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Abstract

In this paper, we consider a discrete time version of the endogenous
growth model developed by Barro [1], but augmented in order to consider
public production. Policy solutions are characterized to maximize the
social welfare and stabilize the economy. More intervention is required
under a higher elasticity of intertemporal substitution, because the public
good is a productive externality. As soon as the growth rate of the econ-
omy lowers, indeterminacy can be generated by higher degrees of private
production, and, then, even a small proportion of public production can
have a stabilizing effect. Moreover, the way the public dividends are used
matters for the stability properties of the economy: public dividends are
used to provide flows of public services and/or long-run infrastructures.
According to the value of the elasticity of intertemporal substitution and
the proportion of public and private production, a higher share of pub-
lic dividends used to install infrastructures can stabilize the economy.
Endogenous fluctuations are possible within the model for plausible cali-
brations.

Keywords: public spending, growth cycles, sunspots.
JEL classification: N1, H4.

1 Introduction

During the last three decades the end of planned regimes and the waves of mas-
sive privatization either in transition economies or in western countries have
raised many fundamental economic questions. Among other tricky puzzles or
urgent policy matters, the main concern probably remains to understand how
desirable the private ownership of the productive system is. The usual argu-
ments for privatization point out the sources of economic inefficiency intrinsic to
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public production. More precisely the economists evoke the difference of goals
between private and public firms (profit versus political and electoral targets),
the weigh of bureaucracy in the public sector jointly with the power of unions
and the more general lack of incentives (under the State wing, managers care
less about the risk of bankruptcy, and workers about the risk of firing), public
managers’ corruption and sensitivity to political pressures, private managers’
finer awareness of the market.

By contrast, other arguments justify a public ownership of the productive
system as a policy instrument. Returns on public production enter the State
budget jointly with taxes, inflationary taxes and issue of public bonds. However
tax implementation requires the fiscal target to be observable, while seigniorage
and bonds generate current and future inflation.

To keep matters of public finance as simple as possible, it is assumed that the
public dividends finance the provision of a pure public good, an externality that
improves the productivity and works as growth engine.1 To shed a light on this
specific mechanism, we focus on a competitive economy where the government is
as efficient as the private sector, and exerts no market power (in some strategic
activities the State plays the monopolist, but we assume the competitive sectors
to weigh more and public firms to be generally price-takers).

In practice we modify a discrete time version of the endogenous growth model
developed by Barro (1990) to take in account the public production.2

We deal with the occurrence of endogenous fluctuations dues to market im-
perfections (externalities and taxation/public production). In Barro (1990) the
economy jumps from the very beginning on the balanced growth path, while in
our context there is room for (possibly indeterminate) transitional equilibria.
We study the size of the public sector jointly with the impact on the emergence
of endogenous fluctuations, and we prove that a level of public production could
stabilize the economy (in the sense of saddle-path stability). One may be con-
cerned with in what our model actually differs from a version of Barro (1990),
where only the capital taxation should be taken in account and the tax should
put at once on dividends and capital gains. The rather surprising variety of
our dynamics comes essentially from the assumption that the public spending
is only financed by public dividends.

We prove in our paper that for low levels of economic growth, indetermi-
nacy can be generated by high levels of private production. Then a proportion
of public production has a stabilizing effect and when the private production
stays beyond a given level, endogenous fluctuations are no longer possible. Fur-
thermore, the way the public dividends are used matters for economic stability.
Actually, for low levels of public production and low elasticities of intertemporal
substitution, indeterminacy is possible for any use of dividends but providing

1In Gibson and Dutt (1993) state sector profit are used to finance the public spending.
However consumers’ preferences are roughly captured by an exogenous saving rate and the
authors miss out on the dynamic richness of the model. On the dynamics of privatization
within an endogenous growth setup, see also Zou (1994).

2See also Cazzavillan (1996) where the presence of public goods creates positive externali-
ties both in the production and consumption sectors
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infrastructures can stabilize the economy as soon as the elasticity of intertem-
poral substitution increases. Moreover, a large proportion of public services has
a stabilizing effect for higher shares of public production and for low values,
sufficiently close to zero, of intertemporal substitution. Beyond a critical level
of public production, the fact that the government mainly provides services
from public dividends avoids endogenous fluctuations. A plausible calibration
stresses the destabilizing power of a privately owned production (indeterminacy
and cycles), at least in economies with low growth level.

The paper is organized as follows. Section 2 presents the model. Section 3
defines the competitive equilibrium, while section 4 characterizes the existence
of a stationary equilibrium. In section 5 the optimal degree of privatization is
computed. Section 6 studies the occurrence of multiple equilibria and cycles
and provides general conditions for indeterminacy. Section 7 characterizes a
slow growth regime and applies a geometrical method to analyze the endogenous
fluctuations. In section 8 calibrations confirm how plausible the emergence of
endogenous fluctuations is, when associated to a proportion of public produc-
tion. Section 8 contains some concluding comments, while all the proofs are
gathered in the Appendix.

2 A model of growth

The economy is populated by a large number of identical infinite-lived house-
holds. The representative agent maximizes a utility function

∑∞
t=0 βtu (ct),

where ct is his consumption level at period t, and the positive discount factor
β < 1 captures the time preference.

Assumption 1 The elasticity of intertemporal substitution σ > 0 is con-
stant:

u (c) ≡ c1−1/σ/ (1− 1/σ) (1)

In each period the agent supplies inelastically one unit of labor and intends
his labor and capital income to buy and smooth consumption over the lifetime.
The capital income comes from a portfolio of firms shares and public bonds.
The period t budget constraint he faces, is thus:

ct + qt (zt − zt−1) + bt − bt−1 ≤ dtzt−1 + (Rt − 1) bt−1 + wt (2)

where zt, qt and bt are respectively the demand of firms shares, their price and
the demand of public bonds, whose price is normalized to one. dt denotes the
dividend per-share distributed by firms. Rt and wt are the interest factor paid
on bonds, and the wage.

Utility maximization subject to (2) gives a no-arbitrage condition: Rt+1 =
(qt+1 + dt+1) /qt, jointly with the usual Euler equation:

u′ (ct) /u′ (ct+1) = βRt+1 (3)

and the budget constraint, now binding. As usual the transversality condition
ensures the convergence of the series: limt→+∞ λtkt+1 = 0.
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In the following g ≡ G/N will be the amount of productive public good
per worker, where N is the population size. For simplicity public services are
provided with no user’s charges and are assumed to be free from congestion
effects. In line with Barro (1990), these services enter the production as exter-
nal inputs. However, we crucially differs in the ownership of the competitive
production sector, now supposed to be partially public. More exactly a part ν
of the firms shares is owned by the government. Think 1 − ν as the privately
owned fraction of the firms, or, with some misuse of language, the privatization
degree of the economy.

Capital depreciates from a period to another at a constant factor ∆1 ∈ [0, 1].
Given the sequence {gj}∞j=t, at time t, the firm chooses the forward-looking
factor demands to maximize the value:

max
{Kj+1,Nj}∞j=t

Dt +
∞∑

i=t+1

Di∏i
h=t+1 Rh

where Dt = Zdt = e (gt) AF (Kt, Nt) − (Kt+1 −∆1Kt) − wtNt is the total
amount of dividends at time t. Z denotes the number of shares. e (gt) AF (Kt, Nt)
is the constant returns to scale production function, where e is the externality of
public spending. In the following k ≡ K/N will denote respectively the capital
per worker. Production is shaped as follows.

Assumption 2 The intensive production function y (k, g) ≡ e (g) Af (k),
with A > 0, f ≡ F/N and e, f ∈ C2, is strictly increasing, concave in both ar-
guments, and homogenous of degree one. Each input is necessary, y (k, 0) =
y (0, g) = 0, for all k > 0, g > 0. Moreover, limg→+∞ e (g) = +∞, and
limg→+∞ [g − e (g)] ≥ 0.

