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Abstract

The aim of this paper is to examine whether the development of waste recycling activities can

be a source of economic fluctuations. We assume that the recycling sector has four fundamental

characteristics. (i) The production factors are restricted by the production of the last period. (ii)

These production factors are waste for which the price determination is non-competitive. (iii)

It produces a recycled good, which is a perfect substitute to the primary good. (iv) It reduces

waste stream. We consider the simplest economy with an infinitely lived agent and a life cycle

hypothesis for the goods. We show that the equilibrium is unique and is always determinate. In

spite of the lack of indeterminacy, however, our system can display cyclical behavior, depending

on some usual conditions on parameters. Namely, the steady-state may undergo a Flip and a

Hopf bifurcation.

JEL classification: E32; Q53.

Keywords: cycles; recycling; waste.
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1 Introduction

Waste recycling activity is an instrument for a sustainable development policy. Therefore, the

European Union had adopted in 2002 a Directive concerning the recovery and the recycling of

electrical and electronic waste products. The adoption of this Directive onto national law statutes

has reinforced financial subsidies aimed at the recovery and recycling of the diverse constituent

waste of these goods at the end of their useful life.1 In addition to environmental concerns,

waste recycling activity corresponds to an industrial reality and to technological constraints.

In France, for example, more than 58% of the paper industry’s input is from recycled paper

and cardboard. The recovery rate2 is as much as 54%.3 Recycling is a growing industry for a

number of raw materials. Some European countries, for example, achieve record numbers in the

recycling of glass (96% in Switzerland, 92% in Sweden, 88% in Germany and in Belgium, but

only 58% in France in 2003).4

The recycling sector has four fundamental characteristics. First, the factors of production

are restricted by the production of preceding periods. Secondly, these factors are waste for

which the price determination is non-competitive.5 Third, it produces a recycled good, which is

a perfect substitute to the primary good. Finally, it reduces waste stream.

Economic literature analyses recycling from three theoretical points of view. First, recycling

is integrated into the analysis of industrial organization; following the Alcoa affair in 1945, stud-

ies have measured the possible erosion of monopoly power by the competitive activity applied

by manufacturers of recycled products. They showed that Alcoa’s control of raw aluminium pro-

duction allowed it to conserve its market power when faced by a competitive fringe of recyclers.

As a matter of fact, the growth of the aluminium market was to the advantage of the monopoly:

it was able to maintain its rent through controlling its raw material (Gaskins; 1974, Swan; 1980).

Furthermore, in the period between the two World Wars, there were technical problems in the

recovery and recycling of aluminium which hampered secondary production and reduced the

possibilities of substitutability of primary and recycled products (Suslow; 1986, Grant; 1999).6

Secondly, the economic interest of natural resources allows us to understand the usefulness

of recycling when faced with the diminution of availability of resources in the future; recycling

postpones the working-out of mining resources and reduces the intensity of forestry exploitation

(Mäler; 1974, Dasgupta and Heal; 1979).

Thirdly, environmental economics analyses recycling as an instrument to reduce negative ex-
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ternalities. The question of recycling is introduced into this research via the problem of domestic

waste (Lusky; 1976). Recovery and recycling are methods of treating waste which complement

other processes (Keeler and Renkow; 1994). Extended research into industrial pollution and

into the consumer waste was carried out by Palmer and Walls (1997) within a partial equilib-

rium framework. Fullerton and Wu (1998) presented a model of general equilibrium in which

producers offered a good using raw and recycled materials, while choosing their level of pack-

aging and recycling. The level of waste has an influence on the welfare of consumers and these

studies show that it is possible to introduce a cost incentive measure (Fullerton and Kinnaman;

1995, Choe and Fraser; 1999). These general or partial equilibrium models analyze economic

instruments (rarely command and control instruments) aimed at reducing negative externalities

arising from the disposal of household waste, of illicit household behavior in terms of waste and

the rewarding of effort for households sorting their waste.

This article takes into account the four characteristics of the recycling sector highlighted

by these studies, but we consider these characteristics simultaneously in a general equilibrium

framework. More precisely, we assume the following properties: (i) the quantity of inputs recov-

ered by this sector is limited by virgin goods produced in the preceding period; (ii) waste prices

are non competitive; (iii) primary and secondary goods are perfect substitute; (iv) recycling is

an instrument for reducing waste linked to industrial production.

