposition to tiiis, if
A’ > 1, no bifurcation occurs and the economy ends in an area with a singie stable root. It is
thus iocaiiy determinate. It irnrnediateiy follows from Figure 6 that no ﬂip bifurcation would
ilappen in any of these two conﬁgurations.

To sum up, the drawing of the parameterised half-line A(n) over the plane (T, M) allows for

For clarification purposes, it may be noticed that while A(n) results in a half-line when 7) spans its interval
and both 7 (-) and .#(-) are linear functions of 7, it can be a segment when 7 spans its interval and both 7 (-)
and .#(-) are nonlinear functions of 5 while .#’(n)/.7"(n) is a constant.
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a comprehensive appraisai of the local dynamics of the economy. As this shall be extensiveiy
illustrated tiiougii the suiosequent sections, its localisation cornrnoniy starts from the one
of its origin benchmark point A(o) and is usuaiiy cornpieted by the identification of the
coordinates of its generating directional vector. Aitiiougii these hints may adrnittediy diSpiay
a impressionist flavour at that stage, the fortincorning exarnpies shall establish that tiney do
provide a rernari{aioiy easy-to-use set of tools for the understanding of otherwise cornpiex
settings.

3 Catciiing—up with the Joneses / Running—away from the Jone-
ses

3.1 The setup

This section will consider a variation of the neo-classical growtii model that is augrnented
iay an outward—iooi{ing speciiication of interternporai preierences for the representative in-
dividuais; the level of utiiity derived from a given amount of instantaneous consumption is
thus assumed to exhibit an extra dependency with respect to previous society consumption
standards. More explicitly, these preierences state as

(6) Z ﬁtu<0t§ thl)v

for B €lo, 1], ¢ and Cy_, respectiveiy their positive rate of rnarginai impatience, their con-
sumption at date ¢ >0 and the average consumption across all consumers at the previous
date, u(+C) ioeing a continuous concave instantaneous utiiity function which maps R, into
R, is of class C* , k > 3, over RY, and satisfies the Inada conditions at the origin. Furtiier,
u, > o0, ur, <0 for any ¢ € R%. Besides, the Ca,tciiing—up with the Joneses dimension of this
formulation is ensured ijy ietting uls >0 prevaii, i.e., mimetism effects with respect to earlier
cC
consumption standards. In opposition to tiiis, a Running—away from the Joneses dimension is
ensured ioy the converse occurrence of Ul < 0 that translates the potentiai from a repuisive

dimension from previous consumption standards.

The representative individual maximises his interternporai utiiity function (6) suijject to
(7) K = F(Kt, Lt) (Kt)7 — Gy,

for an aggregate production function F (K¢, Ly) (f(t)v, ~v > o such that F (+,+) is a continuous
concave function which maps R, x R, into R, is of class €3 over R x R7, ilornogeneous of
degree one and satisfies the Inada conditions, the capitai stock inaving been assumed to iuiiy
depreciate at each period of time. Finaiiy, the component K features an external effect of
the Romer type. Letting Ltf(k:t) = LtF(Kt/Lt, 1), ke = K/ Ly and L;=1,an interternporai
competitive equiii]orium with externalities for which o = C, and K, = K, at any t > o is

11



described ]oy the ho]ding of:

(8) U,c(cﬁ =’Ut) - ﬁf/(kt) k;’“;(ct+1§ $t+1) =0,
kt+1 — f(k?t)kg + Ct = 0,
Ty — G = 0,

From Appendix 2, a linearisation around the steady state gives the fouowing expressions for

the coefficients of the characteristic polynomial:

&
n 1 1— S 1 v+ S
T = Sl - _ - _
0 FoaeLot(oisn)(2o)) 2
& &
n) Bs 7
g1t
Bs 1
for
L FY FIL FLK
o= K/,L, 1—8:= L, 5= L )
FFY, F F
u/c/c (Ct7 Ct—l)ct & UZC (Cta Ct—l)ct—l
ni=—- , noi= .
UC(Ct, Ct,1> 'U/,C (Ct, Otfl)

that respectively depict the ela,sticity of substitution between capital and la]oour, the share of

labour and the share of Capital, the intertemporal elasticity of substitution in consumption

and an outward—looking comparison utﬂity coefficient defined from the marginal utility on

consumption.

