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Abstract

This chapter studies the e¤ect of consumption externalities on stability
properties of a Ramsey model with heterogeneous agents and borrowing
constraints. Agents di¤er in their initial wealth, felicity functions and
discount factors. For simplicity, heterogeneity is reduced to two groups.
Agents are identical within each group. In order to capture the role of
heterogeneity as well as external e¤ects, we introduce intergroup and in-
tragroup consumption externalities. In this setting, we show that the most
patient agent holds the entire capital stock at the steady-state whereas
the other agent (impatient) consumes his wage-income. Our main result is
that, whenever the preferences display keeping up with the Joneses feature
with respect to intergroup externalities, the appearance of two-period cy-
cles does not require the relaxation of Income Monotonicity Assumption.
Instead, only the external e¤ects in consumption from the other group
that plays a crucial role for the appearance of these cycles.
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1 Introduction

Consumption externalities are considered as a simple way to study non-market
interdependence between households in the economy, as stressed by earlier
economists, notably, Veblen (1899) and Duesenberry (1949), and recently by
empirical studies such as Easterlin (1995), Brekke and Howarth (2002), among
others. Moreover, consumption externalities have been extensively studied in
dynamic general equilibrium models. This literature is based on the assumption
that household�s felicity function depends on his own consumption as well as on
some reference (external) consumption level which is taken as given. Accord-
ing to Dupor and Liu (2003), the existence of such externalities in household�s
felicity function gives rise to two distinct e¤ects. Consumption spillovers may
either increase or reduce the utility that an individual obtains from his own
consumption. Consequently, the agent feels either "admiration" or "jealousy".
Moreover, consumption externalities may also increase or reduce agent�s mar-
ginal utility from private consumption. This e¤ect is respectively referred to
as Keeping-Up with the Joneses (KUJ) and Running-Away from the Joneses
(RAJ).
The role of consumption externalities has been examined in di¤erent con-

texts, such as, happiness (Tian and Yang 2009), asset pricing (Abel 1990; Galí
1994), optimal taxation (Ljungqvist and Uhlig 2000), equilibrium e¢ciency (Liu
and Turnovsky 2005; Nakamoto 2009), and long-run economic growth (Fisher
and Hof 2000). Another strand of literature has focused upon the stability prop-
erties in dynamic models and notably, the existence of local indeterminacy and
endogenous cycles. It has been shown that, in a representative-agent one-sector
growth model with inelastic labor supply, the dynamic behavior of the economy
with consumption externalities is equivalent to that of the economy without
external e¤ects, that is, the dynamic equilibrium is always unique. However,
Alonso-Carrera et al. (2008) show that local indeterminacy appear whenever la-
bor supply is endogenous. Moreover, Chen and Hsu (2007) demonstrate that, if
agent�s time-preference rate exhibits decreasing marginal impatience in private
consumption, then equilibrium indeterminacy can emerge even without elastic
labor supply.
A common feature of previous works is that they adopt the representative

agent framework and thus external e¤ects are represented by the economy-wide
average consumption. As a result, all households have long-run symmetric level
of consumptions which in turn implies that the average consumption coincides
with the level of individual consumption. Then as recently mentioned by Garcia-
Peñalosa and Turnovsky (2008), whenever rational agents realize that everyone�s
consumption is equal at equilibrium, external e¤ects should disappear. There-
fore, the authors argue that heterogeneity across agents is a fundamental compo-
nent of any analysis of consumption externalities. Subsequently, only few works
have investigated the role of consumption externalities in heterogeneous agents
framework. In a neoclassical growth model, Garcia-Peñalosa and Turnovsky
(2008) assume that households have the same felicity function but di¤erent ref-
erence groups and initial wealth. They show that, in a simple case where utility
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depends on own and aggregate consumption and labor supply is inelastic, KUJ
accelerates the speed of convergence and thus resulting in less wealth inequality
than would prevail in the absence of consumption externalities. However, Mino
and Nakamoto (2008 and 2009) assume that, in a neoclassical growth model,
there exist two types (groups) of agents who have di¤erent felicity function and
initial wealth. Labor supply is inelastic. In addition, an agent cares about the
consumption level of his group�s members as well as the other group members�
consumption level. Such a speci�cation is formulated by assuming that the felic-
ity function of an agent depends on his consumption, the average consumption
of his group and the average consumption of the other group. In other terms,
one agent�s utility is a¤ected by intragroup and intergroup externalities. In
Mino and Nakamoto (2008), nonlinear income taxation is introduced. The au-
thors show that, if the intragroup externalities dominate the intergroup e¤ects,
the symmetric steady state is a saddle. However, if the intergroup external ef-
fects have larger impact than the intragroup externalities, then the symmetric
steady state is either unstable or locally indeterminate. Mino and Nakamoto
(2009) demonstrate that the long-run wealth distribution is highly sensitive to
the strength of intergroup and intragroup externalities. Finally, Mino (2008)
develops an endogenous growth version of Diamond�s (1965) OLG model with
consumption externalities. The intragroup and intergroup externalities are re-
spectively replaced with intragenerational and intergenerational external e¤ects.
It is shown that balanced growth equilibrium and transitional dynamics depend
on the preference structure that characterizes forms of consumption external
e¤ects.
In this line, this chapter is interested in studying the impact of consumption

externalities on the stability properties of a Ramsey model with heterogeneous
agents. Consumers are assumed to have di¤erent initial wealth, felicity func-
tions and discount factors. For simplicity, it is assumed that there are two
groups of agents. Each group consists of identical households who supply labor
inelastically and are subject to a borrowing constraint, that is, they can not
borrow against their future income. Ramsey model with this type of hetero-
geneity but without consumption externalities has been extensively studied by
Becker (1980); Becker and Foias (1987; 1994; 2007) and Sorger (1994; 2002).
It is also assumed that an agent�s felicity function depends on his private

consumption as well as on the average consumption of own group and the other
group. This speci�cation distinguishes between two external e¤ects: intragroup
and intergroup, that is, an agent�s concern with the consumption of his group
may be di¤erent from his concern with the consumption of the other group. For
instance, his preferences can display keeping-up with the consumption behavior
of agents� from own group and running-away from the consumption behavior
of agents� from the other group. This asymmetry in external e¤ects has been
considered in Mino and Nakamoto (2008 and 2009).
This setup provides a rich environment to underline the role of consumption

externalities and heterogeneity across agents on the local dynamic of Ramsey
model.
Our �rst result is that only the patient agent owns a positive capital stock in
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the long-run while the other (impatient) agent only consumes his wage-income
as he does not hold capital. The steady state is thus characterized as in Becker
(1980) and consumption externalities have no impact on the steady state.
In this framework but without consumption externalities, Becker and Foias