The aim of this paper is to examine whether the development of waste recycling activities

can be a source of economic fluctuations. We consider a recovery and recycling public sector

in a dynamic general equilibrium framework for the simplest economy i.e. without externalities

and no waste market. The framework is a Ramsey-Cass-Koopmans model with infinitely lived

agents with size normalized to one and a life cycle hypothesis for the good (two periods of use).

We show that, in this very simple economy, in spite of the lack of indeterminacy, however,

our system can display cyclical behavior, depending on some weak conditions on the propensity

to consumption relative to that to investment and on three elasticities: the recycling production

function elasticity, the elasticity of the interest rate and the elasticity of intertemporal substi-

tution in consumption. Namely, the steady state may undergo a Flip and a Hopf bifurcation,

with the associated two-period cycles and closed orbits arising near the (unique) steady state,

respectively. This result is in contrast with the standard one-sector models with inelastic labor

supply, which, as shown in Boldrin and Rustichini (1994), do not display neither indeterminacy

nor cyclical behavior. On the other hand, our results confirm those of Seegmuller and Verchère
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(2007) which show that, in a context of overlapping generations, the account for environment

can be a source of cyclical behavior and, in their specific case, endogenous fluctuations.

We finally argue that, if recovery - recycling activity is defined by standards policy, government

may choose the level of the recovery or/and recycling rate such as cycles are avoided.

The paper is organized as follows. Section 2 presents the model and characterizes the com-

petitive equilibrium. Section 3 analyses the stability conditions and determines the Flip and

Hopf bifurcations. The last section concludes.

2 The model

2.1 Households

Assume population is normalized to one, there is no growth in its size and individuals are all

identical. The representative infinite-lived household seeks to maximize overall utility, as given

by:

Max
∞∑

t=1

βtu (ct)

where ct is consumption at time t and β ∈ [0, 1] is the constant discount rate. The individual’s

resource constraint is:

ct + kt+1 = wt + (1− δ + rt) kt + πt

where wt is the wage, rt is the interest rate paid on saving, δ ∈ [0, 1] is the depreciation rate of

capital, kt represents capital stock and πt measures the profit of the representative firm operating

in the recycling sector, which we will discuss later on. The first order conditions yield to the

Euler equation

u′ (ct) = β (1− δ + rt+1)u
′ (ct+1)

This relation determines the optimal consumption path of the representative household.

2.2 Virgin good production

Virgin production satisfies the usual assumptions. The virgin production sector consists of one

competitive representative firm, characterized by a production function f (.) which has constant
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returns to scale and satisfies the Inada conditions. Production is a function of capital. The

firm’s profit πVt writes:

πVt = f(kt)− rtkt −wt

Since markets are competitive, capital and labor earn their marginal products, i.e. rt = f ′ (kt)

and wt = f (kt)− f ′ (kt)kt.

2.3 Recycled good public production

A public recycling sector competes directly with the virgin production sector. Its output is yR.

Secondary production and virgin production are perfect substitutes. In this sector, the public

firm includes recovery and recycling activities. As Swan (1980) and Martin (1982) stated, we

suppose that the unique production factor is the recovered used virgin goods and that the

returns are decreasing (a characteristic of the technology of recovery). The program of the

recovery-recycling sector is:

{
πt = g(Rt)− pRt

w.r.t. Rt = φyVt−1

where Rt is the quantity of scrap purchased. The recycling function yRt = g(Rt) satisfies the

Inada conditions. g (.) is strictly concave. The constraint shows that the virgin good lasts for

one period before it is recycled; i.e. period t’s virgin production is recovered in period t+ 1 or

it is definitely lost. Consequently, the stock of available waste in t depends on the amount of

the virgin goods produced during the preceding period t− 1: the quantity of waste available for

recovery in t is supposed equal to φyVt−1. By definition, φ ∈ [0, 1[ i.e. a constant share of the

virgin good is lost each period at the scrap recovery stage (depreciation cost).

The waste is collected and supplied to the recovery-recycling public sector by the government

at the price p. This price is exogenous and set arbitrarily by the government.7 p measures also

some costs linked to the recycling activity: a share is lost in the secondary production (shrinkage

cost).8

Assume that there is no profit maximization task. This assumption corresponds to the three

main characteristics of this sector.