At that stage and for illustrative purpose, a multiphcative C.E.S.—type instantaneous utﬂity,

namely

(10) u(ct;Ct_l) = [ct/(Ct_l)a]kgc/(l — O‘C)

boils the coefficient n®/n down to (ac— 1)a Jo° while n would simplify to o¢. In order to provide

a similarly simple benchmark, the coefficient n® /n shall henceforward uniformly be referred

to as g, Catching—up with the Joneses and Running—away from the Joneses conﬁgurations

being thus respectively circumscribed by ¢>oand¢<o.

The coefficients of the characteristic polynomial would thence reformulate to:

(11) 9:1—|—§—%(’y—

_ yts
M= (1+5) Gs +,
Yt
9 = s S.

1)+
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3.2 The anaiysis

It is noticed that 2 does not (iepenci on the eiasticity of substitution between capitai and
iabour, ie., o. [n accordance with the earlier approacii and selecting 1/0 as the tuning
parameter, such a feature will ioring about the possiioiiity of a pureiy geometric argument for
appraising the (iynamicai properties of the model.

The current setting is moreover siigiitiy particuiar on a formal basis. As a matter of iact, as

v 7= () >

M=o,

the parameterised curve A(1/0) simplifies to a straight-line with a slope given by A’ :=
'] T = o and an origin provided by A(o) = (7 (0), ).
It is further remarked that

1

—1+9(1/a>—///+@:—%[7—(1_3)]<——1>,

o 0Bs

Wilence

(13) —1+9(0)—///+.@:—%7(é—1) <o.

This means that A(o0) will locate on the L.H.S. of the critical line (AgCy) — — it is worth
noticing that the benchmark case without productive externaiity ¥Y=0 would have brougiit
A(0) to (AyCy).

Finaiiy, notice tiiat, from (5), the comparison with the ordinate of M, will detail as

v+ s
14) M —29 —1=(¢—1)|1—
(1) €= 2]
and hence oniy ciepencis, the component between square brackets ioeing unamiaiguousiy neg-

. >
ative, upon ¢ =1

On a metiiO(ioiogicai i)asis, the suiasequent argument shall hence first be organiseci around
the values of S that emerges as the most signiﬁcant determinant of 2 and thus of the piane
(T, M) over which the anaiysis is to be compieteci. A second step then consists in iocating
A(1/0) upon that plane. As the slope of A(1/0) is invariantly nil, a localisation simplifies to
place Alo), i.e., A and 7 (0) — these two latter coefficients can be considered in a separate
way due to the indepen(iency of .4 with respect to the values of 7.

3.2.1 Catciiing—up with the Joneses: ¢ > o

In that case and from (11), 2 > o. Assuming further that o < ¢ < Bs/(v+s), 2 < 1.
Moreover and from (14), as M — 29 — 1 > 0, A(1/0) is unambiguously located above the
Poincaré—Hopi segment [B@C_@} on Figure 7. It is also observed from the same Figure that
it now oniy remains to preciseiy locate A(o) with respect to the critical boundaries in order

13



to cornplete the analysis of the current case. For convenience, this value ]oeing strongly
clependent of the one undertaken by the capital spiHover effect v >0, it shall hencerforward
be denoted as Ao;7). Recauing that in the no capital externahty case, A(0;0) locates upon
(A@C@), the equih]oriurn emerges as being always determinate in such a conﬁguration. As
a matter of fact, the equilibrium dynamical system assuming two predetermined variables,
narnely ko and C_,, the steady state Currently exhibits a canonical Sad(ﬂe—point structure. Yet,
as soon as v > 0 and from (14), A(0: 7) can be located either on the R.H.S or on the L.H.S. of
(A@B@) accorcling to the value of the elasticity of interternporal substitution in consumption
1/7. Actuauy, noticing that 7 (0) — —o0 as 1 — o, it appears that a ﬂip bifurcation is
typicaﬂy bound to occur, i.e., there exists 1 Jo” such that one of the characteristic roots goes
through —1as 1/o crosses 1/07 . In addition, as regards to the saddle-node type bifurcation,
that occurs as A(0;7) crosses (A_@C@), it currently does not indicate a persistent exchange of
the number of steady—states, that is assumed to be unique, but rather a structurauy unstable
situation where there are a continuum of steady—states. The latter occurs for a value of
the elasticity of substitution between capital and labor, namely (1 — s)/v, such that the

equilibrium marginal product of capital does not clepend upon the level of Capital.6