In equilibrium the factor productivity equals its price:

Rt = ∆1 + e (gt) Af ′ (kt) (4)
wt = e (gt) A [f (kt)− ktf

′ (kt)] (5)

3 Competitive equilibrium

In order to simplify the model, but without loss of generality, we set the supply
of bonds equal to zero. Moreover, if ν denotes the nationalization degree of the
economy, νZ is the endowment of shares in the government hands.

We suppose that the public dividends at time t are the only way to finance
the public good. The latter is provided at time t + 1. More precisely the real
returns νZdt are transformed, by means of a one-to-one technology, in public
good. The government pays no interests on bonds and faces a simple budget
constraint: Gt+1 −∆2Gt = νZdt. The public good depreciation factor ∆2 gets
different values, according to the shape of the model. If we think of the public
good as a flow of services, then ∆2 is close to zero. If we interpret the public
good more in terms of long-run infrastructures, then ∆2 approaches one. A
composite good will get an intermediate depreciation value.
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Workers’ population is constant over time and, for the sake of simplicity,
normalized to one: Nt = N = 1 for every t. Since the dividends in one period
are what remains from the production after the net investment in capital and the
payment of current wages, the government constraint gt+1−∆2gt = νZdt can be
rewritten gt+1−∆2gt = ν [e (gt) Af (kt)− (kt+1 −∆1kt)− wt], or, equivalently,
from (4) and (5):

gt+1 −∆2gt = ν (Rtkt − kt+1) (6)

Eventually the good market equilibrium requires the production supply to
be equal to the demand for future public good and net investment, and current
consumption.

e (gt)Af (kt) = kt+1 −∆1kt + gt+1 −∆2gt + ct (7)

In the following the dynamic properties of the economy are more easily
characterized in terms of the capital growth factor γt+1 ≡ kt+1/kt and the
consumption-capital ratio xt ≡ ct/kt. From (1) and (3) we have:From (1) and
(3) we have:

γt+1 = (βRt+1)
σ

xt/xt+1 (8)

Setting ht ≡ gt/kt, from equations (4), (6) we obtain:

ht+1γt+1 −∆2ht = ν (Rt − γt+1) (9)

Under Assumption 2 (homogeneity of the production function in g and k), (4)
becomes: Rt = ∆1 + e (ht)Af ′ (1). From equations (9), (7) we obtain the
dynamic system[

ν + e−1

(
Rt+1 −∆1

Af ′ (1)

)]
γt+1 = νRt + ∆2e

−1

(
Rt −∆1

Af ′ (1)

)
(10)

(1− ν) (γt+1 −∆1) = (1/s− ν) (Rt −∆1)− xt (11)

jointly with (8), where
s (k) ≡ kf ′ (k) /f (k) (12)

is now the share of capital on total income and s ≡ s (1) ∈ (0, 1). Assumption
2 ensures e to be invertible.

Definition 1 A competitive equilibrium with public good externalities and a
degree 0 < ν < 1 of public ownership is a path

{(
Re

t+1, x
e
t

)}+∞
t=0

that satisfies
the system (10-11) for every t ≥ 0, given h0 = g0/k0.

4 Steady state analysis

Definition 2 A stationary equilibrium is a constant sequence {(R, x)}+∞t=0 , which
satisfies the dynamic system (10-11):

R = ∆1 + e

(
ν

R− γ

γ −∆2

)
Af ′ (1) (13)

x = (1− ν) (R− γ) +
1− s

s
(R−∆1) (14)
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where
γ = (βR)σ (15)

is the balanced growth factor.

The first equation gives R, the second one gives x. As usual growth is
positive, iff R > β−1. Equation (13) determines independently the stationary
value of R. The series of the intertemporal utility evaluated along the balanced
path ct = c0γ

t converges (to c
1−1/σ
0

[
(1− 1/σ)

(
1− βγ1−1/σ

)]−1
), iff βγ1−1/σ <

1, that is iff the stationary transversality condition holds

R > γ (16)

At the steady state the dividend is equal to dt = (R/γ − 1) kt and (16) ensures
dividends and public spending positivity. Under the transversality condition,
equation (13) implies that R > ∆1 and that the RHS of (14) is always positive,
that is x > 0.

To characterize the existence of a steady state, we need to focus exclusively
on equation (13), or equivalently on ϕ (R) ≡ R − ∆1 − e (νξ (R))Af ′ (1) = 0,
where ξ (R) ≡ [R− (βR)σ] / [(βR)σ −∆2]. There are as many steady states as
the intersections of ϕ with the positive axis of abscissas.

Proposition 3 Let Assumptions 1 and 2 hold. (i) If σ ≥ 1, then a steady state
exists, iff

ϕ
(
βσ/(1−σ)

)
> 0 (17)

Moreover it is unique. (ii) Let now σ < 1. A stationary equilibrium always
exists and the number of steady states is odd.

5 Optimal nationalization degree

We are interested now in finding the optimal nationalization degree ν, that is the
degree of public ownership of the productive system, ensuring the maximization
of a welfare index, here represented by the representative agent’s utility function.

For simplicity, we focus on the case of balanced growth and we compute the
optimal nationalization degree ν.

Proposition 4 There exists σ∗ ∈ (0, 1), such that, if σ < σ∗, then the optimal
nationalization degree is given by

ν∗ =
(βR∗)σ −∆2

R∗ − (βR∗)σ e−1

(
R∗ −∆1

Af ′ (1)

)
(18)

where R∗ is solution of

R−∆2

(βR)σ −∆2
=

1
σ

R

(βR)σ

[
1− 1

1− s

R− (βR)σ

R−∆1

]
(19)

If σ > σ∗, then the full nationalization ν∗ = 1 is the optimal policy rule ensuring
the welfare maximization.
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Proof. See the Appendix.
Under a sufficiently high elasticity of intertemporal substitution, individuals

prefer to renounce to private dividends (ensuring an extra-consumption today
beyond the labor income), to obtain an extra-consumption tomorrow provided
by higher externalities of public spending and a subsequent higher future labor
income.

6 Multiple equilibria and cycles in a general frame-
work

To study the local behavior of the economy around the steady state, we linearize
the two-dimensional dynamic system (10-11), whose variables are rt and xt.
Depending on two predetermined variables (kt and gt in equation (4)), rt is
predetermined as well. By contrast xt ≡ ct/kt inherits the nature of non-
predetermined variable from ct. Therefore to observe indeterminacy, a sink
configuration is required around the steady state (both the eigenvalues inside
the unit circle).

Lemma 5 Under Assumptions 1 and 2, the characteristic polynomial of system
(10-11) is P (λ) = λ2 − Tλ + D, with

T = 1 +
1
z0

(
z1 + (σ + z0)

[
R

γ

(
1 +

1− s

s− νs

R−∆1

R

)
− 1

]
− R

γ

1− νs

s− νs

)
D =

z1 [(1− νs) R− (1− s) ∆1]−R (1− νs)
sγz0 (1− ν)

where

z0 ≡ R

R−∆2

1
1− s

R− γ

R−∆1
> 0 (20)

z1 ≡ R

R−∆2

[
1− ∆2

γ

(
1− 1

1− s

R− γ

R−∆1

)]
> 0 (21)

We observe that under the transversality condition (16) and γ ≥ ∆2, then
z0, z1 > 0. As seen above, the equilibrium is locally indeterminate, iff the steady
state is a sink.