(1994) have shown that the existence of periodic orbit of period two requires
a negative response of the patient agent�s income to the capital stock. Put
it di¤erently, Income Monotonicity Assumption is su¢cient to rule out these
cycles. However, we show that, by introducing consumption externalities in
such a framework, these externalities give rise to a new mechanism through
which cycles appear. More precisely, two-period cycles can occur even under
Income Monotonicity Assumption. This result holds if input substitutability is
low, intergroup externalities are large and exhibit KUJ feature, and intragroup
externalities and intertemporal substitution are small.
The intuition goes as follows: cycles of period two requires that an increase

in present capital stock should be followed by a reduction in the next-period
capital. The initial increase in capital stock has two opposite e¤ects. On the
one side, it raises the impatient agent�s income (his wage) and his consumption
as well. Low input substitutability and high intergroup external e¤ects imply
an increase in the consumption of the patient agent�s consumption. On the
other side, the patient agent�s income goes up under Income Monotonicity As-
sumption. However, as intertemporal substitutability is weak, the sensitivity of
his consumption to income change is low. The appearance of two-period cycles
requires that the �rst e¤ect dominates the second e¤ect. This requires large
intergroup externalities. Obviously, such a mechanism is more likely to occur
whenever intergroup externalities are higher.
To stress on the role of heterogeneity and consumption externalities, we

consider particular cases. From one hand, this result still maintains even in
the absence of intragroup external e¤ects. That is, cycles appear because of
the existence of intergroup externalities. For higher external e¤ects from the
other group, the range of saddle-path stability region shrinks and cycles be-
come more likely to emerge. From the other hand, whenever we consider in-
tragroup external e¤ects alone, they do not in�uence the stability properties of
the representative-agent model while, in the heterogeneous agents model, they
promote the stability and make the emergence of cycles less likely. Therefore,
in this late case, heterogeneity is the only mechanism that gives rise to cycles.
These result are in line with Mino and Nakamoto (2008) who have shown that
instability and local indeterminacy appear if intergroup externalities dominate
intragroup e¤ects.
This chapter is organized as follows. The next section presents the model.

Section 3 de�nes the intertemporal equilibrium and provides the analysis of the
steady state. Section 4 focuses on the stability properties and the occurrence
of bifurcations. The results on local dynamics are discussed in section 5. An
economic intuition for the main result is provided in section 6. Finally, section
7 concludes. All technical details are gathered in the Appendix.
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2 The model

We consider a discrete-time Ramsey model with heterogeneous consumers and
a representative �rm.

2.1 Households

Consumers are assumed to be heterogeneous with respect to their discount rate,
felicity function and initial wealth. In order to keep things as simple as possible,
but without loss of generality, we reduce consumers� heterogeneity to two groups
of agents, labeled with i = 1; 2. Individuals are identical in each group. Total
population is constant over time, with size N > 0. The population size of each
group is also constant, denoted by Ni, for type i.
Consider a representative agent for each group i (i = 1; 2). In the following,

it is assumed that agents of type 2 are more impatient than agents of type 1,
that is, they discount the future utility more heavily:

Assumption 1 0 < �2 < �1 < 1.

It is also assumed that the felicity function of the representative agent i
(i = 1; 2) depends on his private consumption and on consumption spillovers
from his own group and from the other group. Let the preferences of agent i
be represented by the instantaneous utility function ui (cit; �cit; �cjt), for i = 1; 2,
where ci;t is agent i�s consumption, and �cit and �cjt respectively represent the
average-consumption in group i and j, for i 6= j. By considering this speci-
�cation, we distinguish intragroup externalities from intergroup externalities.
That is, an agent�s concern with the consumption levels of members in his own
group may be di¤erent from the concern with consumption of agents in the
other group. A crucial feature of this setup is that the representative agent of
group i takes the intragroup and intergroup average-consumption levels, i.e.,
respectively, �cit and �cjt, for i 6= j, as given. That is, each individual is assumed
to be small enough to neglect his own contribution to the average consumption
level of his group.
Moreover, as each group consists of identical agents, it is assumed that, for

each group, the individual consumption and the average level of consumption
coincide at equilibrium, namely, ci = �cit.
The felicity function satis�es the following assumption:

Assumption 2 For i 6= j and i; j = 1; 2, the instantaneous utility function
ui (cit; cit; cjt) is twice continuously di¤erentiable and satis�es the following con-
ditions: (i) ui1 (cit; cit; cjt) > 0 > ui11 (cit; cit; cjt); (ii) ui12 (cit; cit; cjt) 7 0 and
(iii) ui13 (cit; cit; cjt) 7 0.

In condition (i) of Assumption 2, the instantaneous utility function ui (�) is
assumed to be monotonically increasing and strictly concave in private consump-
tion, ci. Condition (ii) and (iii) state that the external e¤ect of consumption
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could generate positive or negative e¤ect on the marginal utility from own con-
sumption of agent i. Namely, if agent i wants to be similar to others (resp.,
di¤erent from others), then agent i�s preferences display keeping up with the
Joneses (KUJ) feature, i.e., ui1l > 0, for l = 2; 3 (resp. running away from
the Joneses, RAJ) feature, i.e., ui1l < 0, for l = 2; 3). Further, Assumption
2 allows for the possibility that, for instance, agent i is willing to imitate the
consumption behavior of his own group�s members, i.e., ui12 (cit; cit; cjt) > 0,
but di¤erent from the consumption behavior of the other group�s members, i.e.,
ui13 (cit; cit; cjt) < 0.
We should impose the following restrictions on external e¤ects:

Assumption 3 (i) ui11+ui1l < 0, for l = 2; 3, and (ii) ui11+ui12+ui13 < 0.