Figure 7: Catching up with the Joneses [¢ > o, (v + s)¢/8s < 1]

Assume now that ¢ > 8s/(y + s). From Figure § and as long as ¢ < 1, A(1/0) locates above
Cy and the qualitative picture reached in the former case is entirely recovered. Oppositely,
when ¢ > 1, A(1/o) ]oeing now located below €, a Poincare/—Hopf bifurcation (quasi—periodic

equili]oria) is bound to occur even in the absence of Capital externality7 It is nonetheless

worth stressing that the requesite ¢ > 1, which is actuauy equlvalent to ull, +ule, > 0, means
that the external influence of the benchmarl{ level of consumption dominates the dlrect own

consumption offect.

0Notice that this is nothing more but the speciﬁcation aHowing for en&ogenous growth which is always
characterised ]oy an unit root.

7Frorn the Fl%ureb the ﬂlp and saddle-node bifurcations schemes deplcted in the first case are both left
qua litativel y una tered as .# > o. Thus and for convenience, only the constant returns to scale case is deplcted
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Figure 8: Catching up with the Joneses [¢ > (]

3.2.2 Running—awa,y from the Joneses: ¢ < o

Contrariwise and for this parameters conﬁguration, 2 < o. In addition and from (14), A >
29 +1 uniforrnly holds and the position with respect to the ordinate of Cy is unam]oiguously
established. Assume first that 19| < 1, ie., || < Bs/(y+s) on Figure 9. Here again the
requesites for the occurrence of a ﬂip bifurcation remain qualitative]y unchangecl. A more
remarkable feature is rather that there exist admissible values for g, i.e., values within the
currently assumed interval, such that .7 < 1-29. Recauing (5), this indicates that there is a
non-empty interval for ¢ ensuring that A(1/n) will be located between By and €. Therefore,
foHovving the same line of arguments as for the ﬂip bifurcation, one concludes that there are
consistent parameterisations such that not only both types of bifurcations will exist ]out, more
remarkalaly, local indeterminacy (a stable steady state) is bound to emerge as the economy

passes through the triangle (A_@B_@C_@) (vide Figure 9)8

To sum up, the most stringent results of the above graphical analysis are i) in the Catching—up
of the Joneses case, relying upon a strong external effect of the economy average consumption,
the model exhibits deterministic quasi—periodic equﬂibria; ii) in the Running—away from the
Joneses formulation, even for moderate influence of the benchmark level of consumption,
not only deterministic quasi—periodic paths may occur, but equilibria may also be 10cally

indeterminate.

8As it does not bring any new feature, the last case |2| > 1, i.e., 5| > Bs/(y + s) on Figure 9 is not detailed
(remark nonetheless that for ¢ = -1, M = —1,ie., the ordinate of A@).
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Figure 9: Running Away from the Joneses [¢ < 0, —1 < (v + s)s/8s < 0

4 A Heterogeneous Agents Eeonomy
41 The setup

As an another iuustration, this section will consider a variation of the heterogeneous agents
economy introduced ]oy Woodford [16]. The preferenoes of the capitalists are described ]oy:
Zfio ﬁtuc(cf), for B €lo, 1] and cy respectively their positive rate of marginal impatience and
their consumption at date t > o and for u(-) a continuous concave instantaneous utility
function which maps R, into R, is of class Ck, k > 3, over R7 and satisfies the Inada
conditions at the origin. These agents maximize the above objective over a constraint set
defined from their intertemporal budget constraint:

(15) Cf + Ktc-‘rl + mif—l—l/pt = (Tt +1-— 5)Ktc + mzf/ph

for my; > 0 and Ki > o the respective nominal money balances and Capital stock held ]oy
capitalists at the beginning of period t, pe the price of the produeed good, T the real return on
capital and § € lo, 1] the depreciation rate of the capital stock. Fouowing Woodford [16] and
also resting upon the detailed argument available in the Appenchx A of Grandmont, Pintus
et de Vilder [16], the su]osequent argument will focus on equililoria along which m; =0 and
Ky > o. The latters are thus characterised ]oy the holding of:

(16) (uc)/(cf) = PR, (uc),(cfﬂ),
¢+ K{, =RK;.

forRt::rt+1—5.