Proposition 6 The steady state is a sink and local indeterminacy occurs, iff

max
{

σ + z0, 2
(1− νs) R + s (1− ν) γσ

(1− νs)R− (1− s) ∆1 + s (1− ν) γ
− (σ + z0)

}
≤ z1 ≤

(1− νs) R + s (1− ν) γz0

(1− νs) R− (1− s) ∆1
(22)

where R and γ satisfy, respectively, (13) and (15). Moreover, we have a trans-
critical bifurcation at

σ = z1 − z0 (23)
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a flip bifurcation (jointly with the emergence two-period cycles) at

ν =
2 (R + sσγ)− (σ + z0 + z1) [R + sγ − (1− s) ∆1]

2 (sR + sσγ)− (σ + z0 + z1) (sR + sγ)
(24)

and a Hopf bifurcation at

ν =
z1 (1− s) ∆1 + (1− z1) R + sγz0

s (1− z1)R + sγz0
(25)

The existence of stochastic sunspot equilibria around the steady state re-
quires equilibrium indeterminacy. A constructive proof, inherent to a general
two-dimensional system with one state variable, and then applicable to our par-
ticular context, is provided in Grandmont, Pintus and de Vilder (1998). We
observe that there is room for sunspot equilibria also along the saddle path,
provided the flip bifurcation is supercritical. In this case, we require the two-
period cycle to be stable to attract stochastic equilibria around, but faraway
from the steady state. Sunspot equilibria can be also constructed around the
limit cycle generated by a Hopf bifurcation.

6.1 On the saddle-path stability

The left-side inequality in (22) is violated by sufficiently high σ’s and we obtain
the following result.

Corollary 7 The equilibrium is unique (saddle point) for σ > z1 − z0.

6.2 On the plausibility of the Hopf bifurcation

From now on, we will assume that the public spending depreciates more than
the physical capital: ∆2 ≤ ∆1. The rationale is that the public spending is now
viewed as a mixture of long-run infrastructures with a depreciation rate close
to the capital one, and short-run services.

Corollary 8 If ∆2 ≤ ∆1,

R ≤ 2γ −∆1 (26)
ν < (1− s) /s (27)

and the Hopf bifurcation is no longer achievable.

7 Endogenous fluctuations with low growth rate

As seen above, public production can generate endogenous fluctuations when
the growth rate is sufficiently small. In fact, between 1966 and 1990, growth in
real GDP per capita in the OECD countries averaged only around 2% (Obstfeld
and Rogoff, 1999). But several western countries experienced in the last decade

8



milder growth rates. A local analysis of the growth rate in a neighborhood of
zero is, in this respect, justified.

If we consider the extreme case with no growth, the model becomes tractable
to use a geometrical method popularized by Grandmont, Pintus and de Vilder
[7]. This method allow us to focus on how some fundamental parameters mod-
ify the dynamic properties of the steady state. We will characterize the local
dynamics for a zero growth economy and we will extend the relevant conclusions
to economies with small growth rates, using a continuity argument.

7.1 Existence of a normalized steady state

In order to simplify the analysis, we follow the procedure introduced by Cazzav-
illan, Lloyd-Braga and Pintus [5] and use the scaling parameter A to normalize
the steady state (R∗, x∗) under a zero growth requirement (γ∗ = 1).

Proposition 9 Under Assumptions 1-2,

(R∗, x∗) = (1/β, (1− ν) (1/β − 1) + (1/s− 1) (1/β −∆1))

is a steady state of dynamic system (10-11), iff

A∗ ≡ 1/β −∆1

s [ν (1/β − 1) / (1−∆2)]
1−s (28)

We notice that now A∗ no longer depends on σ and that, since the growth
is null, equation (15) becomes the exogenous growth modified golden rule.

In the following, the headline is that, as long as we remain in a small neigh-
borhood of A∗, by continuity, the growth factor remains in a small neighborhood
of γ = 1, and the qualitative dynamic properties of the model persist. In other
words, there is a (possibly small) neighborhood of one, where the degree of sta-
bility remains the same. More precisely, sufficiently small growth rates (γ > 1)
are associated to the same number of eigenvalues inside the unit circle as in the
case γ = 1.

From now on, we denote SSS (Slow (Growth) Steady State) the stationary
equilibrium corresponding to γ = 1 + ε, with ε > 0, and sufficiently close to the
normalized one in order to keep the same qualitative dynamic properties.

7.2 Characteristic polynomial and geometrical method

In the rest of the paper, in order to ensure the existence of a normalized steady
state, the productivity parameter A is set equal to A∗.

Assumption 3 A ≡ A∗.
Let us consider the characteristic polynomial from Lemma 5 around (R∗, x∗).

Proposition 10 Under Assumptions 1-3, the qualitative properties of the SSS
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depend on the shape of the characteristic polynomial P (λ) = λ2−T λ+D, where

T = ω + (1− ω) ∆2

+ [1 + κ (1− β∆1)− ω (1− β∆2) (1 + κ − σ [1− β + κ (1− β∆1)])] /β

D = ∆2 (1 + κ) [ω + (1− ω) /β]−∆1κ [ω + (1− ω) ∆2]

with ω ≡ (1− s) (1− β∆1) / (1− β) and κ ≡ (1− s) / [s (1− ν)].

Now, our aim is to discuss the local dynamics around the normalized steady
state instead of those around the SSS.

7.2.1 The ∆-line

As in Grandmont, Pintus and de Vilder [7], we will analyze the local stability
of (R∗, x∗) by studying the variations of the trace T and the determinant D
in the (T ,D)-plane, when some parameters of interest vary continuously. This
methodology allows also to easily study the occurrence of local bifurcations.

We are mainly interested in how the dynamic properties of the economy are
affected by the levels of the parameters ν and ∆2. In our model, the proportion
of public and private production can generate dynamic disturbances through
two channels. The first one is the share of the production sector owned by
government, which is given by ν, a proxy of the “size” of the State. The second
one is the way the dividends from public bonds are used, which is related to the
nature of the public good, captured in our model by ∆2. When ∆2 is small, say
close to zero, the good can be thought as a flow of public services. When ∆2 is
large, the good shares the same nature of the private capital and can be viewed
as an infrastructure. In fact, 0 ≤ ∆2 ≤ ∆1, since the public good is always a
mix of infrastructures and services. Thus, the higher admissible depreciation
rate will be ∆2 = ∆1.

In our model, T and D are linear in the public depreciation rate ∆2 and,
consequently, the locus {(T (∆2) ,D (∆2))} obtained as ∆2 varies, is represented
by a straight line D = ∆ (T ) in the (T ,D)-plane.3

∆ (T ) is illustrated in Figure 1, where three other important lines are rep-
resented. Along the line AC, that is D = T − 1, one characteristic root is equal
to 1. Along the line AB, that is D = −T − 1, one eigenvalue is equal to −1,
while along the segment BC, that is D = 1, |T | < 2, the roots are complex
and conjugate with modulus equal to 1. These lines partition the (T ,D)-plane
into three regions according to the number of eigenvalues with modulus less
than 1. When ∆2 goes through ∆F

2 ∈ (0,∆1), the ∆-line crosses the line AB
and a flip bifurcation is generically expected to occur. When ∆2 goes through
∆T

2 ∈ (0,∆1), the ∆-line crosses the line AC and one root crosses +1. From
Proposition 3, a steady state always exists and a saddle-node bifurcation never

3From Proposition 10, the slope of ∆ is given by

1 + κω + (1− ω) [1− β + κ (1− β∆1)] /β

1 + κω − σω [1− β + κ (1− β∆1)]
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occurs. Therefore, the critical value ∆T
2 is always associated with an exchange

of stability between the normalized steady state and another or two other steady
states through a transcritical or, respectively, a pitchfork bifurcation. However,
pitchfork bifurcations require some non-generic condition4. In order to simplify
the exposition we then concentrate on the generic case and we associate in the
rest of the paper the existence of one eigenvalue equal to 1 to a transcritical
bifurcation.
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Figure 1: Stability triangle and ∆-line.