(i) The recycling rate φ is defined by technical standards for some types of waste. In order

to comply with the objectives of the European Directive (2004/12/EC) on packaging and

packaging waste, Member States shall take the necessary measures to attain the following
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target, among others, covering the whole of their territory: no later than 31 December

2008 between 55% as a minimum and 80% as a maximum by weight of packaging will be

recycled.

(ii) Moreover, local government control recovers the recyclable material in a waste stream,

respecting preference order defined by EC environmental policy. It corresponds to a goal

ranking between recycling, energy recovery and landfilling.

(iii) Finally, it exists in European countries, private companies accredited by the public au-

thorities (for example DSD in Germany) which have to sort all the available households

waste packaging.

Then, the recovery - recycling sector profit is:

πRt = g(φf (kt−1))−Af (kt−1) (1)

with A = pφ. Hence, there is recycling activity at time t if and only if πt � 0, implying:

g(φf (kt−1))

f (kt−1)
≥ A. (2)

We assume that there exists p̄ such that p =
g(φf)

φf
> p ≥ 0.

Remark 1 Let us observe that if we allow for profit maximization in the recycled good production

sector, we would face two alternatives. If the stock of capital kt−1 is lower than kmax, where

kmax solves g′ (φ (kmax))−A = 0, then profit maximization coincides with (1), i.e. we are on the

curve where profit is increasing. Otherwise, if kt−1 is larger than kmax, then the firm will use a

stock of capital equal to the latter one and the profit will be πmax = g (φf (kmax))− Af (kmax).

Since we focus on a local analysis near the stationary solution, we will be always either in the

first configuration or in the latter. In the first case (1) it corresponds to our profit, while in the

second one the profit will be constant and equal to πmax. In the latter case, dynamics will be

analogous to the standard Ramsey-Cass-Koopmans model, up to a constant which will no affect

the stability properties of the model.

3 Intertemporal equilibrium and steady state

Consider (2) to be verified at the steady state of the model and nearby, and (1) to represent

profits in the recycled good production sector. Then, our dynamic system includes in each
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period the variables ct, ct+1, kt−1, kt, kt+1. Namely, the first formula defines the Euler equation,

while the second the equilibrium in goods market. Therefore we have the following definition.

Definition 1 An intertemporal equilibrium of the economy is a sequence {ct, ct+1, kt−1, kt, kt+1}
∞

t=0

satisfying the following dynamic system:

∣∣∣∣∣∣

u′ (ct) = β (1− δ + f ′ (kt+1))u
′ (ct+1)

ct + kt+1 = f (kt) + (1− δ) kt + g (φf (kt−1))−Af (kt−1)
(3)

together with the initial conditions k0, k−1 and the usual transversality one.

One immediately obtains that the steady state of system (3) is unique and defined by:

∣∣∣∣∣∣

β (1− δ + f ′ (k)) = 1 =⇒ f ′ (k) = 1
β
− (1− δ) ≡ θ > 0

c = f (k) + (1− δ) k + g (φf (k))−Af (k)− k
(4)

Fore sake of simplicity in notation, we will not label the steady state values of capital and

consumption, but when they are not indexed by the time it is supposed that we are referring to

the stationary values of the variables under study. In order to study the stability properties of

system (3) we linearize it around its stationary solution. Notice that the system included two

predetermined variables, kt−1 and kt and one which the agents must choose, ct. It follows that

in order to be indeterminate, the Jacobian must include three stable eigenvalues; in the opposite

case it will be determinate, either a saddle (one or two unstable eigenvalues) or a source (three

unstable eigenvalues).

Remark 2 System (3) is a second-order difference equation which can be expressed, as we will

see below, as a three-dimensional first-order difference system. Notice that (3) is not optimal

since when maximizing, agents do not take into account the possibility of recycling previous-period

output. However, the study of the optimal dynamics is quite difficult since it involves the sequence

of the variables {ct, ct+1, c+2, kt−1, kt, kt+1}
∞

t=0 . Indeed, in such a case, the Euler equation would

include three consecutive marginal utilities, since a decrease of a unit of consumption in period

t allows an increase in consumption in the next period, by investing it, and also in period t+2,

by means of the recycling sector. It follows that we would have to study a four-dimensional

first-order difference equation, which turns out to be hard to handle.
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4 Stability analysis

Setting zt ≡ kt−1 we can rewrite system (3) in the following way:





kt+1 = f (kt) + (1− δ) kt − ct + g (φf (zt))−Af (zt)

u′ (ct) = β (1− δ + f ′ (kt+1))u
′ (ct+1)

zt+1 = kt

(5)