Assumption 3 imposes restrictions on the strength of intergroup and intra-
group external e¤ects; they can not dominate the direct e¤ect of private con-
sumption: either the externalities augment the direct e¤ect of own consumption,
or, if they are o¤setting, they are dominated by the own e¤ect.
For i = 1; 2, we introduce the following elasticities:

"i11 �
ui11ci
ui1

< 0 (1)

"i12 �
ui12ci
ui1

7 0 (2)

"i13 �
ui13cj
ui1

7 0 (3)

where let "i11 is the marginal elasticity of private consumption; "i12 is the elas-
ticity of external e¤ects from own group i and "i13 is the elasticity of external
e¤ects from the other group j, with i 6= j. In view of Assumption 3, the following
conditions hold:

"i11 + "i12 < 0 (4)

"i11 + "i13 < 0 (5)

"i11 + "i12 + "i13 < 0 (6)

Assume that the representative agent of type i is initially endowed by ki0 � 0,
such that the initial aggregate capital stock is strictly positive,K0 =

P2

i=1Niki0 >
0, i.e., ki0 > 0 holds at least for one agent. Denote the depreciation rate of cap-
ital by � 2 (0; 1). Given a sequence of real interest rates on capital frtg and
wages rate fwtg, the representative agent i chooses a pattern of consumption
and capital holdings at each time that maximizes his lifetime utility subject
to a sequence of budget constraints and a sequence of borrowing constraints.
Formally, consumer i�s maximization program is written as
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max
cit;kit+1

+1
X

t=0

�tiui (cit; �cit; �cjt) (7)

subject to

cit + kit+1 � (1� �) kit � rtkit + wt (8)

kit+1 � 0 (9)

According to the non-negativity constraint (9), agents are not allowed to �nance
present consumption by borrowing against future income. This borrowing con-
straint re�ects the incomplete market structure of the Ramsey model.
One can easily show that the necessary �rst-order conditions imply Euler

equation

ui1 (cit; �cit; �cjt) � �i (rt+1 + 1� �)ui1 (cit+1; �cit+1; �cjt+1) (10)

which holds with equality if kit+1 > 0. Moreover, the monotonicity of the utility
function gives rise to a binding budget constraint

cit + kit+1 � (1� �) kit = rtkit + wt (11)

2.2 Production

In contrast to the consumers� side, the production sector is homogeneous. As-
sume that a representative �rm produces the �nal good using a constant return
to scale technology yt = F (Kt; Lt), where Kt and Lt are the aggregate capital
and labor. Let kt � Kt=Lt be the capital-labor ratio, using homogeneity of
degree one, the production function can be written as F (Kt; Lt) � f (kt)Lt.
Suppose that the representative �rm maximizes the pro�t �t � yt�rtKt�wtLt
taking factor prices (the real interest rate rt and the real wage wt) and the
technology as given.

Assumption 4 The technology f (k) is a continuous function of the capital-
labor ratio k � 0, positive-valued and di¤erentiable. Furthermore, f 00 (k) < 0 <
f 0 (k), for k > 0, and f (0) = 0, limk!0 f

0 (k) = +1 and limk!+1 f
0 (k) = 0.

Under Assumption 4, pro�t maximization implies

rt = f
0 (kt) and wt = f (kt)� ktf

0 (kt) (12)

We de�ne the following elasticities. The elasticity of capital-labor substitu-
tion is given by � � [kf 0 (k) =f � 1] f 0 (k) =kf 00 (k). The capital share of the total
income is given by s � f 0 (k) k=f (k) 2 (0; 1]. Finally, the elasticities of the in-
terest rate with respect to capital and labor are krk=r = �lrl=r = � (1� s) =�,
and the elasticities of the real wage with respect to capital and labor are
kwk=w = �lwl=w = s=�.
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3 Intertemporal equilibrium

We provide a standard de�nition of equilibrium for the economy described
above:

De�nition 1 An equilibrium of the economy E =
�

F; (ki0; �i; ui; Ni)
2

i=1

�

is an

intertemporal sequence
�

rt; wt;Kt; Lt; (cit; kit)
2

i=1

�+1

t=0
which satis�es the follow-

ing conditions:

(D1) (rt; wt)
+1

t=0 is a sequence of strictly positive prices;

(D2) given (rt; wt)
+1

t=0 , (Kt; Lt) solves the �rm�s program for t = 0; 1; : : : ;1;

(D3) given (rt; wt)
+1

t=0 , (cit; ki;t)
+1

t=0
solves the ith consumer�s program for i =

1; 2;

(D4) the capital market clears Kt = N1k1t +N2k2t, for t = 0; 1; : : : ;1;

(D5) the labor market clears Lt = N1 +N2, for t = 0; 1; : : : ;1;

(D6) the product market also clears
P2

i=1Ni [cit + kit+1 � (1� �) kit] = F (Kt; Lt).

In the following Lemma, we state a set of equilibrium conditions for our
model.

Lemma 1 Let E =
�

F; (ki0; �i; ui; Ni)
2

i=1

�

be an economy satisfying As-

sumptions 1 � 4. Consider the following conditions for t = 0; 1; : : : ;1 and
i = 1; 2:

(a) cit > 0, kit > 0, Kt > 0, Lt > 0;

(b) rt = f
0 (kt) and wt = f (kt)� ktf

0 (kt), with kt � Kt=Lt;

(c) ui1 (cit; �cit; �cjt) � �i [rt+1 + 1� �]ui1 (cit+1; �cit+1; �cjt+1) with equality when
kit+1 > 0;

(d) cit + kit+1 � (1� �) kit = rtkit + wt;

(e) Kt = N1k1t +N2k2t;

(f) Lt = N1 +N2.

Then, if the sequence
�

rt; wt;Kt; Lt; (cit; kit)
2

i=1

�+1

t=0
is a competitive equilib-

rium, the conditions (a)�(f) hold. Further, if the sequence
�

rt; wt;Kt; Lt; (cit; kit)
2

i=1

�+1

t=0

satis�es (a)� (f) and the transversality condition

lim
t!+1

�tiui1 (cit; �cit; �cjt) kit+1 = 0 (13)

8



for i = 1; 2, it is an equilibrium for the economy E.

