k)evrq

DOCUMENT DE RECHERCHE
EPEE

CENTRE D'ETUDES DES POLITIQUES ECONOMIQUES DE L’'UNIVERSITE D’EVRY

On The Mitra-Wan Forest Management Problem in
Continuous Time

G. Fabbri, S. Faggian, and G. Freni

14-04

www.univ-evry.fr/EPEE

Université d’Evry Val d’Essonne, 4 bd. F. Mitterran  d, 91025 Evry CEDEX




ON THE MITRA-WAN FOREST MANAGEMENT PROBLEM IN CONTINUOUS
TIME!

GI10RGIO FABBRIZ, SILVIA FAGGIAN® AND GIUSEPPE FRENI?

The paper provides a continuous-time version of the discrete-time Mitra-
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1. INTRODUCTION

Although forest economics has a centuries-long history (see, e.g. Samuelson, 1995), the
first complete formulation of the forest management problem as a Ramsey-like optimal
control model in discrete time is contained in two papers by T. Mitra and H. Wan of
the early eighties (Mitra and Wan, 1985, 1986). The authors there discuss the long run
structure of the cutting/replanting strategy that maximizes, over an infinite horizon, the
sum of utilities generated by the flows of timber obtained by harvesting the trees of a
forest. In the basic model, the forest comprises trees of different ages, up to a maximum
age, that are cultivated on a unit piece of land that cannot be transferred to other uses,
a productivity function gives the amount of wood that is obtained harvesting a tree of
any given age, cutting and replanting costs are zero, and new saplings are immediately
replanted on the cleared land. The main results are: 1) that the Faustmann policy (i.e.,
cutting trees that reach that age maximizing the present value of bare forest land subject
to an infinite sequence of planting cycles) is optimal when the utility function is linear, which
implies a cycle in the configuration of the forest, 2) that optimal trajectories converge to the
golden rule configuration (the uniform forest with the maximum sustainable yield) when the
utility function is strictly concave and the discount factor is equal to 1, and 3) that cycles
of the optimal trajectory reappear whenever future utility is discounted even if the utility
function is strictly concave. Following this lead, almost the entire theory of optimal forest
management has been developed in terms of discrete time (see Tahvonen, 2004 and Khan
and Piazza, 2012 for recent lists of the extensions of the model) while, to our knowledge, a
consistent continuous time version has never entered the literature.

The two usual justifications for the choice of discrete time — that, (i) transactions do
not occur continuously, and (ii) sometimes a “natural period” can be found for agricultural
products (Foley, 1975) — have some appeal in forestry, but on balance there seem not to be
compelling reasons to assume that transactions in timber markets are synchronized. More-
over, forestry tasks (e.g., tree felling, timber extraction, etc.) require time and therefore
it is likely that these operations overlap not only for different agents but also for a single
forestry firm. In addition, as it is the case with other natural resources, forests grow con-
tinuously and a single natural period for cutting and replanting activities can hardly be
identified in general (e.g., at the tropics forests are cut continuously). Hence, no specific
economic reason dictates that the discrete time should be preferred to the continuous time
framework. If so, it is the technical complexity continuous time models bear that explains
the lack of contributions in optimal forest management. Indeed, in elaborating Wicksell’s
classical model of natural aging process, Cass (1973) advised that continuous time leads to
difficulties in the derivation of efficiency prices.

Some of the additional hurdles brought about by the formulation in continuous time of
the Mitra-Wan model (as well as other vintage capital models) are the following: 1) the
ages of capital goods (i.e. the ages of trees) vary continuously, so that the evolution in
time of the state of the system is described by means of a partial differential equation;
2) the control appears also in the boundary condition (giving rise to a boundary control
system); 3) candidate optimal controls are objects like Dirac’s deltas, hence more general
than measurable functions, that is, measures. We underline the fact that — contrary to
what happens in other vintage capital models — the control appearing in the evolutionary
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equation (the so called distributed control) need be a measure as a consequence of 3), so
that the equation itself cannot be interpreted (pointwise) in R as usual, and calls for an
extended formulation to make sense. All these features make the problem mathematically
challenging and, differently from that in discrete time, not a straightforward multi-sectoral
generalization of the Ramsey model (for a similar conclusion see Khan and Piazza, 2011).

There have been various attempts to gain insight into the solution of the continuous time
Mitra-Wan model, either by studying stripped down versions of the full model or by adding
further assumptions that somehow simplify the analysis. Heaps (1984) (see also Heaps, 2006)
for example, presented a model in which only the oldest trees can be harvested, and proved
in such case that the optimality conditions take the form of a delay differential equation®.
Tahvonen and Salo (1999) (see also Tahvonen et al., 2001) on the other hand, studied a
model in which time is continuous, but trees are indivisible. This implies that the number of
trees grown on the given land is finite, but also that harvesting cannot provide a continuous
flow of timber, whereas a sequence of mass points in connection with the jumps in the state
variables. In Tahvonen and Salo (1999) storage of wood is then allowed so that the planner
can smooth consumption during the time which elapses between two successive jumps.
Finally, Salant (2013) analyzed the equilibrium price paths of different vintages of trees, in
a simple model in which the forest land may be used in an alternative way, but replanting is
not allowed: irreversible deforestation allows to study optimal continuous harvesting/wood
consumption without entering the complexities of distributed state variables.

In this paper we develop a new approach to handle the continuous-time Mitra-Wan model,
that consists in reformulating the control problem for the partial differential equation as an
equivalent problem for a ordinary differential equation in an infinite dimensional space, and
in developing ad hoc techniques to perform the analysis. In our formulation we need neither
to reduce the dimensionality of the problem (as in Tahvonen and Salo, 1999 or Salant,
2013), nor to constrain the controls (as in Heaps, 1984). Although we allow strategies to
be measures rather than functions, with the consequence that instantaneous cutting for the
forest of any given age is possible (the golden rule configuration is indeed of such type), we
require the associated trajectories to be functions, so to avoid mass points. To this extent, it
is enough to consider initial distributions of the forest which are square integrable functions
and prove, as we do, that consequently the whole trajectory enjoys the same property.

Once the stage is set, two goals are mainly addressed: giving a joint classification of
the behavior of optimal and maximal programs in the cases in which the utility is linear,
convex, or strictly convex and the discount rate is positive or null; comparing the properties
of continuous-time optimal paths with those known in the discrete-time framework (indeed
it turns out that there are significant differences). More in detail, we show that:

a) the analog of golden-rule and modified golden-rule configurations is available for the

continuous-time model;

b) modified golden rules are optimal stationary solutions for the discounted model (with

'In Heaps (2006) it is claimed that cutting only the oldest trees is a property of the optimal policy function
of the full fledged model, although no formal proof is provided. For the discrete- time two-age-classes model
it is known that cutting the old trees and part of the young trees is optimal if the share of land on which old
trees are planted is below a given threshold (see for example Tahvonen, 2004). On the other hand, for the
continuous-time model discussed in this paper, constraining the control as suggested by Heaps would make
unfeasible the shrinking in time of the length of the support of the state variable and thus a convergence
result as that in Theorem 5.9 below would not hold.
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optimal cutting age M and timber stationary consumption level monotonically not
increasing in the rate of discount), while in the undiscounted case the golden rule is
maximal when the utility function is linear, and optimal when the utility is strictly
concave, provided it is unique;

c¢) if the golden-rule configuration is unique, then undiscounted maximal (or optimal)
paths exist from any given initial configuration and, provided the utility function is
strictly concave, converge over time to the golden rule configuration;

d) the Faustmann policy is optimal when the utility is linear and the discount positive,
is maximal (and not optimal) when the utility is linear and the discount null, it is not
optimal when the utility is strictly concave and the discount positive, for initial data
in any neighborhood of the optimal steady state. In particular this result contradicts
the analog in discrete time.