As D and T get finite values for ∆2 ∈ [0,∆1], then only a segment of the
line ∆ (T ) really matters in our analysis. The following Lemma tells us what
extreme is a starting point.

Lemma 11 The determinant D is an increasing function of ∆2.

Let (T0,D0) and (T1,D1) be the starting and the ending point on such a ∆-
segment, corresponding, respectively, to ∆2 = 0 and ∆2 = ∆1. We observe that
the determinant does not depend on the elasticity of intertemporal substitution
σ, while the trace is a linear function of σ. Since ∆2 ≤ ∆1 < 1/β, the trace
T is increasing with σ, from a finite value to infinity5. Thus the ∆-segment
goes right as σ increases, since both the starting and ending point move to
right along horizontal half-lines. More precisely, as soon as σ increases, the
initial extreme (T0,D0) covers the half-line {(T0 (σ) ,D0) : σ ∈ [0,+∞)}, while
the ending point (T1,D1) covers the parallel {(T1 (σ) ,D1) : σ ∈ [0,+∞)}. For

4Some second derivative of the map which defines the dynamical system has to be equal
to zero. As shown in Ruelle [15], this requirement is non-generic.

5We notice that ∂T /∂σ = (1− β∆2) [1− β + κ (1− β∆1)] ω/β.
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simplicity, with some notational misuse, we call ∆0-half-line the former (with
∆2 = 0) and ∆1-half-line the latter (with ∆2 = ∆1).

In order to apply the geometrical method presented in Grandmont, Pin-
tus and de Vilder [7], we require more information about the location of the
half-lines ∆0 and ∆1. Furthermore, to prove the existence of endogenous fluc-
tuations, we need to know how the ∆-segment moves in response to changes of
the nationalization degree ν. To rule out implausible cases, we make use of a
new assumption.

Assumption 4 (i) The value of the parameter s satisfies the inequality:6

s < 1− (1− β) / (1− β∆1). (ii) The depreciation factor of the capital goods ∆1

and the discount factor β are required to satisfy: 2/3 < ∆1 < β.

A first general property is that the determinant decreases with the public
production degree ν.7 Then the half-lines ∆0 and ∆1 move downwards as ν
increases. In the sequel, we will refer to four critical degrees of nationalization:

ν1 ≡ 1 +
1− s

s

(1− ω) (1− β∆1)− 2ωβ∆1

1− ω + (1 + ω)β
(29)

ν3 ≡ 1− 1− s

s
ω∆1 (30)

ν4 ≡ 1 +
1− s

s

(1− ω) (1− β∆1)
1− ω + (1 + ω) β

(31)

ν5 ≡ 1 +
1− s

s

(1− ω) (1− β∆1)
1− ω + (1/∆1 + ω)β

(32)

7.2.2 ∆0-half-line

We know that the half-line ∆0, obtained for ∆2 = 0 as σ varies increases
away from 0, is horizontal. Moreover, since the determinant of its origin is
D0 = −ωκ∆1, the half-line ∆0 lies below the axis of abscissas. According to
the degree of nationalization ν and the elasticity of intertemporal substitution
in consumption, there are three possible degrees of stability of the economic
system. The origin (T0 (0) ,D0) of the half-line can lie inside the stability triangle
ABC, on the left or below.

Lemma 12 Under Assumptions 1-4: (i) the ∆0-half-line is above A, iff ν < ν3,
(ii) the ∆0-half-line crosses the line AC, (iii) the ∆0-half-line crosses the line
AB, iff ν > ν1, (iv) ν1 < ν3.

Property (iv) means that when ν increases, the ∆0-half-lines cross the line
AB first and, after, move from above to below. The main locations of the
half-line ∆0 are represented in Figure 2, according to the values of ν.

6If, for instance, β ≥ 0.98 and ∆1 ≥ 0.9, we obtain s < 0.83, which is a mild and empirically
plausible assumption.

7Under Assumption 4, we have ∂D/∂ν = −κ [ω (∆1 −∆2) + (ω − 1) (1/β −∆1)∆2]
/ (1− ν) < 0.
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Figure 2: ∆0-half-line

7.2.3 ∆1-half-line

We now study how the locus of the ending points of the ∆-segments behaves,
when the elasticity of intertemporal substitution, σ, varies from 0 to infinity.
∆1 is an horizontal half-line, lying above ∆0, because of lemma 11. We first
prove that a sufficiently high degree of nationalization makes the normalized
steady state determinate.

Proposition 13 Under Assumptions 1-4, the local indeterminacy of the nor-
malized steady state is ruled out by ν > ν5, where ν5 is given by (32).

Thus, a not too high level of private ownership of the firms immunizes the
economy against the occurrence of endogenous fluctuations. To study the way
indeterminacy appears, we will assume in the sequel a nationalization degree
low enough.
Assumption 5 The value of the nationalization degree ν < ν5.
The properties of the ∆1-half-line are summarized in the following lemma.

Lemma 14 Under Assumptions 1-5, the ∆1-half-line (i) lies below the line BC,
(ii) goes through the line AC and (iii) crosses the line AB, iff ν > ν4, where ν4

is given by (31).

The main locations of the ∆1-half-line are represented in Figure 3. From
Lemma 14, we are able to order ν4 and ν5. We notice that the ∆1-half-lines cross
the line AC for any proportion of public production. Hence, at ν = ν4, since

13



the ∆1-half-line goes through A, it also crosses the line AB and, consequently,
ν4 < ν5.
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Figure 3: ∆1-half-lines for ν < ν5.

7.3 Indeterminacy in a slow growth regime

In order to focus on the cases with a sufficiently low nationalization degree,
we impose the restriction 0 < ν < ν5 through Assumption 5. Straightforward
computations show that the slope of the ∆-segment is positive for low values of σ
and rotates in a counterclockwise sense, becoming first infinite and then negative
as soon as σ increases. However, this property, even if enables us to provide a
correct geometrical representation, doesn’t affect the qualitative properties of
the normalized steady state and is of no use in the analytical proofs.

In contrast, what really matters is understanding, for a given ν, whether
the ∆0-half-line crosses the line AC for lower or higher values of σ with respect
to the ∆1-half-line. In the following, σ0 and σ1 will denote the values of the
elasticity of intertemporal substitution for which, respectively, the half-lines ∆0

and ∆1 cross the line AC.
If σ = σ1 < σ0, the starting point of the ∆-segment is located on the left of

the line AC, while the ending point lies on AC. In other words, the ∆-segments
cross AC with a slope weaker than one.

σ2 is the critical value of the elasticity of intertemporal substitution, such
that the ∆0-half-line crosses the line AB. When σ2 < σ1, the ∆-segment begins
on the right of the line AB, inside the ABC triangle, and ends on the line AC
for σ = σ1. Otherwise, when σ2 > σ1, the ∆-segment begins on the left of the
triangle ABC. This ranking depends on the nationalization degree ν and the
two cases have to be discussed in terms of ν.

Eventually, we rank the critical values of the share of public production, ν1,

14



ν3 and ν4, in order to understand the simultaneous location of the half-lines ∆0

and ∆1. The next lemma sums up and clarifies our remarks.

Lemma 15 Under Assumptions 1-5, (i) σ1 < σ0, for any ν ∈ [0, 1], (ii) there
exists ν2 ∈ (ν1, ν3), such that σ1 < σ2, iff ν > ν2, and (iii) ν3 < ν4.

(i) means that, given ν, the ∆1-half-line crosses the line AC for a lower value
of σ than the ∆0-half-line. Hence, the ∆1-half-line leaves earlier the triangle.
Property (iii) means that ν1 < ν4, or, in other words, that the ∆0-half-line
crosses the line AB for lower values of ν than the ∆1-half-line. Moreover, the
∆1-half-line goes through the line AB when the half-line ∆0 lies below A.