Proof. See the Appendix.
The theory of heterogeneous Ramsey equilibrium has been developed by

Becker (1980) and Becker and Foias (1987; 1994). These papers have proved
that, in a framework where agents have di¤erent time-preference rates, only the
most patient agent owns a positive capital stock in the long-run. We show below
that this result maintains and the steady state is the same as in the Ramsey
model without consumption externalities. That is, at a neighborhood of the
steady state, the patient agent 1 owns all the capital while agent 2 chooses to
hold no capital provided that he is su¢ciently impatient.

Proposition 1 There exists a unique steady state de�ned as follows:

(S1) r and w are constant;

(S2) r + 1� � = 1=�1 < 1=�2;

(S3) k1 > 0 and k2 = 0;

(S4) c1 = [(r + 1� �)� 1] k1 + w and c2 = w;

(S5) K = N1k1 > 0.

Proof. See the Appendix.
According to Proposition 1, the real gross return on capital should be 1=�1

near the steady state since a �rm prefers to have the capital with the lowest
cost.
Let ni � Ni= (N1 +N2) be the mass of agents of type i (i = 1; 2) as well

as the population share of that type. Nearby the steady state characterized by
Proposition 1, a Ramsey equilibrium is a sequence of fc1t; k1tg

+1

t=0 that solves
the following two-dimensional dynamic system

u11 (c1t; c1t; f (n1k1t)� n1k1tf
0 (n1k1t))

u11 (c1t+1; c1t+1; f (n1k1t+1)� n1k1t+1f 0 (nk1t+1))
= �1 [1� � + f

0 (n1k1t+1)]

(14)

c1t + k1t+1 � (1� �) k1t = f (n1k1t) + (1� n1) k1tf
0 (n1k1t) (15)

subject to the initial aggregate endowment k10 > 0 and the transversality con-
dition (13).
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4 Local dynamics

This section deals with the local dynamics of system (14)-(15) around the inte-
rior steady state. In order to save notations, it is convenient to drop the index
of the patient agent; hence �1 � �, n1 � n, c1t � ct, and k1t � kt. We linearize
the system (14)-(15) around the steady state, we get

(dkt+1=k; dct+1=c)
T
= J (dkt=k; dct=c)

T

Let g (k) � f (nk) + (1� n) kf 0 (nk) be the income of patient agent 1. We
compute

g0 =
1

�
[1� � (1� �)]

�

1�
(1� s) (1� n)

�

�

(16)

c

k
=
1

�
[1� � (1� �)]

�

1 +
1� s

s
n

�

� � (17)

Let

B0 � [1� � (1� �)] (1� s) (18)

The trace and the determinant of the Jacobian matrix:

J =

�

s"13�B0

�
"11 + "12

1 0

��1 � s"13
�

"11 + "12
1� � + g0 �c=k

�

(19)

are respectively given by

T = 1 +
1

�
�

�

(1� n)B0
�

+
c

k

B0 � s"13
"11 + "12

�

1

�
(20)

D =
1

�
�

�

B0 (1� n)

�
�
c

k

s"13
"11 + "12

�

1

�
(21)

Further, consider

T = 1 +D �
c

k

B0
�

1

"11 + "12
(22)

T = �1�D

+2

�

1 +
1

�

�

�

�

2 (1� n)B0
�

�
c

k

2s"13 �B0
"11 + "12

�

1

�
(23)

In the following, we use the fact that the trace T and the determinant D
are respectively the sum and the product of the eigenvalues.1 The stability

1The characteristic polynomial of the Jacobian matrix J is P (�) = �
2 � T� + D, where

the trace T = �1 + �2 and the determinant D = �1�2.
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properties of the system, i.e., the location of the eigenvalues with respect to the
unit circle, is equivalently and conveniently characterized in the (T;D)-plane.

In the spirit of Grandmont, Pintus and de Vilder (1998), we apply the geo-
metrical method and we characterize the locus � � f(T (�) ; D (�)) : � � 0g
obtained by varying the elasticity of inputs substitution � in the (T;D)-plane.
Then we examine the impact of "13 on the location of �, by consideringmin f�"11;� ("11 + "12)g
as the upper bound of the intergroup external e¤ects "13, see Assumption 3 and
(5)-(6).
The following lemma provides some technical results involved in the main

propositions.

Lemma 2 The half-line � is linear in � � 0 with endpoint (Tf ; Df ) =
(1=�; 1 + 1=�) and slope

S =
(1� n)B0 � �

c
k

s"13
"11+"12

(1� n)B0 + �
c
k
B0�s"13
"11+"12

(24)

and make clockwise rotation with "13, i.e., S
0 ("13) < 0, and S (�1) = 1.

Further,

1. D0 (�) < 0 whenever "13 < �"13, i.e., the locus (T (�) ; D (�)) moves down-
wards in the (T;D)-plane when � goes up; however, D0 (�) > 0 whenever
"13 > �"13, where �"13 is the solution of S = 0:

�"13 =
(1� n)B0
s�c=k

("11 + "12) (25)

2. Let

B1 �
s

B0
+
1� n

�c=k
(26)

There exists a critical value "13 = ~"13 at which the slope of � is equal to
�1, i.e., S = �1, and which is given by

~"13 =
B0
s

�

1

2
+
(1� n) ["11 + "12]

�c=k

�

(27)

whenever either (i) �1 < "12 < ~"12 and "11 < �1=2B1; or (ii) "12 <
"̂12 < 0 and "11 > �1=2B1, where

~"12 � �
1

2B1
(1 + 2B1"11) (28)

"̂12 � �
1

2

�c=k

1� n
(1 + 2B1"11) (29)
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Proof. See the Appendix.
Let � = �F be the critical value that solves T = �1�D:

�F �
1

1 + �

�

(1� n)B0 � �
c

k

s"13 �B0=2

"11 + "12

�

(30)

The characterization of the local dynamics is given by the following propo-
sition:

Proposition 2 Let Assumptions 1� 4 hold. Then the following generi-
cally occurs:
(i) Whenever �1 < "13 < ~"13, the steady state is a saddle point for all

� � 0.
(ii) Whenever ~"13 < "13 < min f�"11;� ("11 + "12)g, the steady state is a

source for all � < �F and a saddle for all � > �F . When � crosses �F , the
system undergoes a �ip bifurcation.