Thus we contribute extending to continuous time some of the classical results of the theory
of optimal economic growth. We show for the undiscounted case (see (c) and (d)) the
conclusions by Brock (1970) on the existence and “average” convergence of maximal paths
hold also in our framework, and that the results can be strengthened to existence and
asymptotic convergence of optimal paths as in Gale (1967) if the utility function is strictly
concave (Mitra and Wan, 1986 and Khan and Piazza, 2010 have already shown that the
same holds in discrete time). In addition we refine the above results by providing an example
in the style of Brock (1970) and Peleg (1973), which proves that optimal paths do not exist
in the linear case. On the other hand, comparative statics results under (b) are specific to
the continuous-time setting (hints for such results are in Samuelson (1995) see Figure 2 on
page 133 and the first paragraph on page 134) and have not counterpart in the discrete time
forestry literature. It is interesting to note that monotonicity of the modified golden rule
consumption may not hold in models with several capital goods like ours, while it holds in
the one sector Ramsey discounted model (see for example Mas-Colell et al., 1995, pages 758-
9). Regarding the Faustmann policy (see (d)) we prove that, similarly to what occurs in the
discrete time setting (see Mitra and Wan, 1985), discounting does not affect the structure
of the optimal policy when the utility function is linear. However, when the utility function
is strictly concave, we show that the periodic optimal solution is not optimal, contrary to
what is distinguishing of the discounted discrete-time model (Mitra and Wan, 1985 page
265 and Salo and Tahvonen, 2003 Proposition 1).

We already mentioned that the mathematics underneath the problem is challenging, due
to the control in the boundary condition and to the fact that also the distributed control
need be a distribution. While the literature on distributed control systems is wide and
(also theoretically) well established, that on boundary control systems is not as much,
even when described by a simple linear age-structured equation as that in our problem, as
the presence of the control in the boundary condition yields discontinuities in the control
operator and in the Hamiltonians which are difficult to handle. The technique of functional
analysis of rephrasing the problem in a space of functions and of later extending it to a
space of distributions (see Section 3) is performed in some theoretical and applied works.
It was first introduced in the economic literature by Barucci and Gozzi (1998, 2001) for a
problem of optimal investment with vintage capitals, and then studied in various works,
under the point of view of theoretical Dynamic Programming (Faggian, 2005, 2008, with
finite horizon; Faggian and Gozzi, 2010, with infinite horizon) and that of applications
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(Feichtinger et al., 2003, 2006; Faggian and Gozzi, 2004). We mention also the papers
by Barucci and Gozzi (1999) and Faggian and Grosset (2013) with application of such
techniques to optimal advertising. Nevertheless, in none of these works the control space
need be a space of distributions (more often it is the space of square integrable functions).
Thus, also the fact that our stationary optimal control is a distribution constitutes a new
development in the literature.

We strongly expect that the innovations here presented will find application in vintage
capital models and in other models comprising age distributed state variables (e.g., demo-
graphic models). For example, having controls that are (not functions but) positive measures
may prove useful both in the analysis of the problem of endogenous scrapping of a machine
and in the study of the investment profile (i.e., whether the investment is spread over a set
of vintages or not, see Feichtinger et al., 2006). Similarly, having controls that can be con-
centrated on single ages may help in developing theoretical models of the determinants of
the optimal retirement age for not stationary populations endowed with a rich demographic
structure (Chan and Guo, 1990; Heijdra and Romp, 2009). We also expect that our results
and methods find useful applications in the analysis of other models with age distributed
natural resources, for example age distributed fisheries (see Tahvonen, 2009) and the so
called orchard model (Mitra et al., 1991).

Our results will have a more direct bearing on the analysis of the continuous-time Ramsey
version of the clay-clay vintage capital model of Solow et al. (1966) developed by Boucekkine
et al. (1997) (see also Boucekkine et al., 1998; Hritonenko and Yatsenko, 2008), where a
Faustmann-like age shows up as the steady state age at which old machines became obsolete.
There, like for forest management, the Faustmann-like policy that replaces all stocks of
capital goods that reach the critical age, while preserving full employment of labor, turns
out to be optimal in a neighborhood of the steady state for the case of a linear utility
function. For this model, our control space will allow the handling of reversible investment,
that is beyond the reach of current theory.

Moreover, we observe that in the Ramsey vintage capital model with labor augmenting
technical progress an exact golden rule path exists if the utility function is isoelastic and is
optimal - or maximal - when the discount rate equals the Mirrlees-Brock-Gale critical dis-
count rate. For this case, our strong convergence result in the strictly concave case provides
a formal proof of the fact that the cycles induced by replacement echoes are dampened in
the long run by the force of consumption smoothing provided utility is not linear. In addi-
tion, the same result should pave the way to the general turnpike result for the discounted
model that the literature envisages (see Boucekkine et al., 1998, 2011). In connection with
this, a more complete integration of the two models can be expected, with the optimal
cyclical paths that arise in the discrete-time discounted forestry model (with the radii of
the cycles converging to zero with the discount rate, see Tahvonen et al., 2001; Salo and
Tahvonen, 2003; Dasgupta and Mitra, 2011) turning to be optimal for the discrete-time
version of the Solow et al. vintage capital model and the asymptotic convergence result
of the vintage capital model extended to the strictly concave continuous-time discounted
Mitra-Wan model.

The paper is organized as follows. In Section 2 we describe the model in continuous time,
in Section 3 we rephrase it into into abstract terms and introduce some useful notation,
besides the formal definition of optimal and maximal strategies. In Section 4 first we build
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the modified golden rules and Faustmann Policies. In Section 5, we classify in four different
subsections the behavior of optimal trajectories, according to the fact that the utility is
linear, strictly concave (or general concave, in some cases), and that the discount rate is
positive or null. We contextually establish whether Golden Rules and Faustmann policies
constitute optimal programs, maximal programs, or none of the two. In Section 6 we draw
the conclusions. A rich Appendix, following the references section, completes the work with
the proofs of the many theorems and all auxiliary technical results.

2. THE CONTINUOUS TIME MODEL

A forest of unitary extension is described in terms of a density x(¢, s) which represents the
part of the forest covered at time ¢ by trees of a certain age s, with ¢ > 0, s > 0, and trees
reaching a maximum (finite) age S. Starting from an initial density z((s), trees grow in
time and may be harvested with a certain cutting rate c(t, s), performed at time ¢ on trees
of any age s, and chosen by the optimizer. Harvested trees are instantaneously replaced by
new saplings. The evolution of the system is described by the following transport equation

8t(t8>_ (ts)— c(t,s) t>0, 0<s<S§
(1) w(t,0) = J‘(tﬁds t>0
(0, 5) = wo(s) 0<s<S
where the variation of density 5 9z 7 (,s) is due to ageing of trees ——(t s), and to harvesting

—c(t, s). Note that in the boundary condition the quantity z(t,0) of saplings of age zero at
time ¢ is assumed to coincide with the total amount of trees (of different ages) cut at time
t, represented by fo c(t, s)ds.? In addition we require the strategy-trajectory couples (c, )
to satisfy some non negativity constraints, that is

(2) c(t,s) >0, and z(t,s) >0, Vt >0, 0<s< S

implying that only positive quantities are cut, and that the quantity of trees of all ages
remains positive in time.