In parallel to this, wage-earners instantancous preferences are represented by a separable
utility function (cw) —aw(l), where a € lo, 1] denotes their common discount rate; cv and
l respectively label their amounts of consumption and worked hours. It is assumed that both
u®(-) and v(-) are increasing maps from R, into R which are C*, k > 3, over R*, u(-) and
v(+) ]oeing respective]y strict]y concave and convex over that set. Let my > 0 and K >0
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iae, respectively, nominal feature the money balances and Capitai stock held ioy workers at
the outset of perioci t. Letting Wy denotes the monetary wage, at time ¢ workers face the
foiiowing constraint set :

(17) o + K&, +m, /pe = wily + (’rt +1— 6)Ktw +my’/py
¢ + Ky < (re+1—8) K +mi /.

Whilst the first relation (iepicts an usual i)li(iget constraint, the second imposes a finance
constraint stipulating that labor incomes are not available to finance gOO(i expenditures. The
focus shall henceforward be placed on equilibria that satisiy K =o0,m{ >0 and a i)i(i(iing
finance constraint. The latter are thus characterized iby:
Pt w\’ [ w
(18) w () (e8,1) = v/ (1),
Ptta
Pt

_Ct+1 = wtgt'
Pty

Under the gross substitute axiom that ensures the uniform iioiciing of (uw) , (cw) +c (u“’) ! (cw) >
0, the equations above actuaiiy boil down to:

(19) ety =w(t) = [(%") " 0 7] (4),

for 2 (cv) == cu/(cv) and ¥ (¢) := (' (0).

The unique gooci can be consumed or accumulated and is prociucefi iay a continuum of Erms,
normalised to one, that act competitiveiy tiirougii a common aggregate prO(iuction function
F (Kt, Lt), where F (,°) satisfies to the same range of standard properties listed in Section 3
when it is speciaiised to constant returns to scale and v = o, the first order conditions of the
firm proioiem ]oeing thus re = Fp (Kt, Lt), wy = F] (Kt, Lt).

Lastiy, noticing that the money market ciearing condition writes as wly = M/p; = ¢, for M
the constant level of money suppiy, it is rea(iiiy shown that a ciynamic equiiibrium sumimarises

to an infinite sequence {Kt, Ly, cf}:;oj for which :

(20) (uc),(cf) — B[F,’( (Kt+1, Lt+1> +1— (5] (uc)/(cfﬂ) =0,
Ky — [Fie (K, Le) + 1= 6] Ky + ¢ = o,
Fi (Kt+1, Lt+1)Lt+1 - w(Lt) = 0.

Linearising again the (iynamicai system in the neigiiioouriiood of the steaciy state, maintaining
the system of notations introduced in Section 3 for the eiasticity of substitution between the
prO(iuctive iactors, the share of wages, the share of proﬁts, the eiasticity of intertemporai
substitution of the capitaiist but also introdueing the eiasticity of the reciprocai offer curve of
the worker along & := ¢/(L)L/4(L) > 1, from Appendix 3, the coeflicients of the third order
associated characteristic poiynomiai write down as :

1 —

(1) Z=1+0"— — [ —n(1-flot
_1\ O¢€ ., 1-—3s 1—35
M= (1457 B = ——o— ——[1 = n(1 = Blez,
g B o —o(1 — 3)6’
g— S
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for 0:=p""—1+49. As a matter of comparison, it may be noticed that the speciaiisation
of the Capitai—iioi(ier preierences to a neperian—iogaritiimic formulation would have entailed
a signiﬁcant formal simpliﬁcation: it is indeed reaciiiy checked that there then exists T and
D such that the above coefficients respectively restate as 7 = 37 + T, M4 = D + 3T
and 9 = 67'D. Otherwise state(i, (7' emerges as a trivial eigenvaiue and there exists a
second-order polynomial 2(-) with coefficients T and D that satishies 22(2) = (1 — 2)2(2).
incidentiy, further ietting — aiong these authors — 6=1, the expression of the characteristic
polynomial analysed in Grandmont, Pintus and de Vilder [14] is recovered.