According to Lemmas 11-15, we need to distinguish five cases, depending on
the position of ν with respect to ν1, ν2, ν3, ν4.

7.3.1 Case ν < ν1

Figure 1 helps us to discuss the local stability of (R∗, x∗), the normalized steady
state: we locate the pair (T ,D) on the ∆ (T ) as the public good depreciation
factor ∆2 varies over (0,∆1). Two critical values of ∆2 are of interest: at ∆F

2

the line ∆ (T ) crosses AB and generates a flip bifurcation; at ∆H
2 the line ∆ (T )

crosses the line AC and generates a transcritical bifurcation.
In the light of lemma 11, considering the position of the ∆0-half-line, when
0 < ν < ν1, and, in the light of lemmas 14 and 15, the location of the ∆1-half-
line, when 0 < ν < ν4, we are able to provide a complete picture of the local
dynamic properties of the normalized steady state (see Figure 4).

Focus, for instance, on the line corresponding to an intertemporal substitu-
tion σ < σ1. The steady state is locally indeterminate for any ∆2 ∈ (0,∆1).
For a ∆-line corresponding to σ1 < σ < σ0, the steady state is locally inde-
terminate for any ∆2 ∈

(
0,∆T

2

)
. Then a transcritical bifurcation occurs when

∆2 crosses ∆T
2 from below and the steady state is saddle point stable, whatever

∆2 ∈
(
∆T

2 ,∆1

)
. If, conversely, we consider a ∆-line associated to an intertempo-

ral substitution σ > σ0, the normalized steady state turns out to be saddle-point
stable for ∆2 ∈ (0,∆1).

All the details of the bifurcation analysis are gathered in the next Proposi-
tion.

Proposition 16 Let Assumptions 1-4 hold and ν < ν1, where ν1 is given by
(29).

(i) If 0 < σ < σ1, then the SSS is locally indeterminate for every ∆2 ∈
(0,∆1).

(ii) If σ1 < σ < σ0, then the SSS is locally indeterminate for ∆2 ∈
(
0,∆T

2

)
,

undergoes a transcritical bifurcation at ∆2 = ∆T
2 , and becomes a saddle point

for ∆2 ∈
(
∆T

2 ,∆1

)
.

(iii) If σ > σ0, then the SSS is a saddle point for every ∆2 ∈ (0,∆1).

15
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Figure 4: ∆-lines for ν < ν1.

Proposition 16 shows that under low nationalization degrees, local inde-
terminacy requires a sufficiently small elasticity of intertemporal substitution
(σ < σ0) and, if σ1 < σ < σ0, a public good depreciation weak enough. Indeed,
the location of the ∆1-half-line clearly proves that the steady state is never in-
determinate for σ > σ1, when the public good is constituted only by long-run
infrastructures.

7.3.2 Case ν1 < ν < ν2

Now, consider an economy with a higher share of state-owned production. Since
ν < ν2 and, as above, σ2 < σ1, the configuration is quite close to the case ν < ν1.
However, since ν > ν1, the ∆0-half-line starts on the left of the triangle ABC
and a new dynamic feature arises for low values of the intertemporal substitu-
tion (σ < σ2). The geometrical findings of Figure 5 are formalized in the next
Proposition.

Proposition 17 Let ν1 < ν < ν2. Under Assumptions 1-5, there exist σ1 and
σ2, such that the following generically holds.

(i) If σ < σ2, then the SSS is saddle-point stable for ∆2 ∈
(
0,∆F

2

)
, under-

goes a flip bifurcation at ∆2 = ∆2
F , becomes locally indeterminate for ∆2 ∈(

∆F
2 ,∆1

)
.

(ii) If σ2 < σ < σ1, then the SSS is indeterminate for every ∆2 ∈ (0,∆1).
(iii) If σ1 < σ < σ0, then the SSS is locally indeterminate for ∆2 ∈

(
0,∆T

2

)
,

undergoes a transcritical bifurcation at ∆2 = ∆T
2 , and becomes saddle-point

stable for ∆2 ∈
(
∆T

2 ,∆1

)
.

(iv) If σ > σ0, then the SSS is saddle-point stable for every ∆2 ∈ (0,∆1).
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For σ < σ0, indeterminacy is still possible. When σ2 < σ < σ1, the steady
state is locally indeterminate, whatever use the government makes of public
firms’ dividends. The occurrence of endogenous fluctuations due to a provision
of public services instead of public infrastructures, depends essentially on the
value of the intertemporal substitution σ. If σ < σ2, higher shares of public
dividends to finance public infrastructures can destabilize the economy; whereas,
if σ0 > σ > σ1, expectations-driven fluctuations occur, when public services are
mainly provided.
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7.3.3 Case ν2 < ν < ν3

When the degree of nationalization increases, local indeterminacy occurs under
conditions similar to those of Proposition 17. However, the surprising case in
which indeterminacy occurs whatever the nature of the public good (case (ii)
in Proposition 17), is no longer attainable. Moreover, the ranges of σ such that
a kind of public spending generates indeterminacy, are, now, reversed with re-
spect to σ1 and σ2. More precisely, local indeterminacy now occurs for σ < σ1,
if the government uses the dividends to finance mainly long-run infrastructures.
Conversely, if σ2 < σ < σ0, a large provision of services turns out to be desta-
bilizing. A formal proposition sums up the qualitative information in Figure
6.

Proposition 18 Let ν2 < ν < ν3. Under Assumptions 1-5, there exist σ1 and
σ2, such that the following generically holds.
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(i) If σ < σ1, then the SSS is saddle-point stable for ∆2 ∈
(
0,∆F

2

)
, undergoes

a flip bifurcation at ∆2 = ∆F
2 , becomes locally indeterminate for ∆2 ∈

(
∆F

2 ,∆1

)
.

(ii) If σ1 < σ < σ2, then the SSS is saddle-point stable for ∆2 ∈
(
0,∆F

2

)
,

undergoes a flip bifurcation at ∆2 = ∆F
2 , becomes locally indeterminate for

∆2 ∈
(
∆F

2 ,∆T
2

)
, undergoes a transcritical bifurcation at ∆2 = ∆T

2 , and becomes
saddle-point stable for ∆2 ∈

(
∆T

2 ,∆1

)
.

(iii) If σ2 < σ < σ0, then the SSS is locally indeterminate for ∆2 ∈
(
0,∆T

2

)
,

undergoes a transcritical bifurcation at ∆2 = ∆T
2 , and becomes saddle-point

stable for ∆2 ∈
(
∆T

2 ,∆1

)
.

(iv) If σ > σ0, then the SSS is saddle-point stable for every ∆2 ∈ (0,∆1).
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Figure 6: ∆-lines for ν2 < ν < ν3.

7.3.4 Case ν3 < ν < ν4

Raising the nationalization degree, we obtain a new dynamic case. Now, the
∆0-half-line is above A and, therefore, local indeterminacy is no longer possible,
whenever a large share of public dividends is devoted to provide services. The
next proposition characterizes the subcases represented in Figure 7.
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Figure 7: ∆-lines for ν3 < ν < ν4.

Proposition 19 Let ν3 < ν < ν4. Under Assumptions 1-5, there exists a
value of the elasticity of intertemporal substitution σ3 ∈ (σ1, σ0), such that the
following generically holds.

(i) If σ < σ1, then the SSS is saddle-point stable for ∆2 ∈
(
0,∆F

2

)
, undergoes

a flip bifurcation at ∆2 = ∆F
2 , becomes locally indeterminate for ∆2 ∈

(
∆F

2 ,∆1

)
.