Proof. See the Appendix.

Fig. 1

In the following Proposition, we show that it is possible to �nd a range for
the main parameters of the model, that belongs to intervals in Proposition 2,
such that the appearance of two-period cycles does no longer require a negative
response of the patient agent�s income to the capital stock. In other terms, the
following Proposition shows that two-period cycles can occur even under the
Income Monotonicity Assumption, contrary to Becker and Foias (1994), and
that only the external e¤ects in consumption that give rise to �ip bifurcation.
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Proposition 3 Let Assumptions 1 � 4 hold. Given that "11 < 1=2B2,
�"12 < "12 < "

�

12 and n > n
�, where

"�12 �
1

2B2
� "11 > 0 (31)

�"12 � �B0B2
c=k

1� n

"11 � 1=2B2
B0 � (1� s) [1 + �]

< 0 (32)

with

B2 �
1� n

�c=k

�

1

B0
(1� s) (1 + �)� 1

�

�
s

B0
(33)

and

n� �
� � s+ � (1� �) (1� s)

(1� s) (1 + �)
2 (0; 1) (34)

Then cycles of period two appear under Income Monotonicity Assumption for
all "13 > "

�

13 > 0 and �
� < � < �F , where

�� � (1� s) (1� n) (35)

"�13 �
B0
2s
+
(1� n) [B0 � (1� s) (1 + �)]

s�c=k
("11 + "12) (36)

Proof. See the Appendix.

5 Discussion of the results

To understand the impact of consumption externalities and heterogeneity on
stability, we start with two particular cases: heterogeneity without externalities
(framework of Backer and Foias 1994) then intragroup externalities with and
without heterogeneity. After that, we consider the general case with heteroge-
neous agents intergroup and intragroup consumption externalities.

5.1 Heterogeneous agents without consumption external-
ities

In the absence of external e¤ects, the emergence of two-period cycles requires the
relaxation of Income Monotonicity Assumption, i.e., the income of the household
accumulating the capital (the patient) must be decreasing in capital.
To show that, we set "12 = "13 = 0 in (22) and (23). At �rst, as "11 < 0,

one deduce from (22) that 1� T +D < 0. Then in order to determine whether
the steady state is a source or a saddle point, consider (23) which becomes

13



1 + T +D = 2 (1 + g0) + 2 (1� �)�B0
c=k

"11

1

�
(37)

where g (k) is the income of the patient agent and g0 (k) is given by (16). From
(37), there exist cycles of period two, it must be the case that 1 + T +D = 0.
This requires that the term in square brackets should be negative, i.e., g0 (k)
should be negative. This con�rms the result of Becker and Foias (1994).
In fact, the heterogeneity is the mechanism that gives rise to this result.

Assume that agents are identical, i.e., n = 1, then g (k) satis�es the Income
Monotonicity Assumption, that is, g0 (k) = 1=� > 0, and so the steady state is
a saddle point. Further, we notice that the bifurcation value �F (given by (30))
becomes �F;BF = B0 [1� n+ � (c=k) =2"11] = (1 + �) which is strictly positive if
and only if the patient agent has a weak elasticity of intertemporal substitution
in consumption, i.e., (�1="11) < 2 (1� n) =� (c=k). In addition, d�F;BF =d"11 <
0 which means that weaker intertemporal substitutability is, more likely two-
period cycles to appear. Finally, one can verify that g0 (k) < 0 for all � < �F;BF .
That is, cycles are ruled out whenever the Income Monotonicity Assumption
holds.

5.2 Intragroup consumption externalities

Consider now the case with consumption externalities from own group only,
that is, "12 6= 0 and "13 = 0.
From the one hand, assume that agents are identical n = 1, then the income

of the representative agent is increasing in capital, i.e., g0 (k) = [1� � (1� �)] =� >
0. Further, by setting n = 1 and "13 = 0 in (22) and (23) and under condition
(4), one can directly deduce that the steady state is always a saddle point and
that there is no room for cycles. Therefore, the dynamic behavior of the model
with consumption externalities is exactly the same as that of the Ramsey model
with inelastic labor supply and without external e¤ects.
From the other hand, assume that agents are heterogeneous n < 1, then

cycles of period two arise and require the relaxation of Income Monotonicity
Assumption. Setting "13 = 0 in (30), one obtains the critical value at which
�ip bifurcation occurs, �F . A higher elasticity of intragroup externalities "12
decreases �F , so the range of staddle-path stability (�F ;+1) widens, making
the emergence of cycles less likely.
As a result, the presence of intragroup external e¤ects has no impact on the

stability of the representative-agent model while it promotes the stability and
makes the appearance of cycles less likely in the heterogeneous agents case.

5.3 Intergroup and intragroup consumption externalities

Let us turn back to the heterogeneous agents framework n < 1 with intergroup
and intragroup consumption externalities, i.e., "13 6= 0 and "12 6= 0.
According to Proposition 2, the emergence of two-period cycles requires weak

inputs substitutability, high intergroup consumption spillovers.
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We also �nd that, whenever we consider intragroup externalities alone, they
promote stability and make the emergence of cycles less likely, see subsection
(2:5:2). On the contrary, whenever we consider intergroup externalities alone,
we �nd that �F in (30) increases with "13 which means that, for a higher external
e¤ects from the other group, the range of saddle-path stability (�F ;+1) shrinks
and instability and cycles become more likely. Deriving the critical bifurcation
value �F in (30) with respect to two elasticities of consumption externalities,
one gets positive e¤ect, i.e., @2�F =@"12@"13 > 0. This means that intergroup
consumption externalities are crucial for the appearance of cycles rather than
intragroup externalities.
Moreover, in Proposition 3, we show that there is a range of the main para-

meters that belongs to intervals in Proposition 2 for which cycles of period two
appear under the Income Monotonicity Assumption. This is obtained whenever
intertemporal substitutability is weak, intergroup spillovers are positive and
large, and external e¤ects from the consumption of the same group are small in
absolute value (i.e., either small "12 > 0 or large "12 < 0). In addition, such a re-
sult holds even in the absence of intragroup externalities ("12 = 0). Therefore,
contrary to Becker and Foias (1994), the relaxation of Income Monotonicity
Assumption is no longer needed for the appearance of cycles. Instead, it is
the intergroup external e¤ects in consumption that play a crucial role for the
emergence of cycles.