42 The anaiysis

[t can be established that whenever the capitaiists preferenees are iogaritiimic, o> s is suf-
ficient to preciu(ie the emergence of quasi—periociic as well as iocaiiy indeterminate equiiiiaria
— vide Grandmont, Pintus & de Vilder [14]. A Conﬁguration o > s shall henceforth uni-
iormiy be retained but the current anaiysis shall oppositeiy provi(ie a more Compreiiensive
account based upon a generai class of assumptions on capitaiists preierences — iormaiiy, 7 is
not any ionger speciaiise(i to 1. The most noticeable feature of (21) for the current purpose
then formulates as the in(iepen(iency of the coefficient 2 with respect to the eiasticity of
intertemporai substitution of capitaiists, ie., n. Tiius, seiecting n as the tuning parameter,
it i)rings about the possiioiiity of a pureiy geometric argument for appraising the (iynamicai

properties of the model.
[t is first noticed that

1—S

(22) 7'(n)=—(1—He>o.
M) = — (1= B)es >0

whence a half-line directed towards the north-east as the parameter 7 is raised:

A
T'(n)

(23) A" =e.

A further nice property that holds whatever the considered parameterisation is related to
the origin of the half-line A(n). As a matter of fact, since —1 + 7(0) — #(0) + 2 = o,
Ao) € (AgCy) and is fully localised by its ordinate

1+ 7 )oe —o(1—s)(1+¢)

(24) A (0) = ( +67

Aiong Section 3, a geometricai approacii starts ioy iocating the un(ieriying piane that in turn
impiies to position ¥ with respect to +1. Firstiy remari{ing that

o — fo(1—s)

g — S

(25) 2 =p0""1 £:= (1P,

for 67> and £ > 1, two cases are to be considered.
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Case 1 Bo(1 — s) < s. [n that case, I > 1 whatever the value of . As A" > 1 and from
Figure 10, any scope for a Poincaré—Hopi bifurcation is ruled out. From (23), A" > 1 iaeing
independent of o, the discussion shall be organised around the dependency of the location of
A (0) with respect to o — restricted to ]s, +00) — and thus based upon a notation . (0; o).
As this is illustrated on Figure 10, the key element will state as the position of .# (0;0) with
respect to A4y, = —1. Facing thus with the sign of M (0;0) + 1, it derives that:

Bo(r —s)

g = .

(1+ B)s — Po(r — s)

(26) lim,_[1+ .#(0;0)] = 200 <= ¢

AV

Hence, for a given ([, s, 0) such that 3 o(1—s) < s, two Coni'igurations are to be distinguished

Least Upper

Bound \ /'i

Figure 10: 8o(1 —s) < s [ < 4].

according to the asymptotic behaviour of .# (0;0). As this is pictured on Figures 10 and ii,
a characterisation becomes available:

l. fore<e [iim(,_,s[l + A (0;0)] = —oo],

(a) if 0 <0Z =Bo(1—5)/(1+8) +s/(1+e¢), for o7 the value of & for which A(0) €

(A@B@) and thus .# (o; o7 ) = —1, the system is ﬁrstiy iocaiiy indeterminate with
a degree of indeterminacy equai to one, then undergoes a ﬂip bifurcation and is

eventuaiiy iocaiiy determinate ;

(i)) if o0 >07 , the system is iocaiiy determinate ;

2. fore >z [iima_,s[i + M (0;0)] = —|—oo], the system is locally determinate for any o €

|, 00).

Case 2 Bo(1—s) > s. In this outstanding Conﬁguration, the most signiﬁeant case turns out to
be 7 € lo, 1] — the occurrence of 7 > 1 mainiy boils the argument down to the one deveioped
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Least Upper /
Bound A Cy

Figure 11: Bo(1 —s) < s [ > &].

in Case 1. This requires the satisfaction of:

o(1—s)e—s
e —1 '

Letting, for future reference, o := Bo(1 — s) and & := [o(1 — s)e — 5]/(87*¢ — 1) denote the