Then, (5) is a first-order three-dimensional system. If we linearize system (5) around its sta-

tionary solution and we assume that there are not eigenvalues lying on the unitary circle, we

get the following Jacobian matrix:

J =






1
β

−1 B(
−θ c

k
εr
εc

) (
βθ c

k
εr
εc
+ 1
) (

−βθ c
k
εr
εc
B
)

1 0 0






where εg ≡
g′(φf(z))φf(z)
g(φf(k)) is the recycling production function elasticity, s ≡ f ′(z)z

f(z) is the gross

capital share in the virgin production, εr =

∣∣∣∣
dr
r
dk
k

∣∣∣∣ = −f
′′

(k)k
f ′(k) > 0 the elasticity of the interest

rate, εc = −u
′′(c)c
u′(c) > 0 the elasticity of intertemporal substitution in consumption and B ≡

εgs
(
c
k
+ δ + (A− 1) θ

s

)
−Aθ. The associated characteristic polynomial is

P (λ) = λ3 +
(
− 1
β
− c

k
θ εr
εc
β − 1

)
λ2 +

(
−B − c

k
θ
εc
εr +

1
β

(
c
k
θ β
εc
εr + 1

))
λ−

(
B
β
+B c

k
θ β
εc
εr +B

(
− 1
β
− c

k
θ β
εc
εr − 1

))

which after straightforward simplification yields

P (λ) = λ3 −

(
1 +

1

β
+

c

k
θ
εr
εc
β

)
λ2 +

(
1

β
−B

)
λ+B (6)

In order to study the stability of system (5) we evaluate the characteristic polynomial at, re-

spectively, −1, 0, 1 which gives P (−1) = −
(
2 + 2

β
+ c

k
θ εr
εc
β
)
+ 2B, P (0) = B and P (1) =

− c
k
θ εr
εc
β < 0. Since P (1) is always negative and limλ→+∞ P (λ) = +∞ one immediately veri-

fies that there always exists a real eigenvalue greater than one, as it is stated in the following

Proposition. Actually, this follows from the fact that the steady state is unique, properties that

generically rules out the existence of saddle node bifurcations.

Proposition 2 The Jacobian J possesses a real eigenvalue greater than one.

Since our system has two predefined variables, kt−1 and kt, the existence of an unstable

eigenvalue implies that system (5) is always determinate.
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Corollary 3 System (5) is always determinate. It follows that it can be a saddle or a sink,

according to the number of stable eigenvalues.

In spite of the lack of indeterminacy, however, system (5) can display cyclical behavior;

namely, as we will show, the steady state may undergo a flip and a Hopf bifurcation. The

impossibility of getting instead a saddle node bifurcation, as we have already said, is due to

the uniqueness of the steady state. We will carry out our bifurcation analysis with respect to

perturbation in the elasticity εg ∈ [0, 1] of the function g.

4.1 Flip bifurcation

A flip bifurcation occurs when one eigenvalues goes through −1. Since the roots of the charac-

teristic polynomial corresponds to the eigenvalues, the condition boils down to find a value of εg

included between zero and one and solving P (−1) = 0. This reduces first to solve P (−1) = 0

and then to appraise that there exists εg ∈ [0, 1] compatible with such a solution. Straight-

forward computation shows that P (−1) = 0 if and only if −
(
2 + 2

β
+ c

k
θ εr
εc
β
)
+ 2B = 0 i.e.

−
(
2 + 2

β
+ c

k
θ εr
εc
β
)
+ 2

(
εgs

(
c
k
+ δ + (A− 1) θ

s

)
−Aθ

)
= 0. Therefore the bifurcation value for

εg is

εFg =
1 + 1

β
+ c

k
θ εr
εc

β
2 +Aθ

s
(
c
k
+ δ + (A− 1) θ

s

) (7)

Since εg must belong to [0, 1] in order to get a flip bifurcation the left-hand side of (7) must be

included in this interval, that is

0 <
1 + 1

β
+ c

k
θ εr
εc

β
2 +Aθ

s
(
c
k
+ δ + (A− 1) θ

s

) < 1

Easy computations show that the previous inequality is respected when

1 + 1
β
− sδ + θ

(
s− θ εr

εc

β
2

) <
c

k
(8)

under the conditions that A− 1 +
(
c
k
+ δ
)
s
θ
> 0 and s− θ εr

εc

β
2 > 0. Condition (8) is more likely

to be respected as soon as either the elasticity of intertemporal substitution in consumption is

high or the elasticity of the interest rate is low. In the limit case εr = 0 or εc = +∞, we have

that a flip bifurcation does exist when

1

s
+
1

βs
− δ + θ/s <

c

k
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In other words, economies characterized by a higher propensity to consumption are more likely

to display a flip bifurcation and therefore, as showed among the others in Grandmont (1988),

two-period cycles. All the previous results are summarized in the following Proposition.