Some remarks are here due. First of all, note that x(¢,s) does not represent a spatial
density. As a consequence, it may be imagined that trees grow far from one another, and
not reciprocally interfering. Moreover, since the size of the forest is normalized to 1 at initial
time, that is fOS xo(s)ds =1, f;f x(t, s) ds may be interpreted as the percentage of the total
forest which is covered at time t by trees of age between o1 and 5. Thus, as a consequence
of the boundary condition, the total surface of the forest is covered in time by the constant
amount 1 of trees of different ages (see Proposition 3.4), that is

S S
/ x(t,s)ds = / xo(s)ds =1, Vt>0.
0 0

2A dimensional interpretation of the boundary condition is the following. The quantity (¢, 0)ds represents
the infinitesimal portion occupied at time ¢ by trees of age 0, which has to be equal to the amount of trees (of

all ages) cut at time ¢, represented by the quantity [ fo c(t s)ds] dt. The condition then follows by observing
that time and age vary jointly, that is dt/ds = 1.
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Now let f(s) represent the productivity of a tree of age s. Summing all the contributions
f(s)c(t, s)ds of wood of different ages s harvested at time ¢, we obtain the total wood w(c(t))
harvested at time ¢, that is

S
@ we®) = [ St

Note that f is the continuous version of the timber-content function f defined by Mitra
and Wan (1985, 1986). We assume also that f has support contained in (0, ), with 5 < S,
meaning in particular that trees of age greater than s are considered unproductive. Note
also that it would make a little difference to assume trees eternal (that is, S = o), since
the action takes place in [0, 5] as a consequence of the choice of the productivity function.

Example 2.1 An example of (regular) productivity function f is the following

f(s) = {eXp (=27 (=807 s e (/2,3M)2)
! s € [0,M/2] U [3M/2, +o0).

Note that trees younger than M /2 and older than 3M /2 are considered unproductive, while
the productivity increases towards M and decreases afterwards. [

We anticipate that in the next section, where the problem is formalized, the analysis is
restricted to a set of admissible controls ¢(t, s) which are null, and leave trajectories x(t, s)
null, for all s > 5. To simplify the mathematical work, we take into account initial data
xo(s) which are also null for all s > 5. Those assumptions are justified by the fact that,
with zero productivity for s > s, one expects optimal trajectories yielding zero trees older
than s.

Next we introduce a utility function u, which is assumed bounded below, increasing and
concave (possibly linear)?, and an overall utility U(c) defined in terms of u as

+oo
Ule) = /O bt (w(c(t))) dt.

The problem is maximizing in a suitable sense the overall utility U(c), over the set of
admissible strategies, with or without discount (p > 0 or p = 0, respectively). Note that
when p > 0 the concavity of w implies the finiteness of U(c), while when p = 0, U(c) may
indeed be infinite valued, and this has to be taken into account when choosing a suitable
definition of optimality. Denoting with Ur the overall utility at a finite horizon 7, that is

T
Ur(c) = /0 et (w(c(t))) dt,

we say that a control strategy ¢ catches up to a control strategy c if

1
VYneN,3T,, >0:T >T, = Ur(¢) > Ur(c) — —.
n

For a given initial stock x(, an admissible control strategy c¢* is said to be optimal at xq if
it catches up to every control strategy c¢ admissible at the same initial stock zg. Then, an

3For instance, u(r) may be the identity function, or In(r + 1), or #*~7, with 0 < o < 1.
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optimal control ¢* yields definitively (namely, for a sufficiently large horizon T') a greater
utility than any other control ¢ starting at the same xy except for a (small) difference %
Note that the above definition of optimality is equivalent to require that

lim_inf_ (Ur(c*) = Ur(c)) >0,

for every control strategy ¢, admissible at the initial stock xg.

If the utility function fails to be strictly concave, then optimality defined this way will
prove a too strong requirement, meaning that in some cases under study no control matching
such definition will be available, and a weaker optimality property will have to be taken
into account. Then, we say that an admissible control strategy ¢* is maximal at x if, given
any other control ¢ admissible at x(, one has

1
Vne N, VT >0, 3T, >T : Ur,(c*) > Urp,(c) — —,
n

meaning that any maximal control ¢* yields repeatedly (at a T,, > T, for increasing values of
T) a greater utility than any other control ¢ starting at the same xg except for a difference
%. Note that optimality of a control implies maximality, but the viceversa is false in general.
Moreover a control ¢* is maximal at xg if and only if, for every control ¢ admissible at xg
lim sup (UT(C*) — UT(C)) > 0.
T—o00

Maximality is a more flexible idea of optimality, as it allows for controls engendering fluc-
tuating behaviors of the overall utility Ur in time. Comparison of non convergent infinite
horizon integrals (or sums) appear in the optimal growth literature since Ramsey (1928),
but the terminology is not consistent across the different papers. We follow the terminol-
ogy used by McKenzie (1986), page 1286, and recall that the notion of optimal (catching
up) controls we use was formalized by Von Weizsicker (1965) in continuous time to study
the existence of optimal programs in the aggregative model of growth, while Gale (1967)
and McKenzie (2009) extensively studied optimal paths for the multisector optimal growth
model in discrete time. Maximality of controls in the acception cited above was introduced
by Brock (1970) where existence of maximal programs for the n sectors optimal growth
model in discrete time is established, while Halkin (1974) adapted the concept to contin-
uous time. Extensions in continuous time of the results by Brock (1970) are also due to
Brock and Haurie (1976), Carlson et al. (1987), and Zaslavski (2006).

Finally, we remark that, mathematically speaking, the challenging issues go beyond the
presence of the control in the boundary condition. Here is an example: the state equation
has a solution which can be written easily by means of the characteristic method, as long
as the control is an integrable function, given by

o wo(s—t)— [le(t— 7,5 —T)dT s>t
) x(t,s)—{ f(%c(t—s,r)(%”—fOSC(t—T,S—T)dT 0<s<t.

Unfortunately, the space of admissible controls cannot be a space of functions, but need be
a larger space — a space of measures, where optimal controls are shaped like Dirac’s Deltas —
in which a formula like the one above is not defined. Or needs to be redefined, as we explain
in the next section.
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3. THE ABSTRACT PROBLEM

We now rephrase the problem in Section 2 by means of semigroup theory, and formalize
assumptions accordingly. The original problem for the partial differential equation is rewrit-
ten as a problem for an ordinary differential equation, set in an infinite dimensional space.
Roughly speaking, rather than considering the state and the control as real functions of
t and s, one sees them as functions of the only variable t, taking values in some space of
functions of variable s (e.g. the space of square integrable real functions): z(¢) and ¢(t) are
interpreted as the functions of variable s defined by z(t)(s) = z(¢,s) and ¢(t)(s) = c(t, s).
The initial condition is written as x(0) = zo, the state equation as z'(t) = Ax(t) + Bc(t)
where 2’ denotes the time derivative, the differential operator A = —9/0s is a linear op-
erator between space of functions, while the control operator B represents the joint action
of the control appearing both in the partlal dlfferentlal equation and in the boundary con-
dition, namely Bc(t)(s) = fo t)(s)ds]do, where 0y is the Dirac’s delta at 0.
We mention that usually the state/ control spaces for such problems is L%(0,.5), the set of
real square integrable functions of variable s, considered as a Hilbert space by means of
the scalar product (¢, )2 = fo (s)¢(s)ds, for ¢,1p in L?(0,S). Nonetheless we need to
generalize the problem to a larger space D’ (the dual of some D space contained in L?(0, S),
see 3.1) which contains objects like the Dirac’s deltas, as mentioned at the end of Section 2,
as optimal strategies will be of that kind (stationary programs - the so called golden rules,
see Section 4 - in the first place).