(27) Bo(1—s) <o <

minimal and maximal admissible values for o, the main argument will anew be organisecl
around the position of A(o) with respect to o and e. As this is illustrated on Figure 12, the
key elements are, for 2 €lo, 1] and a straight-line whose origin A(o) lies on (A@C@), the
actual location of A(0) with respect to points Ay and Cy and thus of .#(0) with respect to
My, = —1 and Mc, =1+29. Facing first with My, and thus with the sign of M (0;0)+1

at the lower and upper boundaries o and & :

<o if5<§;

(28a) 1 —I—//l(o;g) {> o ife>c

(28b) 1 + M (0,5) >0 for any & > 1,
for ¢ = (1 + ﬁ_l)s/ﬂg(l —s)—1, the formal details underlying the derivation of (28]9) ]oeing
available in Appendix 4. Similarly locating .2 (0;0) with respect to M, and exploring the
involved sign of . (0; a) —1— 2.@(0) at the lower and upper boundaries g and &
<o if e <&
20a) A (0;0) —1—29(c ’
(208) ( _) (_){>o if e > &
<o ife<e
29b) A (0:5) —1— 29 (5 ’
(29b) ( ) (>{>0 if e >z
for & .= 1+ (87 —1)s/Bo(1 — s) whilst the existence of £ is proved in Appendix 4. An
eventual Checking in the latter further ensuring the satisfaction of e < é<E§, four distinct
conﬁgurations reveal to deserve an explicit consideration:
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o £ ¢,

, " Least Upper

;‘/// Bound

Figure 12: Bo(1 — s) > s, e < g]

This is unambiguously the most complex occurrence, noticeably because it raises an extra
formal issue that is illustrated by Figure 12: for oc<o”, does there exist a critical value for
o, henceforward o that is associated with the emergence of a Poincaré—Hopf bifurcation ?
This boundary value 0?7 is defined from the requirement that the half-line A(5) with slope
e goes through By,. From a given ¢, one then seeks o such that A (0;0) — M3, /[T (0;0) —
Ty, = A = ¢, that gives:

e _ (B =)-9-as  Bel—s)

- G —0)(t2e+1)  1-0

At that stage and although this procee(ls from a boundary argument, it is worth noticing
that this parameters Conﬁguration — the occurrence of which is illustrated through Figure
12— is non-empty in a somewhat trivial way in that it embeds ¢ = 1. A typology hence

becomes available:

— foro € }g, ot [ and as 7 is increased, the economy will be 1ocaﬂy indeterminate with
a degree of indeterminaey equal to one, then undergo a Iqip bifurcation and ﬁnaﬂy be

1ocaHy determinate ;

— foro € } o2 o7 [, an even more complex scenario emerges as an increase in 7 imphes that
the system starts from an area with a unique degree of indeterminaey, then undergoes
a ﬂip bifurcation and falls in an area — the triangle (A@B@C_@) — with a degree
of indeterminacy of two, then undergoes a Poincaré—Hopf bifurcation and eventuauy

recovers local determinacy ;
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— foro € ]gg , 6[, the system starts into an area with two degrees of in(ieterminacy, then
undergoes a Poincaré—Hopf bifurcation and ﬁnauy exhibits local determinacy.

[t should be emphasised that the illustration of this Conﬁguration through Figure 12 is not
the sole one that ﬁts e <E. The occurrence of g‘%f < o< o7 Would equauy he admissihle.
The transposition of the preceding typology heing however straightforward, it will not be

detailed further.

~

o c Jle<e.

/ , Least Upper
/ e Bound
/
/ /
Least Lower / /

Bound\ / /
/

Figure 13: Bo(1 —s) > s, [ <€ < €]

This second occurrence — depicted in Figure 13 —is oppositely quite sirnple since the whole
interval of admissible values for the elasticity of substitution between the inputs, namely
}g, 5[, will entail a local indeterminaey with a degree of two — the economy starts in the
triangle (A@B@C@) as 7 is increased —, the occurrence of a Poincare/—Hopf bifurcation and
eventuauy recover local uniqueness, the uniformity of this Conﬁguration heing noticeahly
strengthened hy the disappearance of any area for a ﬂip bifurcation.

~ —

o cJle<eE.