(ii) If σ1 < σ < σ3, then the SSS is saddle-point stable for ∆2 ∈
(
0,∆F

2

)
,

undergoes a flip bifurcation at ∆2 = ∆F
2 , becomes locally indeterminate for

∆2 ∈
(
∆F

2 ,∆T
2

)
, undergoes a transcritical bifurcation at ∆2 = ∆T

2 , and becomes
saddle-point stable for ∆2 ∈

(
∆T

2 ,∆1

)
.

(iii) If σ3 < σ < σ0, then the SSS is saddle-point stable for ∆2 ∈
(
0,∆F

2

)
,

undergoes a flip bifurcation at ∆2 = ∆F
2 , becomes unstable for ∆2 ∈

(
∆F

2 ,∆T
2

)
,

undergoes a transcritical bifurcation at ∆2 = ∆T
2 , and becomes saddle-point

stable for ∆2 ∈
(
∆T

2 ,∆1

)
.

(iv) If σ0 < σ < σ2, then the SSS is unstable for ∆2 ∈
(
0,∆T

2

)
, undergoes

a transcritical bifurcation at ∆2 = ∆T
2 , and becomes saddle-point stable for

∆2 ∈
(
∆T

2 ,∆1

)
.

(v) If σ > σ1, then the SSS is saddle-point stable for every ∆2 ∈ (0,∆1).

In this case, indeterminacy can still occur only for a large spending in public
infrastructure and for low values of the intertemporal substitution, that is large
income effects.

7.3.5 Case ν4 < ν < ν5

Now, for σ = 0, the ∆1-half-line begins outside the triangle. As a consequence,
the conditions are the same as in the previous case, except for σ close to zero,
where indeterminacy is no more possible (σ < σ3 < σ0).
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Figure 8: ∆-lines for ν4 < ν < ν5.

Proposition 20 Let ν > ν4. Under Assumptions 1-5, there exist values σ3, σ4

of the intertemporal elasticity of substitution, with σ4 < σ1 < σ3 < σ0, such that
the following generically holds.

(i) If σ < σ4, then the SSS is saddle-point stable for every ∆2 ∈ (0,∆1).
(ii) If σ4 < σ < σ1, then the SSS is saddle-point stable for ∆2 ∈

(
0,∆F

2

)
,

undergoes a flip bifurcation at ∆2 = ∆F
2 , becomes locally indeterminate for

∆2 ∈
(
∆F

2 ,∆1

)
.

(iii) If σ1 < σ < σ3, then the SSS is saddle-point stable for ∆2 ∈
(
0,∆F

2

)
,

undergoes a flip bifurcation at ∆2 = ∆F
2 , becomes locally indeterminate for

∆2 ∈
(
∆F

2 ,∆T
2

)
, undergoes a transcritical bifurcation at ∆2 = ∆T

2 , and becomes
saddle-point stable for ∆2 ∈

(
∆T

2 ,∆1

)
.

(iv) If σ3 < σ < σ0, then the SSS is saddle-point stable for ∆2 ∈
(
0,∆F

2

)
,

undergoes a transcritical bifurcation at ∆2 = ∆T
2 , becomes unstable for ∆2 ∈(

∆T
2 ,∆F

2

)
, undergoes a flip bifurcation at ∆2 = ∆F

2 , and becomes saddle-point
stable for ∆2 ∈

(
∆F

2 ,∆1

)
.

(v) If σ0 < σ < σ2, then the SSS is unstable for ∆2 ∈
(
0,∆F

2

)
, undergoes

either a flip bifurcation at ∆2 = ∆F
2 , and becomes saddle-point stable for ∆2 ∈(

∆T
2 ,∆1

)
.

(vi) If σ > σ1, then the SSS is saddle-point stable for ∆2 ∈ (0,∆1).

In this case, the stationary equilibrium is always a saddle point, when σ < σ4

or σ > σ2. In the interval (σ4, σ3) expectations-driven fluctuations arise, when
the state mainly provides long-run infrastructures.

8 A calibrated example

Let y (k, g) ≡ g1−sAks be the explicit production function with, now, a constant
elasticity s. The implicit equation of the steady state becomes R = ∆1 +
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[ν (R− γ) / (γ −∆2)]
1−s

As.
The majority of calibrated simulations based on the U.S. post-war yearly

data, agree on assigning the discount factor value β close to 0.98 and the de-
preciation value ∆1 close to 0.9 (see among the others: Hansen, 1985; Maddi-
son, 1987; and Summers and Heston, 1988). The capital share in total income
s, which also determines the magnitude of the public externality, is set equal
to 0.7, to be consistent with the calibrations of Baxter and King (1991) and
Mankiw, Romer and Weil (1992).

The literature does not provide a clear picture concerning the admissible val-
ues for the elasticity of intertemporal substitution in consumption. While many
standard RBC models such that Hansen (1985), or King, Plosser and Rebelo
(1988) have assumed a relatively high value (i.e. around unity), recent empiri-
cal estimates taken from Campbell (1999), and Kocherlakota (1996) suggest a
plausible elasticity of intertemporal substitution close to 1/3.

8.1 Public services

Assume no public spending accumulation: ∆2 = 0. As above, first we consider a
zero growth economy (γ = 1). The transcritical value for σ is σT = 0.4350. Let
for instance σ = 1/3. According to formula (24), we compute the flip bifurca-
tion: νF = 0.3114. Set now ν < νF . For instance ν = 0.3. We get λ1 = −0.9837
and λ2 = 0.9915. In other words, we observe a slow, but oscillating convergence.

Eventually, we consider a small growth economy. We compute the value
A0 ensuring a zero growth. Formula (28) gives A0 = 0.7934. Then we adjust
A in a small neighborhood of A0 to obtain a slightly positive growth. We
set, for instance, A = 0.79 and we obtain γ = 1. 0014 < R = 1. 0246. The
transversality condition is respected, dividends are positive as well as the growth
rate. However, the equilibrium is indeterminate and close to a flip bifurcation:
λ1 = −0.8883, λ2 = 0.9962.

8.2 Public durable goods

Set now ∆2 = 0.9. First we consider a zero growth economy (γ = 1). The
transcritical value for σ is σT = 0.3687. Let, for instance, σ = 1/3. We com-
pute the (flip) bifurcation value: νF = 0.9809. Let now ν < νF . For instance:
ν = 1/2. We get λ1 = 0.8184 and λ2 = 0.9950. In other words, we observe a
slow monotonic convergence.

Finally, we consider now a low growth economy. We compute the value A0

ensuring a zero growth. Formula (28) gives A0 = 0.3411. Then we adjust A
in a small neighborhood of A0 to obtain a slightly positive growth. Setting,
for instance, A = 0.34087, we obtain R = 1. 0226 > γ = (βR)σ = 1. 0007. The
transversality condition is respected, dividends are positive as well as the growth
rate. However, the equilibrium is indeterminate: λ1 = 0.8225, λ2 = 0.9991.
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9 Conclusion

Our model has aimed at underlining how the level and the nature of public
production can affect the dynamic properties of the economy. In the paper we
are concerned by the way a public good, viewed as an externality that enhances
productivity and plays the role of growth engine, is financed. On the one side
tax collection is costly and applies to imperfectly observable revenues, the in-
flation tax is accompanied by monetary disorder, bonds issues call for future
taxes or inflation. On the other side state production is an additional source
of public revenue, but a widespread commonplace stresses the efficiency gains
of privatization. If we set aside the inefficiency of the public sector and we
assume that the public dividends are channelled to finance a productive good,
the economy experiences higher and endogenous growth rates. However, the
quantity and the quality of the public spending has an impact on the shape of
the intertemporal general equilibrium. More precisely, we are naturally leaded
to evaluate the optimal involvement of the state in the economy as well as the
stabilizing power of a mix of long-run infrastructure or short-run services. We
apply a geometrical method in order to study the occurrence of endogenous
cycles, either deterministic or stochastic, and we provide policy suggestions to
eliminate such inefficient fluctuations.