We advise that a full understanding of the following Subsection 3.1 requires some famil-
iarity with semigroup theory, and may be largely skipped at a first reading. We refer the
reader to Engel and Nagel (1999) or Pazy (1983) for the general theory of strongly contin-
uous semigroups, and to Bensoussan et al. (2007) for optimal control in infinite dimension.

3.1. The extended framework

We introduce some useful notation. Let X be a Banach space, X’ its dual space, we
denote by (-,-)x/ x or simply by (-,-) the duality pairing. If —oo < 01 < 02 < 00, we
denote by LP(o1,09;X), or simply LP(o1,02) when X = R, the space of function with
integrable p-norm, from [0, 09 (or [o1, +00), when o9 = +00) to X. We write H' (o1, 09)
for the space of functions of L?(o1,02) with (weak) derivative in L?(o1, 02). We also denote
by LIQOC(Ul,Uz;X ) X-valued functions from [o1,02] which are square integrable on every
compact interval contained in [0, 03], and with L*> (01, 09; X) X-valued functions having
bounded essential supremum in [o1,09]. If & € NU {00}, then C¥([o1,02]; X) (or simply
C*([o1,02]) when X = R) is the space of functions of class C* from [0, 09] to X.

When rephrasing the model in abstract terms, an intermediate step is formulating the
problem in L?(0, S), making use of the translation semigroup {T(t)}:>0 on L?(0, S), namely
linear operators T'(t) : L%(0,S) — L2(0,8) such that [T'(¢t)f](s) = f(s—1t), if s € [t,5],
and [T'(t)f](s) = 0 otherwise. The generator of T(t) is the operator A : D(A) — L*(0,9)
where D(A) = {f € H'(0,5) : f(0) = 0}, given by [Af](s) = —0f(s)/0s. The adjoint
of A is then A*: D(A*) — L?(0,S) with D(A*) = {f € H'(0,S5) : f(S) = 0} defined by
[A* f](s) = Of(s)/0s, generating itself a translation semigroup T*(¢) : L?(0,S) — L?(0,S)
given by T*(t)f(s) = f(s+1t),if s € [0,S —t], and T*(t) f(s) = 0 otherwise.
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The second step is generalization of all previous notions to a wider space. We set
D = D(A*), D' = DAY,

and assume D’ is both the control space and the state space of the abstract problem. Indeed
by standard arguments, in particular by replacing the scalar product in L? with the duality
pairing (¢, V) , with ¢ € D', ¢ € D, the semigroup {T'(t)}+>0 can be extended to a
strongly continuous semigroup on D’ (with respect to the operator norm on D’), while
T*(t) can be restricted to a strongly continuous semigroup on D. The generators of such
semigroups are respectively an extension and a restriction of the ones in L?(0,5). For
simplicity we keep denoting the semigroups and their generators by T'(¢) and A, and by
T*(t) and A* respectively. For details we refer the reader to Faggian (2005) and Faggian
and Gozzi (2010). The role of L?(0,S) remains that of pivot space between D and D',
namely D C L? C D', with the norm in D’ dominating the L?-norm, as the duality pairing
coincides with the scalar product when ¢ € L?(0,.S), namely

<¢7¢>D/7D = <¢>¢>L2 ) Tﬁ S Da d) € L2(07 S)

We use the notation (-,-) in both cases, unless it is ambiguous. It is very important to
say that such formulation enables the possibility of choosing controls which are positive
measures rather than functions.* More precisely, we make use of a subset of D’, that of
(positive) Radon measures R on [0, S|, endowed with the norm |c|z (the finite measure
of the set [0, S] with respect to ¢), for all ¢ € R. The space R contains in particular all
Dirac’s measures ds,, with sg € [0, 5]. Moreover, since R C D" with continuous inclusion,
the D’'-norm is dominated by the R-norm. °

We also denote by supp(g) the support of any function/measure g € R. We define the
cut-off function ¢ € C°°([0, S]; R*) such that for fixed s1,so, with 5 < s1 < 53 < S,

(5) Y =1on [0,s1], » =0o0n [s2,S], 1 decreasing on [sy, s2] .

Observe that ¢ € D. Then, when ¢ has support in [0, 5], by means of the linear continuous
functional L: D' — R, ¢+ Lc:= (c,1) we may write the boundary condition as x(t,0) =
Le(t) = (e(t), 1), and moreover enclose the boundary condition in the control operator B
as follows (the technique is standard)

(6) B: D' D', Bc:=—c+ (Le)dy = —c+ {c,¥)dy

where dg is the Dirac’s delta at 0.

Remark 3.1 It is easy to verify that B*, the adjoint operator of B, is given by
B*: D — D, with B*v := —v + (dg,v) ¥.

Note also that the cut-off function ¢ belongs to the set

(7) D*=D(A®)={ge D : ¢ e D} ={ge H*0,5) : g(S) =¢'(5) =0},

namely, the domain of the generator of the adjoint semigroup 7*(t) restricted to D. [J

“More precisely, as a function of ¢, the control ¢(-) is chosen (positively) measure-valued.

’If ¢° = €°([0, S]), then R = (C°) as, by Riesz Theorem, ¢ may be represented as a positive linear
functional on C°, with norm |c|z = sup,cco(cd)/|¢|co (see Rudin, 1987, Theorem 2.14, p.40). Since D C
C°([0,8]), then R C D’ (both continuous inclusions) and there exists a > 0, |¢|p < alc|r, for any ¢ € R.

®For instance, 1) = 1 on [0,5+ 235, and ¢ decreasing on [s+ 25,5+ 3(5 — 5)].
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Summing up, the state equation (1) can be written as
2'(t) = Az(t) + Be(t), t>0
(8) _
2(0) = zo

and rewritten in mild form (see e.g. Bensoussan et al., 2007 Section 3.I1.1) as

(9) x(t) =T (t)xo + /OtT(t — 7)Be(7)dr.

Moreover we assume

(10) febD, f>0, and supp(f)C (0,3)

implying in particular that f is continuous, null in [0, A] for a A > 0, and
(11) u € CY(RT,RT) and concave.

Since (3) may be rewritten as w(c(t)) = {(c(t), f), coinciding with (3) when c is in L?(0, S),
the objective functional Up, whenever finite, may be written as

T
(12)  Ur(c) :/0 e Pu((c(t), f))dt, 0<T < +oo.

3.2. Admissible controls and initial data

We denote a trajectory starting at xp and driven by a control ¢ as z(-; g, ¢) Or Tz, c(-).
Although the abstract problem is set in D', we assume for technical reasons that zg is a
function in L?(0,S) (and not a measure), aware of the fact that initial densities where the
mass is concentrated at certain ages do not match the requirement. Moreover, we assume
that x¢ is compactly supported in [0, 5], where § is the age above which trees will be consid-
ered unproductive (see (10)). Such assumptions allow a simplification of the mathematics of
the problem, as one expects an optimal trajectory starting from such initial data to preserve
the property of being null at ages greater than s. Accordingly, the an admissible control
c(t) is a positive distributions in D', which is null for s > 5 and yields trajectories which
are null for s > 5. These requirements need to be formally stated, as we do next.