This third conﬁguration — illustrated through Figure 14 — reintroduces a certain degree of
compiexity in the analysis. Firstiy characterising the limit value for o such that the ordinate
of A(0) locates on Cy, 577 is found by solving .#(0;0) — 1 — 22(c) = o. Its expression

derives as:

GPH Bo(r — ) S

1— 03 e—1’

It is ﬁnaﬂy obtained that:
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Least Upper

/ ,"' — Bound

Least Lower /! S

Bound\ /
/

Figure 14: Bo(1 —s) > s, [¢ < e < ]

— foro € |o, g [ and as 7 is increasecl, the system rephcates the kind of behaviours that
uniformly prevailed in the former occurrence, namely, an inception with a high de-
gree of local indeterminacy that is followed by a Poincaré—l‘lop{j bifurcation and a final
recovering of local determinacy;

9%76.[7 1

—foro € lo ocal determinacy will be available throughout as 7) spans its interval.

e c>c. ,
Least Lower Least Upper

Bound\ /"i '~ Bound

Figure 15: Bo(1 —s) > s, [¢ > ¢]
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Fina”y, this ultimate occurrence portraye(i in Figure 15 is unequivocaiiy the sinipiest to
grasp in iaeing characterised by local uniqueness for the whole interval } g,&[ and for any
n €10, 400).

[n conclusive terms and to sum up, the central insigiits of this appraisai on an enriched
version of the Woodford [16] setup list as the appearance of a class of indeterminacy results
that do not necessariiy involve low orders for factors Substitutai)iiity and are, e.g., available
for baseline Coi:)]o—Dougias teciinoiogies. Tiiey overall appear to be linked to low orders for
the eiasticity of the offer curve and thus to iiigii values for the eiasticity of labour suppiy as
well as to low orders for the interternporai eiasticity of substitution in consumption for the
capitai—iloi(ier.
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6 PI‘OOfS

6.1 The impiicit Function Theorem Argument

The ioiiowing lemma characterizes the modulus behaviour near the critical loci.

Lemma 1 Consider the eigenvaiue 2T, M,9). By construction, 2T, M,9) = —1 when
P(—1) = o, 2(T, M,9) = 1 when 2(+1) = 0 and |2(T, 4, 2)| = 1, P(D) = o for
|7 — 9| < 2. Then:

1 for 2/ ,: =de( T, M, D)) dM\. 747~
(a) 2y <o0it 7 -2 < —,
(b) 2y >0if 7 -2 > —;
2 Mor o) = do( T, M, D)) d2|. 7t 7)=r,
(a) 2y <0if 7 -2 <2,
(b) 2y >0if 7 -2 > 2
. dalze| = d|z( T, M, D)) dM |- (7 .t1.99/=: > O

PI‘OOf :

1. The argument builds from a straigiitiorwar(i appiication of the impiicit Function Theorem
and it is assumed that 2(.7, .#,2) = —1 is a regular zero of 2(.). Fixing 7 and 2 and
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taking the differential of —[2(7, .4, 2)3 + T[T, M, D))? — M 2T, M, D) + D = 0, this
yiei(is :

d:( T, M, D) AT, M, D)

A T MDD+ T AT, M D — MAT, M, D)

Evaluating then the former equation at (T, M, 2) = —1 and recalling that 1+ 7 +.#4+2 =
0:
dz(T, M, D) 1

dH _2—1—3—.@’

whence the statement.
2. This follows from a simpie a(iaptation of the arguments used in 1.

3. The argument of the prooi: builds from a twice appiication of the Impiicit Function Theo-
rem. Actuaiiy, the determinant i)eing equai to the prociuct of the eigenvaiues, in the present
Conﬁguration, it may be restated as

2
9

D = 2T, M, D2 T, M, D)

where z,(7, M, D), 2(T, M, D) and }zc(ﬂ, M, .@)} denote the real eigenvalue, the nonreal
eigenvalue and its norm, respectively. Tai{ing the total differential of the above equaiity for
fixed values of .7 and 9, it comes, with non confusing notations :

2
0o = z;|zc‘ d//l+2zr’zc|d}zc‘,
/ 2
—ZT}ZC‘
dalz| = —F—
2zr‘zc|

By now, applying the Implicit Function Theorem to the relation —[2(7,.#, 2)3+ 7 [2(7, .4, 2))2—
MANT, M, D), it is rea(iiiy obtained that

zr(‘?? %7 ‘@)

(T, M D) = (T, M D+ T[T, MDD — MAT, M, D)

Whenever |zc(<7, M, @)| =1, (T, M, D)= D. Reminding that in order for the modulus
to be equal to one the relation .# = 1+ (7 — 2)2 must hold, it is obtained that :

_ ! 1 .
2297 — TP +1

d//l’f%('??%a‘@)i

As for the sign of the denominator, consider a small perturbation T =24+ D +e, for & small.
Piugging this expression into the second-order poiynomiai 29— TP +1 = o, it restates as :

2°—(24+¢)Z+1=o0.