6 Interpretation

The objective of this section is to explain why cycles of period two appear in
a Ramsey model with heterogeneous agents and consumption externalities. We
�rst start by the economy without external e¤ects and then we consider our
model.

6.1 Benchmark framework

We recover the framework of Becker and Foias (1994), by setting "12 = "13 = 0.
As we have shown in subsection (5:1), the existence of two-period cycles requires
the relaxation of Income Monotonicity Assumption. That is, the income of
the household accumulating the capital (the patient) must be decreasing in
capital. Further, the elasticity of intertemporal substitution in consumption of
the patient agent should be su¢ciently weak. The intuition is given as follows:
Suppose that kt increases. Then the income of the patient agent 1 dercreases,

since g0 (k) < 0. This implies to a reduction in his current consumption ct.
However, the patient agent 1 is willing to smooth his consumption ct since his
elasticity of intertemporal substitution is su¢ciently low. He thus decreases
his consumption level ct slightly. As a result, the reduction in income will be
absorbed by a drop of kt+1. Two-period cycles appear.
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6.2 Our model

Now we focus on the result stated by Proposition 3: cycles of period two ap-
pear under Income Monotonicity Assumption whenever input substitutability is
small, intergroup spillovers are large, intertemporal substitution is small. The
intuition is given as follows:
Suppose that kt goes up. This generates two opposite e¤ects:
On the one side, the income of the patient agent 1 increases by Income

Monotonicity Assumption. However, as the elasticity of intertemporal substi-
tution of agent 1 is su¢ciently weak, the sensitivity of his consumption to the
increase in income is low.
On the other side, the income of impatient agent 2 (wage) also moves up

and so does his consumption (c2 = w). The increase in agent 2�s consumption
gives agent 1 the incentive to raise his own consumption, since the intergroup
external e¤ects are large and KUJ, "13 > 0. Thus this leads agent 1 to increase
his consumption.
Cycles of period two will emerge if the consumption of agent 1 increases

su¢ciently and implies a reduction in the level of next period capital stock. Such
a scenario will be obtained if the elasticity of inputs substitution is weak and
the intergroup externalities "13 > 0 are su¢ciently high. The former generates
a strong e¤ect of initial increase in capital on wage and so on the impatient�s
consumption. The second results in a strong response of the patient agent�s
consumption to the impatient�s consumption. Both e¤ects imply that the initial
increase in capital stock will produce an increase in the consumption of agent 1,
even under weak intertemporal substitutability. Then according to the patient
agent�s budget constraint, next-period capital kt+1 decreases. So two-period
cycles appear.

7 Conclusion

In this chapter, we have introduced consumption externalities in a Ramsey
model with heterogeneous agents and borrowing constraints. We have assumed
that there are two groups of in�nitely-lived agents. Each group consists of a con-
tinuum identical agents. The representative agents in each group di¤er in their
initial wealth, felicity functions and discount rates. We have also assumed that
an agent�s felicity function is a¤ected by consumption spillovers from his own
group and from the other group. In this setting, we have shown that consump-
tion externalities do not in�uence the steady state. As in Becker (1980), only
the patient agent holds positive capital stock in the long-run whereas the other
(impatient) agent holds no capital and consumes his wage-income only. More-
over, we have shown that, under KUJ intergroup external e¤ects, the relaxation
of Income Monotonicity Assumption is no longer required for the emergence of
two-period cycles. Instead, the existence of intergroup consumption externali-
ties provides a new mechanism through which �ip bifurcation appears.
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8 Appendix

8.1 Proof of Lemma 1

Necessary condition:
Conditions (a), (e) and (f) results from the de�nition of equilibrium. Con-

dition (b) is the �rst order condition of pro�t maximization problem of the rep-
resentative �rm. Condition (c) corresponds to the �rst order condition of the
maximization problem of agent i. Finally, condition (d) is the budget constraint
of agent i.
Su¢cient condition:
Condition (D1) is satis�ed because of (b) and Assumption 4. In order to

show that condition (D2), consider any ~kt � ~Kt=~Lt � 0 di¤erent from kt, we
have

[F (Kt; Lt)� rtKt � wtLt]�
h

F
�

~Kt; ~Lt

�

� rt ~Kt � wt ~Lt

i

= F (Kt; Lt)� F
�

~Kt; ~Lt

�

� rt

�

Kt � ~Kt

�

� wt

�

Lt � ~Lt

�

� FK (Kt; Lt)
�

Kt � ~Kt

�

+ FL (Kt; Lt)
�

Lt � ~Lt

�

� rt

�

Kt � ~Kt

�

� wt

�

Lt � ~Lt

�

= f 0 (Kt=Lt)
�

Kt � ~Kt

�

+ [f (Kt=Lt)� f
0 (Kt=Lt)Kt=Lt]

�

Lt � ~Lt

�

� rt

�

Kt � ~Kt

�

� wt

�

Lt � ~Lt

�

= rt

�

Kt � ~Kt

�

+ wt

�

Lt � ~Lt

�

� rt

�

Kt � ~Kt

�

� wt

�

Lt � ~Lt

�

= 0

The feasibility of the sequence (cit; ki;t) for agent i�s maximization problem is

ensured by (a). Now consider an alternative sequence
�

~cit; ~ki;t

�

satisfying the

constraints in agent i�s program and the initial condition, we have

+1
X

t=0

�ti [ui (cit; �cit; �cjt)� ui (~cit; �cit; �cjt)]

= lim
T!+1

T
X

t=0

�ti [ui (cit; �cit; �cjt)� ui (~cit; �cit; �cjt)]

� lim
T!+1

T
X

t=0

�ti [ui1 (cit; �cit; �cjt) (cit � ~cit)]