Initial data. Initial densities xgy are chosen in the set

5
(13) II:= {x € L*(0,8) : x>0, supp(z) C [0, 3], / x(s)ds = 1}.
0
Admissible control strategies. The set Uy, of control strategies admissible at xg is

_ 2 . supp(e(t)), supp(x(t)) € [0,5] VE >0
(14) Uzo = {C € Lioe(0, 400, DY) c(t) and z(t; xp, c) liein R, ¥Vt > 0

Remark 3.2 Note that the condition “c(t) and z(¢; g, c) lie in R” in (14) translates the
non-negativity constraints (2) in terms of measures. It also allows the trajectory associated
to an admissible control to be a measure rather than a function, although z(t;zg,c) is
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proven to be a function ez post, in Proposition 3.3, for initial data xo in L?(0,5) and

controls in Uy,. Moreover ¢ € L? (0,+oc;D’) implies that (and this is a mathematical

technicality) although controls are R-valued, their integrability is required with respect to
the D’-norm, which is less restrictive than integrability with respect to the R-—norm, as the
second dominates the first. [J

Proposition 3.3 Consider an initial datum zqo in II and a control ¢ € Uy,,. Then there
exists a unique solution z(-;x0,c) of (9) and it belongs to CY([0,+o0); D). Moreover, for
any t € [0,+00), (t) belongs to L%(0,S9).

We can also formally prove that the surface of the land covered with trees stays constant
in time, as stated in the next proposition.

Proposition 3.4 Assume xo € II. Then the trajectory x = x(-; xo,c) of (9) satisfies
(x(t), ) = (zo,) for all t >0, for all ¢ € Uy,,

that is

5 5
(15) / x(t,s)ds = / xo(s)ds = 1.
0 0
In some cases we need to consider a restricted class of admissible controls. If A > 0, we set

16 = {ec =0 roam) ) E D ) € 05 ¥ 20

Note that here the controls are bounded in the R-norm. Note also that assuming
supp(c*(t)) C [\, 8] seems natural, as by (10) any optimal control ¢*(¢) is expected to
satisfy supp(c*(t)) C [\, §] for almost all ¢ > 0, for a suitable A > 0, even if not required
explicitly in the definition of the admissible class Uy,. A further restriction will be

K - oy . supp(e(t)) C [N, 8], supp(z(t)) € [0,5] vVt >0
a7 K - {c € L(0,+00; R) : C(t];]fx(t;xo’c) e R, ﬁ%)m <K, Vt>0 }

meaning that admissible controls are not only bounded in the R—norm, but also by means
of the same constant K.

3.3. Optimal, Mazximal and Stationary programs

Here we formalize the definition of optimal and maximal control.

Definition 3.5 Given z¢ € Il with we say that ¢* € Uy, is optimal at xg if, given any
other control c € Uy, one has

lim inf (UT(C*) — UT(C)) > 0.
T—o0
and that c¢* € Uy, is maximal at xg if, given any other control ¢ € Uy,, one has

limsup (Ur(c*) — Ur(c)) > 0.

T—o0

"Note that the solution coincides with the simplified formula (1) given by (4) only if in addition ¢ €
L7 .(0,+00; L?(0, 5)). Unfortunately, meaningful controls never fall into that class.
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The trajectory x* associated to an optimal (respectively, maximal) control c* is said to be
an optimal (maximal) trajectory, while the couple (z*,c*) is said to an optimal (maximal)
couple or program.

A last definition completes the abstract framework, that of stationary program. When
the control is a function, a stationary program may be defined as a couple (z,c) such that
the control is time independent, that is c¢(t) = ¢ € L?(0,.5), and the trajectory satisfies

2(s) :{ x(s—t)— [ ,clr)dr s>t

[Z e(r)dr 0<s<t.

S

(18)

namely, (z,c) solves (1) with a null derivative of = with respect to ¢, so that z itself does
not depend on time. When c is instead a measure, (18) may be interpreted in the following
abstract way.

Definition 3.6 We say that (Z,¢) € II X R is a stationary couple if, for allt > 0,
t
(19) T=T{t)T + / T(t — s)Béds.
0

A stationary couple (Z,¢) is optimal if ¢(t) = ¢ is optimal at Z.
In the following Lemma we characterize stationary couples.

Lemma 3.7 A couple (Z,¢) € 11 X R is stationary if and only if —% is weakly increasing
and ¢ is its Stieltjes derivative. In this case ¢ is also the derivative of —T in the distributional
sense (T,P) 2 = (G, ¢’>D,’D, for any ¢ € C*°([0, S],R) compactly supported in (0,S).

4. THE FAUSTMANN PROBLEM AND CANDIDATE OPTIMAL PROGRAMS

In this section we identify candidates optimal and maximal programs consistently with
Mitra and Wan (1985, 1986), only in continuous time. There and here, all candidates are
characterized by a cutting age that is obtained solving the Faustmann problem, which con-
sists in identifying critical ages maximizing “the present discounted value of all net cash
receipts [...] calculated over the infinite chain of cycles of planting on the given acre of land
from now until Kingdom Come” (Samuelson, 1995 p. 122). The rule “cutting any tree that
reaches the critical age” is called the Faustmann policy and, clearly, candidates generated
by that policy are cyclical. Stationary candidates are also prices supported and are called
here golden rules or modified golden rules, depending on the fact that the discount rate is
zero or positive. In the discrete time formulation, Mitra and Wan (1985, 1986) did not use
the term modified golden rules for the optimal stationary states of the discounted model,
although they called golden rules the stationary states of the undiscounted model, and
pointed out that, analogously to what occurs in the Ramsey model, golden rules achieve
maximum sustained forest yields.

In continuous time and for p > 0, the Faustmann problem is identifying maximizers for
the function

o(s) = S e p(s) = L

n=1
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which can be described as the value of an infinite sequence of planting cycles with harvesting
at age s. Note that for f satisfying (10) the following sets coincide and are nonempty

argmax {g,(s) : s € [0, 5]} = argmax {g,(s)(1 —e¢?): s €[0,5]},

with lim,_,o+ g,(s)(1 —e™?) = f(s)/s. Therefore the analysis may be extended to the case
p = 0 by maximizing, rather than g,, the function

a,(s) = {ipf__f (s) p>0

f(s)/s — p=0.
Hence the Faustmann problem becomes identifying

A, = argmax{G,(s) : s € [0,5]}, Vp>0.

Maximizers enjoy some interesting properties. In or- } hp, (5),
der to study them, once chosen a particular selection Ss)
M, in A,, it is useful to define the following support
function
go(Mp)(e* 1) p>0 ’
(200 hp(s) =970 " B
f(M())MO S p = 0.
Remark 4.1 Indeed, since h,(s) > f(s), for all % 4 s
s in (0,5] and h,(M,) = f(M,), one has
(21) A, ={s €(0,5]: hy(s) = f(s)}. FiGure 1.— The support func-

tion when A, is singleton. The co-

With reference to Figure 1, A, is the set where the ordinates of B are (M,, f(M,)).

graph of f touches (from below) that of h,. O
Proposition 4.2 Assume f satisfies (10). Then A, C (0,5], and A, # 0, for all p > 0.
Moreover, if 0 < pp < pa, then:
(i) There exists s € (0,S] such that A,, C (0,5] and A,, C [s,S]. Moreover, A,, and
A, may be non-disjoint only if [ is not differentiable at s.
(#7) For any chosen M, € A,, the selections p — M, and p — are Nonincreasing.
Moreover A, is not a singleton for at most countable set of values of p.
(tii) For every selection M, of A,, there exists lim, o+ M, = mqg. Moreover mo = min Ap.