Proposition 4 Under condition (8) the steady state of system (5) undergoes flip bifurcation for

the elasticity of the recycling production function defined in (7). Then, there will exist near the

state a stable or unstable two-period cycle, according to the direction of the bifurcation.

4.2 The Hopf-Poincaré bifurcation

In order to verify if system (5) displays a Hopf bifurcation, we must check if there exists a

configuration such that two complex eigenvalues have modulus equal to one. If this is true,

it follows that there will exist around the steady state a closed curve, attracting or repulsing,

according to the direction of the bifurcation (Grandmont; 1988). As it is well known, the

characteristic polynomial can be written as

P (λ) = λ3 − Tλ2 +Σλ−D (9)

where T is the Trace, Σ the Sum of Minors of order two and D the Determinant. If there exists

a Hopf bifurcation, the determinant must be a real root of the polynomial, which should be

written as

(λ−D)
(
λ2 − 2aλ+ 1

)
(10)

for some a such that |a| < 1. In fact, in such a configuration, a is the common real part of the

two eigenvalues with unitary modulus. If we develop (10) we obtain:

λ3 − [2a+D]λ2 + [1 + 2aD]λ−D. (11)

Using (9) and (11), by identification we have:

{
a = T−D

2

a = Σ−1
2D

In order to find an a which verifies both equalities, we exploit the expression of our polynomial

which is

P (λ) = λ3 −

(
1 +

1

β
+

c

k
θ
εr
εc
β

)
λ2 +

(
1

β
−B

)
λ+B
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Again by identification, we have

T =

(
1 +

1

β
+

c

k
θ
εr
εc
β

)

Σ =

(
1

β
−B

)

D = (−B)

Therefore we get

1 + 1
β
+ c

k
θ εr
εc
β +B

2
=

1
β
−B − 1

−2B

We obtain a polynomial of second degree in B such that B2 +B
(
c
k
θ εr
εc
β + 1

β

)
+ 1

β
− 1 = 0. In

order to get two real roots B1,2, the discriminant must be positive or zero. The discriminant ∆

of such a polynomial is

∆ =

(
c

k
θ
εr
εc
β

)2
+ 2

c

k
θ
εr
εc
+

(
1

β
− 2

)2
> 0

that is ∆ is always positive. The solutions of the polynomial are therefore:

B1 =
−
(
c
k
θ εr
εc
β + 1

β

)
+

√(
c
k
θ εr
εc
β
)2
+ 2 c

k
θ εr
εc
+
(
1
β
− 2
)2

2
(12)

B2 =
−
(
c
k
θ εr
εc
β + 1

β

)
−

√(
c
k
θ εr
εc
β
)2
+ 2 c

k
θ εr
εc
+
(
1
β
− 2
)2

2
(13)

Notice now that the term a = T−D
2 is such that either

a1 =

(
1 + 1

β
+ c

k
θ εr
εc
β
)
+
−

(
c
k
θ εr
εc
β+ 1

β

)
+

√(
c
k
θ εr
εc
β
)
2

+2 c
k
θ εr
εc
+
(
1

β
−2
)
2

2

2

or

a2 =

(
1 + 1

β
+ c

k
θ εr
εc
β
)
+
−

(
c
k
θ εr
εc
β+ 1

β

)
−

√(
c
k
θ εr
εc
β
)
2

+2 c
k
θ εr
εc
+
(
1

β
−2
)
2

2

2
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If we want now |a| < 1, it must be
∣∣∣∣∣∣
2 +

1

β
+

c

k
θ
εr
εc
β ±

√(
c

k
θ
εr
εc
β

)2
+ 2

c

k
θ
εr
εc
+

(
1

β
− 2

)2
∣∣∣∣∣∣
< 4

If the solution is a1, since all the terms are positive, we have

2 +
1

β
+

c

k
θ
εr
εc
β +

√(
c

k
θ
εr
εc
β

)2
+ 2

c

k
θ
εr
εc
+

(
1

β
− 2

)2
< 4

which implies 0 < −4 c
k
θ εr
εc
β, that is impossible. In the case instead in which the solution is

a2 = 2 + 1
β
+ c

k
θ εr
εc
β −

√(
c
k
θ εr
εc
β
)2
+ 2 c

k
θ εr
εc
+
(
1
β
− 2
)2
, it can be either positive or negative.