More explicitly, we find that a state participation to productive activities is
always desirable, enhancing growth through the positive externalities, and more
desirable for higher intertemporal substitution effects.

Moreover, under dominant income effects, the government is required mainly
to provide infrastructures, in order to rule out the fluctuations, while the provi-
sion of short-run services is recommended in presence of stronger intertemporal
substitution effects.

10 Appendix

Proof of Proposition 3. First, we notice that ϕ (∆1) < 0. Second, we observe
that ϕ′ (R) = 1− νξ′ (R) e′ (νξ) Af ′ (1) with

ξ′ (R) =
1

γ −∆2

(
1− σ

γ

R

R−∆2

γ −∆2

)
Moreover, ξ′ (R) ≤ 0, if and only if σ > σ1 (R), where

σ1 (R) ≡ (R/γ) / [(γ −∆2) / (R−∆2)]

Eventually, we notice that f ′ (1) > 0 implies that R is bounded from below by
∆1 ≥ ∆2. Consider the case σ ≥ 1. The transversality condition (16) entails
σ1 (R) < 1 and, therefore, ξ′ (R) ≤ 0: under Assumption 2, ϕ is strictly increas-
ing. Then, if the steady state exists, it is unique. To provide a condition for
the existence, we observe that the transversality condition sets an upper bound
βσ/(1−σ) for R. Then a necessary and sufficient condition is (17). When σ < 1,
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Assumption 2 ensures that limR→+∞ ϕ (R) = +∞. By continuity, ϕ crosses the
axis of abscissas an odd number of times.

Proof of Proposition 4. Since we deal with a representative agent, the
welfare function to maximize with respect to ν, is simply given by his utility
functional:

W =
∞∑

t=0

βt c
1−1/σ
t

1− 1/σ
=

σ

σ − 1
1

1− γ/R
c
1−1/σ
0 (33)

where the second equality comes from (15) and the assumption of regular growth
(ct = c0γ

t). Using equations (4) and (6) in (7) and definition γt+1 ≡ kt+1/kt,
we obtain e (gt) Af (kt) = [γt+1 −∆1 + ν (Rt − γt+1)] kt + ct and in particular
at time 0:

c0 = e (g0)Af (k0) + [∆1 − νR0 − (1− ν) γ1] k0 (34)

We observe that the initial condition (k0, g0) determines the interest factor R0

according to equation (4), evaluated at time 0. If the initial condition R0 6= R,
then the initial demand c0 will adjust to set the economy on the stable manifold
in the (Rt, xt)-plane. If the sable manifold is a saddle, there is a unique c0

entailing the convergence to the steady state. Il the stable manifold is two-
dimensional, then a continuum of initial demands c0’s will be compatible with
the equilibrium. Since, for simplicity, we refer to a balanced growth, we consider,
at first, a pair (k0, g0) implementing the steady state interest factor

R = ∆1 + e (g0) Af ′ (k0) (35)

(we observe that there are infinitely many pairs (k0, g0 (k0)), where now the
function g0 is implicitly defined by (35)) and, at second, the initial consumption
c0 setting xt equal to x. More explicitly, since, by assumption of balanced
growth, R0 = R and γ1 = γ, we have from (34): c0 = e (g0 (k0))Af (k0) +
[∆1 − νR− (1− ν) γ] k0. In other words, we are computing the policy rule
(optimal nationalization degree) for a long-run equilibrium: approximately the
initial conditions can be supposed to be sufficiently close to those of steady
state. Fortunately, we notice that the steady state (13) does not depend on
(k0, g0). Therefore, given k0, we have to maximize (33):

W =
σ

σ − 1
1

1− γ/R
[e (g0 (k0))Af (k0) + [∆1 − νR− (1− ν) γ] k0]

1−1/σ (36)

with respect to ν, where R, γ and g0 are respectively given by (13), (15) and
(35). We observe that (13), (15) locally define a function R = R (ν) and that,
from (35), we obtain

g0 = e−1

(
R−∆1

Af ′ (k0)

)
(37)

Therefore, substituting (37) in (36), we have to solve the following program:

max
ν

σ

σ − 1

[(
(R−∆1)

1− s (k0)
s (k0)

+ (1− ν) [R− (βR)σ]
)

k0

]1−1/σ
R

R− (βR)σ
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where now R = R (ν) and s (k0) is given by (12). Setting ς ≡ s (k0)
−1 − 1 and

S (ν) ≡ R (ν)− [βR (ν)]σ, we get

W (ν) =
σ

σ − 1
k

1−1/σ
0 ([R (ν)−∆1] ς + (1− ν) S (ν))1−1/σ R (ν)

S (ν)

Noticing that S = R − γ and S′ = (1− σγ/R) R′, we compute the impact of ν
on W :

W ′ (ν) =
(R− γ) R (ς + 1− ν) + σγς (R−∆1)
[ς (R−∆1) + (1− ν) (R− γ)] (R− γ)

(k0 [(R−∆1) ς + (1− ν) S])1−1/σ
R′/S

Since R > ∆1 (positivity of h), R > γ (transversality condition) and S > 0, we
have that W ′ (ν) > 0, iff R′ (ν) > 0. Moreover, applying the implicit function
theorem to

R = ∆1 + e

(
ν

R− (βR)σ

(βR)σ −∆2

)
Af ′ (1) (38)

using (9), evaluated at the steady state, and observing that e′ (h)Af ′ (1)h =
(1− s) (R−∆1), we obtain

R′ (ν) =
1
ν

(1− s) (R−∆1)

1− (1− s) R−∆1
R−γ

(
1− σ γ

R
R−∆2
γ−∆2

) (39)

Hence W ′ (ν) > 0, iff the denominator of (39) is strictly positive, that is, iff

R−∆2

γ −∆2
>

1
σ

R

γ

(
1− 1

1− s

R− γ

R−∆1

)
(40)

Let now ν∗ ≡ arg maxW (ν). First case: σ > 1. Since (R−∆2) / (γ −∆2) >
R/γ (provided that γ > ∆2), then the inequality (40) is always satisfied and
W ′ (ν) > 0. In this case the optimal rule becomes ν∗ = 1 (full nationalization).
Second case: σ < 1. By continuity, there exists a critical σ∗ ≤ 1, such that
σ > σ∗, implies that W ′ (ν) > 0 for every ν ∈ (0, 1] and then ν∗ = 1 (full
nationalization as optimal policy). If σ < σ∗, then there exists an interior
optimal ν ∈ (0, 1). To compute ν∗, we solve (19), obtained from (40), to find at
first the optimal interest factor R∗ and then we substitute it in (18), obtained
from (38).

Proof of Lemma 5. Under Assumption 2 (productive homogeneity in g
and k) we have the elasticity of the externality of public spending e′ (h) h/e (h) =
1− s (h), and we get the following linearized system.

(σ + z0)
dRt+1

R
− dxt+1

x
= z1

dRt

R
− dxt

x

σ
dRt+1

R
− dxt+1

x
=

R

γ

1− νs

s− νs

dRt

R
− R

γ

(
1 +

1− s

s− νs

R−∆1

R

)
dxt

x
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T and D are, respectively, the trace and the determinant of the Jacobian matrix.