(Mp)

Remark 4.3 With reference to Figure 1, if A,, has a minimum M, ,, then B has coor-

dinates (M,,, f(M,,)) and, for all p > pp, (Mp, f( »)) lies on the portion of the graph of
f delimited by A and B. [J

4.1. The Golden Rule
A modified golden rule (z,,c,) (or golden rule, when p = 0) is a couple in II x R so defined

(22)  wp(s) = AZX[O,MP}@,
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where M, € A,), meaning that all ages in the range
[0, M) are uniformly distributed and equal to 1/M,,
while those in the range [M,, S] are null, and ,

1 1
(23) ¢ty s) = —0m,, I

M,

where dyy, is the Dirac Delta at point M), that is, the
action undertaken by c, is cutting exactly the trees M, §
reaching age M,. Note that x, is a function in II (see
(13)), and that c, is not a function of s but a positive
measure. The choice of the control ¢, in the problem
affects the quantity of wood, by definition of Dirac’s
Delta, as follows

FI1GURE 2.— The golden rule sta-
tionary path.

(24) wm—mﬁ—Hmw—@mm

M,
Note that the set A, may be not singleton. We will take such fact into account and derive
different results accordingly.

It is not difficult to guess that any golden rule is a stationary couple, as the amount of
trees cut at age M), is instantaneously replanted at age 0, preserving the distribution among
different ages unaltered. Nonetheless the following result identifies completely the shape of
stationary couples of the problem.

Proposition 4.4 Assume p > 0, and f and u satisfying (10) (11) respectively. Consider
the trajectory of system (8) starting at x,. Then (x,,c,) is a stationary couple in the sense
of Definition 3.6.

Define now

f(Mp) f(M,)

M, S ePMp — 17

(25)  Bp={cp, f) =
and p,: [0,5] — RY as

np (€”* =1)4(s) p>0

(26) W“*:{mwm> "

Note that po(s) = lim, o+ p,(s) and that, for any p > 0, p, is twice differentiable with
pp(S) = p,/(S) = 0, which implies p, is in D?.

The dual variables in (26) have a straightforward interpretation as stationary competitive
prices associated with a golden rule path (see Cass and Shell, 1976). Indeed, assume we
interpret p,(s) as the (infinite dimensional) vector of the prices of capital goods (i.e, the
prices of the different vintages s of trees) and set R = pn, the rent rate of the land on which
the trees are planted (when p = 0, define R = lim,_,+ pn, = o). Then by definition (26)

f(s) <pp(s), s€[0,5], f(M,)=py(M,),
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where the first inequality means that no cutting process yields a positive profit, while the
equality says that the only cutting processes that do not generate losses are those that
operates at the Faustmann ages. Thus, the golden rule controls maximizes the short run
profits. In addition, since, for all s € [0,35], p,(s) = pp,(s) + R for M, > s > 0 and
P,(s) < ppy(s) + R for s > M,, then the asset-market-clearing conditions that hold under
competitive arbitrage are satisfied. Clearly, the arbitrage condition in a golden rule takes
the form of a “modified Hotelling rule” because a piece of land needs to be rented in order
to hold a tree of a given age in situ.

4.1.1. Modified golden rules

In the following sections we will classify the behavior of candidate optimal or maximal
programs, assuming either the discount p is positive or null, the utility function u is linear or
strictly concave, A, is singleton or multivalued. Nonetheless, when p > 0 is strictly positive,
optimality of the golden rule is a general property (holding for a general concave utility u
and a possibly multivalued A,), as stated in the next theorem.

Theorem 4.5 Assume p > 0, M, € A,, and f and u satisfying (10) (11) respectively.
Then c, is optimal at x, in the sense of Definition 3.5. Moreover, if A, = {M,}, then the
unique optimal stationary couple is (x,,cp).

Remark 4.6 Note that the first assertion of the previous proposition holds for any choice
of M, in A,. It is easy to prove (see the Appendix for a formal proof) that the same property
hovlds'for any convex linear combination of golden rules, that is, if A, = {M pl, ey M;L}, and
(z},,c},) is the golden rule associated to M, then

P op
n n
T = E /\Z:v;), c= E )\iclp,
i=1 i=1

where \; > 0, | \; = 1, is also an optimal stationary program. [J

Remark 4.7 Note that by (24) it is Uz(c,) = p~ (1 — e *T)u(8,), when p > 0 the golden
rule is optimal when starting at z,, with maximal overall utility given by

max U(c) =Ul(c,) = Tlim Ur(c,) = U(fp).

CGZ/{QEP — 400

The proofs of Theorem 4.5 and of other theorems in the following sections relay on the
construction of the value-loss function

(27) Op(c(t), 2(t)) = u(Bp)—u ((c(t), f))+u' (Bp) [p (@ (t) — zp, pp)—(@(t), A"pp)+{c(t), pp) |,

which is formally introduced in the Appendix, in the statement of Corollary A.6. This
function. which gives the value-loss of any admissible couple at the steady state competitive
prices, is the analogous of the value-loss function commonly used for finite dimensional
optimal growth problem (see McKenzie, 1986 for the discrete time case and Magill, 1977
for continuous time). The only aspect that is specific to our infinite dimensional setting is
that the unit rental costs function contains an element accounting for the ageing process of
capital goods. Note that the input-output prices in the value-loss function are expressed in
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terms of marginal utilities, while capital goods prices in (26) are given in terms of timber.
However, since there is a single final good, expressing the prices in the new numeraire
amounts to rescaling them by means of the factor u/({c,, f)). An important consequence
of this fact is that golden rules are independent from the instantaneous utility function
(see Mitra and Wan, 1985). On the contrary, the form of the instantaneous utility function
matters in the analysis of the stationary states of the undiscounted model.

4.2. The Faustmann solution

Besides the golden rule, other controls are candidates to be optimal or maximal when
starting at a general initial datum x(. Indeed, the golden rule may fail even to be admissible
at xo. Nonetheless, given an initial datum o € II, if M, represents a preferable cutting age
providing a maximal harvesting, one may attempt to use the feedback strategy (Z, ¢), where

(28)  é(t) = @(t, M,)6nr,, Vit >0,

that is, ¢ cuts existing trees reaching age M,. Such trees vary in time depending on the
initial distribution zg. We remark that a trajectory of the system starting from an initial
datum in IT is in L?, as a function of s, so that Z(t, M,) is not well defined, as well as the
control ¢. Nonetheless, in the following lemma we are able to give meaning to both.

Lemma 4.8 Assume xq satisfies supp(xo) C [0, M),]. Set
(29)  z(t,s) =2(t)(s) = zo(s — (1)) X[o(t),01,)(8) + To(s + My — () X[0,0()](5)

where o(t) = {ML,)} M,=1t- [MLJ M,, [a] and {a} denote respectively the integer and the
fractional part of the real number a. Then & is M,-periodic, that is Z(t + M,) = &(t), for
all t > 0, the control é(t) = &(t, M,)0n, is admissible at xo and & solves the closed loop
equation

(30)  a(t) = T(t)wo + /0 Tt = 1)Bi(r, My) 83y, dr.

We will refer to (,¢) as to the Faustmann solution or Faustmann Policy.