[ts discriminant is given iay A=(24¢)2—14 and it will assume compiex roots if and oniy if
€ <o, ie., for 7 -9 <. Compieting a mirror approach for 7= -2+ 9, it iinaiiy derives
that 22° -~ 79+1 > o0 as iong as the condition ‘9 — @‘ < 2 will be satisfied. The statement
3 follows. A
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6.2 Catching Up with the Joneses: Derivation of the Coefficients of the

Characteristic Polynomial

Linearising the characteristic polynomial in the neighbourhood of the steady state leads to:

Further noticing that ¢*/K* + 1

[ dciys ] ¥ (1—s)c 1(1—8)(c N n [ de T
_— — —_— — —_— 1 R —
c* i c K n o K* i c*
th+1 — c* c* th
K G (7 i > N N
dXt+1 dXt
| X* _ | 1 O O a L X* h

1/0s and 1etting, eg. J, denote the first element of

the first row in the above Jacobian Matrix, the expressions of 7 , M and 2 in the main
text are straighforwardly derived by noticing that they respectively correspond to Ji, + Jas,

']11J22 - J12J21 - J13 an(l _J13=]22-

JAN

6.3 Derivation of the Coeflicients of the Characteristic Polynomial

Omitting arguments, a linear approximation of the dynamica] system at the steady state

delivers:

(uc)//dct - (uc)//dctﬂ — B(Fgg)WdKp, — B(Fgp)h'dLiy,
[(Fix +1—0)]dK, — (Fip) KdLq + de,
(FyL)dEy s, + (F)LL + F})dLes, — /dL,

th+1 -
Letting
ue / Jaly
n:i= _(—)//7 0 = K,,L7 =
cc(uc) FFKL

LF,
S = Ia

, €

_ L
G

and noticing that —KFJ . /Fl. = (1 — s)/o, —=LF}, /F} = s/o the earlier system restates, for

0:=0""'—1+49, as:

o) ()
1 (0]
G ()

(0] (0]
- p{—l_sﬂﬁp)‘l} p(1;8
i (0] 13

K
L
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It is ﬁnaﬂy straightforward to recover the expression (21) of the main text. A

6.4 The case Bo(1 —s) > s.

a/ Facing with the upper boundary &:
/ g pp y

o= 512 = (1467)sz
o(1 —s)e — B 'se '

1—1—.///(0,5) =

The numerator ]oeing a polynomial in £ that reformulates a]ong

14+ [71)3s

Pe) =+ [2_(9(1—5) ]a+1,

its roots €,,¢, satisfy €, 65 = 1 and €, +e, < 2 that readﬂy implies the satisfaction of
P(e) > o for every e > 1. Whence the statement (29) in the main text.
b / M (0, 5) —1—29 (6) currently depicts a po]ynomial of degree two in . The numerator

of the latter is available as
P(e) = o1 5)(e — 1) — (1 - F7)se,

that in turn describes a U-shaped convex polynomial. Further noticing that 22(e)|.—, =
—(1-B")se <o and that 2/(c) = o for e = [(1—=57)]/20(1—3)+1 > 1, this ensures the
existence of a zero for & (), say &, such that > 1. In addition, and though its expression
remains implicit, the statement (31) becomes available.

c / The eventual task lies in the ranking of the various values for g, narnely £,€,€ that have

appeared from the analysis of the values undertaken by M (0,0)+1 and ///(0; o)—1—29(0)
at o and 7. First recall that, by deﬁnition, @(5‘) = 0. Dince it is readily checked that

S

P& = (57 s gy ] <o

this in turn implies ¢ < & In the same vein, as

R s
E—eg=2{1——| > o0,
- { Bo(1 — S)}
the rank of the main text becomes available. A
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