= lim
T!+1

T
X

t=0

�tiui1 (cit; �cit; �cjt)
h

(rt + 1� �)
�

kit � ~kit

�

�
�

kit+1 � ~kit+1

�i

= lim
T!+1

(

T
X

t=0

�tiui1 (cit; �cit; �cjt) (rt + 1� �)
�

kit � ~kit

�

�
T
X

t=0

�tiui1 (cit; �cit; �cjt)
�

kit+1 � ~kit+1

�

)
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= lim
T!+1

8

>

>

>

<

>

>

>

:

ui1 (ci0; �ci0; �cj0) (r0 + 1� �)
�

ki0 � ~ki0

�

+
PT�1

t=0 �
t+1
i ui1 (cit+1; �cit+1; �cjt+1) (rt+1 + 1� �)

�

kit+1 � ~kit+1

�

�
PT�1

t=0 �
t
iui1 (cit; �cit; �cjt)

�

kit+1 � ~kit+1

�

� �Ti ui1 (ciT ; �ciT ; �cjT )
�

kiT+1 � ~kiT+1

�

9

>

>

>

=

>

>

>

;

= lim
T!+1

8

<

:

PT�1

t=0 �
t
i [�i (rt+1 + 1� �)ui1 (cit+1; �cit+1; �cjt+1)� ui1 (cit; �cit; �cjt)]

�

kit+1 � ~kit+1

�

��Ti ui1 (ciT ; �ciT ; �cjT )
�

kiT+1 � ~kiT+1

�

9

=

;

� lim
T!+1

�
PT�1

t=0 �
t
i [�i (rt+1 + 1� �)ui1 (cit+1; �cit+1; �cjt+1)� ui1 (cit; �cit; �cjt)] kit+1

��Ti ui1 (ciT ; �ciT ; �cjT ) kiT+1

�

= 0

So we have just proved that (D3) is satis�ed. Condition (D4) and (D5) are
respectively identical to (e) and (f). Finally, condition (D6) results from (d)
and (e).

8.2 Proof of Proposition 1

Here we show that consumption externalities have no impact on the steady
state. The proof consists of four steps:

1. For i = 1, conditions (S1) � (S4) satisfy the optimality conditions in
Lemma 1. Further, the transversality condition holds since 0 < �1 < 1
and consumption levels, i.e., c1 and c2, are constant, with �c1 and �c2 are
taken as "exogenously given". Hence limt!+1 �

t
1u11 (c1; �c1; �c2) k1 = 0 is

satis�ed.

2. For i = 2, we show that it is optimal to hold no capital, i.e., k2 = 0 and
to consume his wage-income, i.e., c2 = w. For this purpose, consider a

feasible sequence
�

~c2t; ~k2t

�

starting from ~k20 = 0 and compare this path

with the stationary solution (c2; k2) such that c2 = w and k2 = 0. We
show that this stationary solution is optimal. Using the assumption that
at equilibrium, �ci = ci, for i = 1; 2, and �c1 is exogenously taken by agent
2, we then have the following:

+1
X

t=0

�t2 [u2 (w;w; c1)� u2 (~c2t; ~c2t; c1)]

�
+1
X

t=0

�t2 [[w � ~c2t]u21 (w;w; c1) + [w � ~c2t]u22 (w;w; c1)]
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= [u21 (w;w; c1) + u22 (w;w; c1)]

+1
X

t=0

�t2 [w � ~c2t]

= [u21 (w;w; c1) + u22 (w;w; c1)]
+1
X

t=0

�t2

�

~k2t+1 �
1

�1
~k2t

�

= [u21 (w;w; c1) + u22 (w;w; c1)] lim
T!1

(

T
X

t=0

�t2
~k2t+1 �

1

�1

T
X

t=0

�t2
~k2t

)

= [u21 (w;w; c1) + u22 (w;w; c1)] lim
T!1

(

�T2
~k2T+1 +

1

�2

T
X

t=1

�t2
~k2t �

1

�1

T
X

t=1

�t2
~k2t �

1

�1
~k20

)

= [u21 (w;w; c1) + u22 (w;w; c1)] lim
T!1

(

�T2
~k2T+1 +

�

1

�2
�
1

�1

� T
X

t=1

�t2
~k2t �

1

�1
~k20

)

3. Under Assumption 4, there is a unique �nite and strictly positive value of
k such that r = f 0 (k).

4. It remains to show now that r+1�� = 1=�1 is the only stationary solution,
with k = k1 > 0 and k2 = 0. From one hand, if r+1� � > 1=�1 then it is
optimal for agent 1 to accumulate more capital. However, this cannot be
a stationary solution because of the decreasing returns. From the other
side, if r + 1 � � < 1=�1 < 1=�2 then it is optimal for both agents to
decumulate to zero in a �nite time, i.e., k ! 0 and limk!0 f

0 (k) = +1,
which contradicts the stationarity.

8.3 Proof of Lemma 2

First, the endpoint is obtained by taking the limit of (20) and (21) as � ap-
proaches +1, it is given by (Tf ; Df ) � (T (+1) ; D (+1)) = (1 +Df ; 1=�).
The end point lies on the line (AC), above the point C. The slope is obtained
by computing T 0 (�) and D0 (�) and is given by the ratio S = D0 (�) =T 0 (�).
Thus one gets the expression (24) in Lemma 2.
Then deriving the slope S ("13) in (24) with respect to "13 gives S

0 ("13) < 0,
i.e., the half-line � makes a clockwise rotation with "13, for all �1 < "13 <
min f�"11;� ("11 + "12)g. One can also compute the slope whenever "13 tends
�1, one gets S (�1) = 1. Moreover, deriving (20) to obtain

D0 (�) =

�

(1� n)B0
�

�
c

k

s"13
"11 + "12

�

1

�2

D0 (�) determines the direction of the movement of the half-line � with � � 0
and depends on the value of "13. Obviously, there is a critical value "13 = �"13
which solves D0 (�) = 0 and at which � is horizontal. That is, whenever "13 <
�"13, then D

0 (�) < 0 and so � makes a downward movement with � � 0; and
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whenever "13 > �"13 then � makes an upward movement with � � 0, where �"13
is given by (25).
Finally, solving S = �1 for "13, one get "13 = ~"13 which is given by (27).