Remark 4.9 Note that the golden rule is the Faustmann solution associated to the initial
datum z,. [

Remark 4.10 Note that we require that the support of the initial datum xg lies in
[0, M,] in order to prove the Lemma. With such an assumption the defined feedback control
is admissible, in particular it implies fOS z(t,s)ds = 1. Indeed, since the solution is M,
periodic

S a(t) M,
/ Bt 5)ds = / B(t, 5)ds + / F(t, 5)ds
0 0 o(t)

t M, M,
/ xo(s —t)ds + / xo(s + M, —t)ds = / wo(r)dr.
0 t 0
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x(t,5) X(t+ At,s)

N

M

At

N N

M

FIGURE 3.— The Faustmann Solution. The effect of cutting at age M, and replanting at
age 0 induces cycling of the trajectory in a time length of M. After a time length At < M,
the graph of the trajectory is translated forward of At and the portion exceeding age M,
reappears for s in [0, At].

Lemma 4.11 Assume supp(xo) C [0, M,], ¢ the Faustmann policy, T > 0, and set n =
[T/M,), o(T) ={T/M,} M, and

M, M,
Uy :—/ e’Tu (f(My)zo(r))dr, UL(T):= / e’ u (f(My)xo(r)) dr
0

My,—o(T)

Then

1_e—pn1\lp

31)  Up@ =] @1 XonfTI U+ e P M UR(T), p >0

Remark 4.12 Note that when p > 0 the overall utility is finite

U(é) = lim Up(é) = UP(ePMr — 1)1

T—o00

contrary to the case p = 0 where it is not. The formula is consistent with those contained
in Remark 4.7 when zg = z,. [

4.3. Null discounts and Good Controls

Assume p =0, M € Ap and denote by (Z, ¢) the associated golden rule, that is

1 1

T = qXom) €= M5M-

The case when p = 0 appears immediately as more complicated than the case of positive
discount. For example, the utility over a finite horizon 1" associated to the golden rule is

Ur(¢) =T u(Bo)

so that for null discount the utility over an infinite horizon fails to be finite. With null
discount the notion of good controls, which we give next, will prove useful.
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Definition 4.13 Assume p = 0. A control ¢ € Uy, is good if there exists § € R s.t.

inf (Ur(e) = Ur(9)) = 6.

We recall that the notion of good controls was introduced by Gale (1967) for the undis-
counted n sector optimal growth model in discrete time. Note that a control is defined
“good” in comparison to the golden rule ¢, and that such comparison is performed although
the golden rule may fail to be admissible at some arbitrary initial datum xg. Note also that
an equivalent way of giving the definition is to say that a control ¢ is good if

0 eR : VT >0, Up(c) > Up(e) — 6.

meaning that the utility (over an arbitrary finite horizon T') achieved by means of a good
control is dominated by that obtained at ¢ by at most a finite quantity 6.
The following proposition compares good and optimal controls.

Proposition 4.14 If ¢* € Uy, is mazimal (and, in particular, optimal) control then it is
good.

The previous result allows to seek for optimal or maximal programs in the class of good
controls, as no control which is not good may be optimal or maximal.

5. CLASSIFICATION OF OPTIMAL PROGRAMS
5.1. Linear utility, positive discount

In Theorem 4.5 we already established that, when p > 0, the modified golden rules are
optimal in all sets of assumptions. In particular this holds true for u linear, say u(r) = r.
In the following theorem we establish that, in the particular case of p > 0 and u linear,
the Faustmann solution is an optimal program, that is, the optimal policy is cutting trees
reaching age M, regardless the initial distribution zg, as long as x¢ does not contain trees
older than the optimal age M,. This is consistent with Theorem 4.5, as the Faustmann
solution coincides with the golden rule when the initial datum is z,.

Theorem 5.1 Assume p >0, f satisfying (10), and u(r) = r, r > 0. Consider an initial
datum xq in II with supp(xg) C [0, M,]. Then the Faustmann Solution (&,¢), given by (29)
(28) is optimal at xg.

Remark 5.2 The proof may be easily adapted to the case of affine utility u(r) = ar + b.

Remark 5.3 Note that, for a wide class of initial data, all those supported in [0, M,],
the optimal trajectory is cyclic. As a counterpart, the modified golden rule is a stationary
solution — an equilibrium — but not an asymptotic equilibrium. Optimal trajectories do not
tend to any stationary solution, except when starting already at it.

Remark 5.4 In proving Theorem 5.1 we establish that the optimal value function is linear.
The linearity of the function (i.e., all differences in value from the steady state reduces to
the difference in value of the initial forest from the stationary forest) explains the lack of
convergence of optimal trajectories to the modified golden rule. It is well known indeed that
the clustering of solutions in optimal growth models is driven by second order differences
due to strict concavity of the value function. [J
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5.2. Linear utility, null discount

In this subsection we are going to show that, with null discount and linear u, the Faust-
mann solution is maximal but not optimal. Anyway, this is the best one may expect, as one
shows that optimal programs do not exist.

Moreover through this and the following subsections we always require the assumption

(32) Ap s singleton, Ay = {M}

and only in this case we discuss optimality and/or maximality of steady states and of the
Faustmann Solution. The case of multivalued Ay remains unsolved, nonetheless multiplicity
of maxima is a fragile phenomenon that vanishes under small perturbations of the produc-
tivity function.

Theorem 5.5 Assume that (32) is satisfied, p = 0 and u(r) = r for all v > 0. Consider
an initial datum o € 1T with supp(xo) C [0, M]. Then the Faustmann Solution (&,¢), given
by (29) (28) is mazximal, although it is not optimal. Indeed no optimal control exists for the
problem in this set of data.

The fact applies to the particular case of the golden rule.

Corollary 5.6 In the assumptions of Theorem 5.5, the golden rule (Z,¢) is a mazimal,
but not optimal, program at T. Moreover no admissible control at T may be optimal.

As a direct proof of the assertion that ¢ is not optimal, nor an optimal control ex-
ists, one may build the following example (the proof of Theorem 5.5 is based on a sim-
ilar construction) where the control ¢ is not catching up to ¢; defined by means of
(33), admissible at Z. The control ¢; behaves on average like ¢ but delayed of some ini-
tial time interval: the difference in utilities yielded by ¢ and ¢ coincide repeatedly with
their difference in the initial time interval, precisely because p = 0 and wu is linear.

Example 5.7 Let N be a natural number greater
than 1. Define s; := jM/N, for j =1,.., N and con- o = M
sider a control ¢; and associated trajectory x1 so de- o o
fined: when t < M/N, ¢ cuts the quantity x1(t, s;) of
available trees of age s;, subsequently when ¢ > M /N, J//
¢y cuts the quantity (¢, M) of trees reaching age M,
that is

SN wi(ts)0s,  0<
33 t) = i i
(83 al) { 21 (t, M)ds, t> M

]

|-

IS
S
wlz
S

It heck th < admissibl th FIGURE 4.— The control ¢; with
t is easy to check that c; is admissible at any z¢ wit N = 3. From time 0 to time M/3 the

supp(wo) C [0, M], in particular for zo = Z. In the | o age M/3, (2M)/3, and M
latter case, the associated trajectory xi(t,s;c1,Z) = are cut, yielding ’a resultir;g distri-
x1(t, s) is (a.e.) given by the explicit formula bution 7at time M/3, 21(M/3,s) =

A X(0.M/3)-

=

N
w1t s) = X[Ot Z X[sj—1+t, sJ](S



20 GIORGIO FABBRI, SILVIA FAGGIAN AND GIUSEPPE FRENI

when t € [0, %] ,8 > 0, while in the following interval
of length M it is equal to

N
X0 () te [M M
(34) € (t, S) = N o
1 % |:X[0,t—M] (5) + X[tf%,M}(s) :| te |:]\47 M + %] )

It is easily understood that, from t = M /N on, the trajectory is periodic with period M, and
attains the values described in (34) in all intervals of type [T;, T;+1] where T; = M /N +iM,
with 7 € N.