In the case a2 is negative we have −2−
1
β
− c
k
θ εr
εc
β +

√(
c
k
θ εr
εc
β
)2
+ 2 c

k
θ εr
εc
+
(
1
β
− 2
)2

< 4 and

therefore we have that the inequality −2
(
1
β
+ 2
)
< 3 c

k
θ εr
εc
β is always verified; thus |a2| < 1. In

the case in which a2 is positive we have 2 +
1
β
+ c

k
θ εr
εc
β −

√(
c
k
θ εr
εc
β
)2
+ 2 c

k
θ εr
εc
+
(
1
β
− 2
)2

< 4

which implies 0 > −2β, that is always satisfied. Therefore we have a Hopf bifurcation when

B = B2 =
−
(
c
k
θ εr
εc
β + 1

β

)
−

√(
c
k
θ εr
εc
β
)2
+ 2 c

k
θ εr
εc
+
(
1
β
− 2
)2

2
(14)

since in such a case there exists a2 with |a| < 1. We need eventually to prove that condition

(14) is satisfied for some parameters configuration. Since we have

B ≡ εgs

(
c

k
+ δ + (A− 1)

θ

s

)
−Aθ

it must be

εgs

(
c

k
+ δ + (A− 1)

θ

s

)
−Aθ =

−
(
c
k
θ εr
εc
β + 1

β

)
−

√(
c
k
θ εr
εc
β
)2
+ 2 c

k
θ εr
εc
+
(
1
β
− 2
)2

2

which is satisfied for every εg provided that A is chosen appropriately (since B = B2 < 0, A

must be large enough), namely

εHg =
−
(
c
k
θ εr
εc
β + 1

β

)
−

√(
c
k
θ εr
εc
β
)2
+ 2 c

k
θ εr
εc
+
(
1
β
− 2
)2
+ 2Aθ

2s
(
c
k
+ δ + (A− 1) θ

s

) (15)

Now, we must prove that εHg is included between 0 and 1, i.e.

0 <
−
(
c
k
θ εr
εc
β + 1

β

)
−

√(
c
k
θ εr
εc
β
)2
+ 2 c

k
θ εr
εc
+
(
1
β
− 2
)2
+ 2Aθ

2s
(
c
k
+ δ + (A− 1) θ

s

) < 1
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Since the denominator is positive, there will exist a value for A large enough such that εHg > 0

is verified. Such A is given by

A >

(
c
k
θ εr
εc
β + 1

β

)
+

√(
c
k
θ εr
εc
β
)2
+ 2 c

k
θ εr
εc
+
(
1
β
− 2
)2

2θ

Condition εHg < 1 does not depend upon A. In fact

−
(
c
k
θ εr
εc
β + 1

β

)
−

√(
c
k
θ εr
εc
β
)2
+ 2 c

k
θ εr
εc
+
(
1
β
− 2
)2
+ 2Aθ

2s
(
c
k
+ δ + (A− 1) θ

s

) < 1

i.e.

−

(
c

k
θ
εr
εc
β +

1

β

)
−

√(
c

k
θ
εr
εc
β

)2
+ 2

c

k
θ
εr
εc
+

(
1

β
− 2

)2
+ 2θ < 2s

( c
k
+ δ
)

On the other side, for s close to one enough, we obtain the following condition.

−
(
c
k
θ εr
εc
β + 1

β

)
−

√(
c
k
θ εr
εc
β
)2
+ 2 c

k
θ εr
εc
+
(
1
β
− 2
)2
+ 2

2
(
c
k
+ δ
) θ < s (16)

In view of the previous considerations, we can introduce the following Proposition.

Proposition 5 The steady state undergoes a Hopf bifurcation at εHg . Such a value is included

between zero and one provided (16) is satisfied. Thus, there will be a closed curve around

the stationary solution which will be either stable or unstable according to the direction of the

bifurcation.