Then we should ensure that ~"13 is lower than min f�"11;� ("11 + "12)g, this
depends on the sign of "12:

(i) Whenever agent�s preferences display KUJ feature with respect to intragroup
consumption externalities, i.e., "12 > 0, then ~"13 < � ("11 + "12) holds if
and only if "12 < ~"12. Note that ~"12 < �"11 since B1 > 0. One can verify
that ~"12 > 0 for "11 < �1=2B1.

(ii) Whenever agent�s preferences display RAJ feature with respect to intra-
group consumption externalities, i.e., "12 < 0, then ~"13 < �"11 holds
if and only if "12 < "̂12, with "̂12 < 0 if "11 > �1=2B1. As a result,
~"13 < �"11 is satis�ed in either of the following cases: (i) "12 < "̂12 < 0
and "11 > �1=2B1; or (ii) "11 < �1=2B1 and all "12 < 0.

8.4 Proof of Proposition 2

From (22), we have we have T > 1 + D as ("11 + "12) < 0 (by Assumption
2). Thus the eigenvalues are real and (at least) one is unstable, i.e. has a
norm greater than one. In other terms, the steady state is either a saddle point
or (locally) unstable. Yet, the existence of sustained cycles is not precluded.
Indeed, whenever it happens that one of the eigenvalues equals �1, the Flip
Bifurcation Theorem (see Ruelle 1989, pp. 67-39) teaches us that, generically,
there exists a periodic orbit of period two. In order for an eigenvalue to be equal
to �1, it must be the case that P (�1) = 1 + T +D = 0.
Consider now (23): In order to examine the e¤ect of "13 on the location of �,

consider the initial slope, evaluated as "13 tends to �1, we get S (�1)! +1.
Then by increasing "13, the half-line � rotates clockwise.
The movement of � with � � 0 (upward or downward) is crucial: As previ-

ously shown that D0 (�) < 0 for all "13 < �"13 and D
0 (�) > 0 for all "13 > �"13,

where �"13 is given by (25).

1. Whenever �1 < "13 < �"13, the half-line � makes a downward movement
with � � 0, that is, D0 (�) < 0. The origin is obtained by taking the limit
of (20) and (21) as � approaches 0 from above (T0; D0)! (+1;+1). In
this case, the steady state is a saddle point for all � � 0.

2. Whenever "13 > �"13, the half-line � makes an upward movement with
� � 0, that is, D0 (�) > 0 and D0 ! �1. However, the sign of T0
depends on "13. Let "13 = ~"13 be the solution of S = �1 and given by
(27).

(a) For all �"13 < "13 < ~"13, we have �1 < S < 0 and T0 ! +1. Thus
the steady state is a saddle point for all � � 0.
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(b) However, for all ~"13 < "13 < min f�"11;� ("11 + "12)g, then S > �1.
In this case, the half-line � crosses the line (AB) and �ip bifurcation
arises whenever � is close to �F , where �F is the solution of T (�F ) =
�1 � D (�F ) and given by (30), with �F > 0 for all ~"13 < "13 <
min f�"11;� ("11 + "12)g. Therefore, the steady state is a source for
all � < �F and a saddle for all � > �F . When � crosses �F , the
system undergoes a �ip bifurcation.

8.5 Proof of Proposition 3

Assume that Income Monotonicity Assumption g0 (k) > 0 holds, this requires
� > (1� s) (1� n) � �� (see (16)). However, according to Proposition 2, two-
period cycles appear for all � < �F . This implies that cycles appear under
Income Monotonicity Assumption if and only if �� < �F . This latter inequality
holds for all "13 > "

�

13, where

"�13 �
B0
s

�

1

2
+

1� n

B0�c=k
[B0 � (1� s) (1 + �)] ("11 + "12)

�

= ~"13 �
(1� s) (1� n) (1 + �)

s�c=k
("11 + "12) (38)

As ("11 + "12) < 0 and [B0 � (1� s) (1 + �)] < 0, then "
�

13 > 0 and "
�

13 > ~"13.
We should make sure that "�13 is lower than min f�"11;� ("11 + "12)g. If so,

then �ip bifurcation appears for all "13 > "
�

13 > 0 and �
� < � < �F ; otherwise,

there is no room for cycles under Income Monotonicity Assumption.
Let

B2 �
1� n

�c=k

�

1

B0
(1� s) (1 + �)� 1

�

�
s

B0
(39)

1. If agent�s preferences display KUJ feature with respect to intragroup con-
sumption externalities, i.e., "12 > 0, then we should verify that "�13 <
� ("11 + "12). This latter inequality holds if and only if "12 < "

�

12:

"�12 �
1

2B2
� "11 (40)

with "�12 should be positive which requires that "11 < 1=2B2 and B2 < 0.
This ensures that "�12 < �"11. Further, one can easily verify that "

�

12 < ~"12
since 1=2B2 < �1=2B1. As a result, �ip bifurcation appears, under Income
Monotonicity Assumption, for �� < � < �F , "13 > "

�

13 > 0, "11 < 1=2B2
and 0 < "12 < "

�

12.

2. If agent�s preferences display RAJ feature with respect to intragroup
consumption externalities, i.e., "12 < 0, then "�13 < �"11 holds for all
"12 > �"12, where

�"12 � �B0B2
c=k

1� n

"11 � 1=2B2
B0 � (1� s) (1 + �)

(41)
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with [B0 � (1� s) (1 + �)] < 0. In order for "
�

13 < �"11 to hold, we should
have �"12 < 0 which in turn requires that "11 < 1=2B2 and B2 < 0. There-
fore, two-period cycles appear, under Income Monotonicity Assumption,
for �� < � < �F , "13 > "

�

13 > 0, "11 < 1=2B2 and �"12 < "12 < 0.

It remains to mention that B2 < 0 if and only if n > n
�, where

n� �
(1� s) [1 + �]�B0 � s (1� �)

(1� s) [1 + �]

=
� � s+ � (1� �) (1� s)

(1� s) [1 + �]
2 (0; 1)
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