Proof of Proposition 6. Let λ1, λ2 be the eigenvalues, with λ1 ≤ λ2,
if real. The characteristic polynomial is a convex parabola. If P (−1) < 0,
then λ1 < −1. If P (1) < 0 (that is σ > z1 − z0), then λ2 > 1. If D > 1,
then max {|λ1| , |λ2|} > 1. Let now P (−1) , P (1) > 0 and D < 1. If D < 0,
then −1 < λ1 < 0 < λ2 < 1. If D ≥ 0 and the eigenvalues are real, then
λ1, λ2 ∈ (−1, 0] or λ1, λ2 ∈ [0, 1); if they are complex, |λ1| = |λ2| < 1. We
observe that

P (1) ≥ 0, iff σ + z0 ≤ z1

P (−1) ≥ 0, iff z1 ≥ 2
(1− νs)R + s (1− ν) γσ

(1− νs) R− (1− s) ∆1 + s (1− ν) γ
− (σ + z0)

D ≤ 1, iff z1 ≤
(1− νs) R + s (1− ν) γz0

(1− νs) R− (1− s) ∆1

The necessary and sufficient for indeterminacy (sink) (22) follows. The system
undergoes, generically, a transcritical bifurcation at P (1) = 0, a flip bifurcation
at P (−1) = 0, and, if P (1) , P (−1) > 0, a Hopf at D = 1.

Proof of Corollary 8. We notice that

D =
∆2

γ

[
∆1

γ
+

1− sν

1− ν

R−∆1

γ

(
1− ∆1

∆2

1− s

s

1− s

1− sν

γ −∆2

R− γ

)]
< 1

iff

1− s

s

1− s

1− sν

(
∆1

∆2

γ −∆2

R− γ

)
+

1− ν

1− sν

(
γ

∆2

γ −∆2

R−∆1
+

γ −∆1

R−∆1

)
> 1

Since inequalities (26) imply the terms into brackets to be greater than one, a
mild sufficient condition to obtain D < 1 becomes

1− s

s

1− s

1− sν
+

1− ν

1− sν
> 1

or, equivalently, (27).

Proof of Proposition 9. From (13), (R∗, x∗) is a steady state, iff there ex-
ists a value A∗ for the parameter A, such that e (ν (1/β − 1) / (1−∆2))A∗f ′ (1) =
1/β −∆1.

Proof of Proposition 10. The finding is obtained from Lemma 5, by
substituting γ = 1 and, then, R = 1/β.

Proof of Lemma 11. We note that: ∂D/∂∆2 = ω + (1− ω) /β +
κ [ω + (1− ω) (1/β −∆1)]. Two alternative cases matter. First, if ω < 1, then
∂D/∂∆2 > 0. Second, assume ω > 1. We observe that, according to defi-
nition of ω, we have ω + (1− ω) /β = s/β + (1− s) ∆1 > 0 and, eventually,
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∂D/∂∆2 > 0.

Proof of Lemma 12. (i) D0 = −ω∆1 (1− s) / [s (1− ν)] is the determinant
for ∆2 = 0. We observe that D0 < −1, iff ν > ν3 ≡ 1− ω∆1 (1− s) /s. (ii) The
∆0-half-line will cross the AC line, iff its origin, that is (T0 (σ) ,D0) with σ = 0,
lies above the line AC. But, D0 > T0 (0)−1, iff (ω − 1) [1/β − 1 + (1/β −∆1) κ] >
0. This inequality always holds, since, according to Assumption 4, s < 1 −
(1− β) / (1− β∆1) and, therefore, ω − 1 > 0. (iii) The ∆0-half-line will cross
the AB line, iff its origin (T0 (σ) ,D0) stands below the line AB. But D0 <
−T0 (0) − 1, iff κ > [1 + ω + (1− ω) /β] / [(1 + ω) ∆1 − (1− ω) /β] or, equiva-
lently, ν > ν1, where κ ≡ (1− s) / [s (1− ν)] and v2 is given by (29). (iv) We
notice that ν3 > ν1, iff ∆1ω < [(1 + ω) ∆1 − (1− ω) /β] / [1 + ω + (1− ω) /β].
This inequality is equivalent to 1 − β∆1 + ω (1− β) ∆1 > 0, since, from As-
sumption 4, β > (ω − 1) / (ω + 1) and, then, 1 + ω + (1− ω) /β > 0. But, still
from Assumption 4, ω − 1 > 0 and, therefore, the last inequality is satisfied.

Proof of Proposition 13. The determinant attains the highest value
with the ∆1-half-line, since, given ν, it is an increasing function of ∆2. If
this value is lower than −1, the eigenvalues can never be both in the unit cir-
cle, and indeterminacy is no longer possible. For ∆2 = ∆1, we have D1 =
(ω + (1− ω) /β + (1− ω) (1/β −∆1) κ) ∆1. Then D1 < −1, iff

κ > (1 + ∆1 [ω + (1− ω)/β]) / [∆1 (ω − 1) (1/β −∆1)]

or, equivalently, ν > ν5, where v5 is given by (32).

Proof of Lemma 14. (i) The half-line ∆1 lies below the line BC, iff
D1 < 1, which is entailed by 1 − ω < 0 and ∆1 < β (Assumption 4). In
order to understand whether the ∆1-half-line crosses the lines AB and AC,
following the same line of the Lemma 12, we just look for the starting point
of the horizontal half-line. We compute the trace for ∆2 = ∆1 and σ = 0:
T1(0) = ∆1+ω+(1− ω) /β+(1− ω) (1/β −∆1) κ. (ii) The ∆1-half-line crosses
the line AC, iff the origin of the half-line, corresponding to σ = 0 is above
the line AC, that is iff D1 > T1(0) − 1. More explicitly: (ω − 1) (1/β − 1) +
κ (ω − 1) (1/β −∆1) > 0. Assumption 4 ensures that this inequality always
holds. (iii) The ∆1-half-line crosses the line AB, iff the origin of the half-line
(σ = 0) is below the line AB, that is iff D1 < −T1(0) − 1. This inequal-
ity rewrites: κ > [1 + ω + (1− ω) /β] / [(ω − 1) (1/β −∆1)] or, equivalently,
ν > ν4, where ν4 is given by (31).

Proof of Lemma 15. (i) We compute the values σ0 and σ1 at which,
respectively, the ∆0 and the ∆1-half-line cross the line AC. When ∆2 = 0,
σ0 = (ω − 1) /ω solves the equation T0(σ0) = 1 + D0. When ∆2 = ∆1,
σ1 = (1− 1/ω) (1−∆1) / (1− β∆1) solves the equation T (σ1) = 1 +D. More-
over, since Assumption 4 ensures ω − 1 to be positive, the inequality σ1 < σ0

becomes equivalent to (1/β − 1) ∆1 > 0, which is always satisfied. (ii) Since the
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determinant of the characteristic polynomial is a decreasing function of ν, when
ν increases, the ∆0-half-line shifts down. Thus, σ2 < σ1, when the nationaliza-
tion degree is low; σ2 = σ1, when ν is such that the ∆0-half-line goes through
A; and, eventually, σ2 > σ1, when the nationalization degree is high. Since we
know that σ2 < σ1 if ν < ν1 and that σ2 > σ1 if ν > ν3, we conclude that there
exists ν2 ∈ (ν1, ν3), such that σ2 > σ1 iff ν > ν2. (iii) We notice that ν4 > ν3

iff ω∆1 > [(ω − 1) (1/β −∆1)] / [1 + ω + (1− ω) /β]. Since the denominator of
the LHS is positive from Assumption 4, after substituting ω by the expression
provided in Proposition 10, we obtain an equivalent inequality:

1 + ∆1 [s + (1− s) β∆1 + 2β − 1/∆1] (1− s) / (1− β) > 0 (41)

From Assumption 4, β < ∆1 and ∆1 > 2/3 imply 2∆1 − 1/β > 0 and
s + (1− s) β∆1 + 2β − 1/∆1 > 0. The latter inequality entails (41).
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