We now provide an explication of the mechanism at the base of the occurrence of a two-period

cycle. Let fix a given level of k, say k1. If it is relatively high and the propensity to consume

is high too, in the next period the stock of capital will be lower, say k2 < k1. If we are in the

region of the recycling production function in which the profits are decreasing, in the following

period total production will be higher, and so investment will increase by attaining again the

level of capital k1. A similar argument does hold in the case in which we are in the region of the

recycling production function in which profits are increasing. The mechanism described explain

why, in order to have cycles, the propensity to consume must be large enough. An analogous

explanation for the emergence of the Hopf is much less intuitive and rests upon the role played
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by the elasticity of the recycling production function, although to reproduce the mechanism at

work turns out to be quite complicate.

The analysis of the stability properties shows that under some usual conditions, steady-state

may display a Flip and a Hopf bifurcation. These results imply stabilization public policy. One

of the central parameters, among others, is the A term, which depends on the waste price p and

on the recovery rate φ (A = pφ). Hence, government may use market-based instruments (tax

and subsidies) to determine p or command and control instruments like φ, such as economic

fluctuations are avoided. Actually, European governments mix these two instruments to achieve

environmental objectives. For example, in the case of the packaging waste policy, since 1994, a

state-registered eco-organisation subsidizes the recovery sector9 in each EU country; moreover,

the 1994 EU Packaging Directive10 determines minimum recovery and recycling targets for

packaging waste.

5 Conclusion

In this paper we have analyzed an infinite horizon model in which there is a recycling sector

producing a good which is perfectly substitute to the one produced by a standard constant-

returns technology. The recycling production function is set to respect the parameters required

by the European Directive. After a discussion on the characterization of the recycling sector,

we have carried out a stability analysis. More in details, we have shown that the recycling

technology may be responsible for the existence of deterministic cycles through a flip bifurcation

and a closed curve surging through a Hopf-Poincaré bifurcation. These bifurcations occur for

reliable parameter values and for high enough propensity to consume. These results contradict

some findings, as in Boldrin and Rustichini (1994), according to which complex dynamics cannot

occur in one-sector models when an inelastic labor supply is assumed. An interesting extension of

the model could be that of analyzing the role played by the recycling technology in an overlapping

generations framework. Indeed, in such a case, there would be an interaction between the agents’

life cycle and the product’ one. Another possible extension is that of including the environmental

dynamics in the model.
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6 Notes

1. In France, the Decree of July 2005 concerning the disposal of electrical and electronic

waste results in the application of the European Directive of 2002 (Directive WEEE

2002/96/EC). Immediately from November 2006, producers of these goods contributed

funds to one of the four State-registered eco-organisations (Eco-Systèmes, ERP, Ecologic

and Recyclum).

2. This is the ratio between the recovery of used papers and cardboard and the consumption

of virgin papers and cardboard.

3. Source: French Confederation of the Paper, Cardboard and Cellulose Industry, 2003.

4. Source: European Federation of Glassware Containers, 2003.

5. This characteristic is a consequence of the legal definition of waste. According to the

law, waste corresponds to “... all residues resulting from a process of manufacture, of

transformation or of use of all substance, material, product (...) abandoned or which

the producer intends to throw away...”. It is therefore of no interest to the person, which

renders the waste a useless or negative value. But the notion of waste cannot be precise as it

depends on the technology available and of the structure on the economy: the development

of the recovery and recycling sectors transforms waste into a raw material.

6. Martin (1982) conducts an in-depth analysis of how the different forms of vertical inte-

gration of the market between Alcoa, scrap recovery and recycling firms affect monopoly

profit.

7. This way of waste price determination (fixed price) is an industrial reality and corresponds,

for example, to the application of the 2002 EU Directive (Directive WEEE 2002/96/EC)

concerning electrical and electronic material waste products, where used computers were

actually recovered free of charge in 2006; it corresponds also to the guarantee of the taking-

back of Eco-Emballages between 1992 and 2005 in France.

8. This cost corresponds to an iceberg cost: a part of the goods disappears during trans-

portation (Samuelson; 1954, Helpman and Krugman; 1985).
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9. The consumer pays a tax on packaged goods; this eco-contribution has to fill the gap

between the re-sale price of secondary materials and the marginal cost of their recovery.

10. The 1994 Directive on Packaging and PackagingWaste (94/62/EC) and the 2004 Packaging

Directive Amendments (2004/12/EC).
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