Note that for during every time interval [T;,T;41], the control ¢; cuts an amount N/M
for a time length M /N, while ¢ cuts the amount 1/M for a time length M. Then, except
for the quantity obtained at the initial time interval, the utilities yielded by ¢ and ¢; on a
period length interval are both equal to f(M), as no discount is applied and w is linear. As
a result, the difference between such utilities is periodically equal to the difference yielded
on [0, M/N], that is

1 N-1
Uy (er) = Un(e) = > f(sy)
j=1

and which may be assumed strictly positive, provided f is not null everywhere, as for a
suitable choice of N one may the infer that f(s;) > 0 for at least one j. Such fact is
equivalent by definition to stating that the control ¢ cannot be (definitively) catching up to
c1, and by means of the same idea one is also able to contradict the existence of an optimal
control. For details we refer the reader to the proof of the general case, Theorem 5.5 in the
Appendix. [

Remark 5.8 As it is shown later in Theorem 5.12 (ii), for a utility u which is concave
but not necessarily strictly concave, one may prove existence of a maximal control when

the admissible set is Z/Ié‘(;K defined in (17). In particular, the result applies when u is linear
(and p=0). O

5.3. Strictly concave utility, null discount

As in the previous, in this subsection we assume that (32) is satisfied. Moreover all
statements are proved not for U, as admissible class of strategies, but on the subsets Z/[gi‘o
and UL defined in (16) (17).

Theorem 5.9 Assume p =0, and that (10)(11)(32) are satisfied. Assume moreover that
u s strictly concave. Then, along the trajectory x starting from some xg € Il and driven by
a good control ¢ € Z/II)‘O one has

t—o0

L2(0,S)

that is, the trajectory x converges to the golden rule T in L?(0,S) norm.

A straightforward consequence of Theorem 5.9 and of is that its assertion holds also for
optimal trajectories, i.e. trajectories driven by an optimal control, which is good by means
of Proposition 4.14.
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Theorem 5.10 Assume p =0, and that (10) (11) (32) hold. Assume moreover that u is
strictly concave. Then the golden rule (Z,¢) is an optimal stationary couple.

As a consequence of Theorem 5.9 the Faustmann solutions (except for the Golden Rule
itself), which were maximal for linear u, are not maximal anymore for strictly concave u,
as they are definitely caught up by the convergent solution. As a consequence, Theorem 5.9
and Proposition 4.14 imply the following Corollary.

Corollary 5.11 In the assumptions of Theorem 5.9, the Faustmann solution can be nei-
ther an optimal nor a mazimal program, except for the particular case of the Golden Rule.

Theorem 5.12 Let zg € I, p = 0, and assume (32) is satisfied. Let Ugfg”\ be the space of
admissible control defined in (17). Then:

(1) if u is strictly concave, then there exists an optimal control in uﬁ’*;
1) if u 1s concave (but not necessarily strictly concave), then there exists a mazximal
Y Y

K
control in Uy,

Remark 5.13 The existence result yielded by Theorem 5.12 is not as general as one
may hope. Indeed the proof works based on the fact that admissible controls are uniformly
bounded by a common constant K, as that set enjoys the compactness properties needed to
derive existence of a maximum. Nonetheless, for bounded initial data and for K chosen big
enough, the Faustmann policy and the golden rule fall into the described set of controls. [

5.4. Strictly concave utility, positive discount

As observed in Corollary 5.11 the Faustmann Policy is not optimal for the case of a
strictly concave utility function and null discount. However, this result does not preclude the
possibility that the Faustmann policy turns out optimal for the discounted model. Indeed,
for the discrete time model with a strictly concave utility and discounted future utilities,
Mitra and Wan (1985) provided a couple of examples in which the Faustmann Policy was
in fact optimal, and Wan (1994); Salo and Tahvonen (2002, 2003) have taken the issue
further (see also Mitra et al., 1991 for similar results in a different vintage capital model)
by showing that optimal Faustmann cycles persist in a neighborhood of the (modified)
golden rule even if the discount factor approaches unity. Proposition 1 in Salo and Tahvonen
(2003), in particular, states that for any discount factor less than one the Faustmann Policy
is optimal for all initial forests that are sufficiently close to the uniform steady state forest.

On the contrary, for the strictly concave continuous-time discounted model the issue of
the optimality of cyclical Faustmann solutions is still open: neither a convergence result
is available, nor a case in which the Faustmann Policy is optimal has been found. How-
ever, we can establish a partial result by proving that Proposition 1 in Salo and Tahvonen
(2003) does not carry over to our continuous- time formulation and, hence, that the model
behaves differently from the discrete-time model. To illustrate the point consider the follow-
ing simple example in which a Most Rapid Approach Path to the steady state dominated
the path generated by the Faustmann Policy for a set of initial distributions that contains
elements arbitrary close to the (modified) golden rule. Assume that M, = 1 is the unique
Faustmann maturity age, and that f(1) = 1. Consider the following initial density of forest
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1 S € [0, 1-— 2a) x“(s)}
1 el —2a,1- ta
Ta(s) = +a se]| a a) |
l—a se[l—a,l] 11
0 s €)1, +00), .
2,
where 0 < a < % (note that for a = 0 we obtain the N

golden rule forest). We intend to show that for any '
a in a right neighborhood of 0 the Faustmann Policy
is not optimal starting at z,(s). As a consequence, FIGURE 5.— The initial state
the analogous of Proposition 1 in Salo and Tahvonen z4(s).
(2003) does not hold in continuous time.

We first compute the utility associated to the Faust-
mann Policy ¢,(t) = #4(t,1)d. Note that each Faust-
mann cycle comprises three phases of constant tim-
ber consumption: an initial phase of length a during
which 1 — @ units of timber are consumed followed by
a phase of length a during which timber consumption rises to 1 4+ a and a final phase of
length 1 — 2a during which consumption is constant at the modified golden rule level. Then
on the first cycle, that is for ¢ € [0, 1], one has

<éa(t)v f) = f(l)xa(t7 1) = xa(tv 1) = (1 - a) X0,a] (t> + (1 + a) Xla,2a] (t) + X[2a,1] (t),
so that the utility at horizon T =1 is given by
a a 1-2a
Ui(éy) = / u(l —a)e Pds + epa/ u(l+4a)e Pds + 62"“/ u(l)e P ds
0 0 0

u(l —a)+u(l+a)e P u(l)

= (1 — efpa) + (672[7& —e 7).

p
Next we note that, starting from any forest x,(s), a feasible Most Rapid Approach Path to
the steady state, namely

cmra(t) = [(1 — a)d1 + ad1—q)] X[0,a] (t) + 61X[a,oo)(t)7

reaches the golden rule after a units of time by continuously clearing the 1 — a units of land
on which mature trees are planted and the a units of land in excess on which trees of age
1 — a are grown. The utility associated to this MRA policy at horizon T'= 1 is then

Ui(emra) = /Oau (1—a)+af(l—a))e Pds+e " /Oau(l)e”sds + e 200 /0121?(1)epsds
(1 —e P9

=u(l-—a+af(l—a))

Instead, when T' = n > 2, one has

ul)
+ ; (e” .

R oo R e P—e
Un(éa) = 3_ € "UL(e) = Ur(Ca) + Ur(a) o=
=0

Un(¢mra) = Ui (Cmra) + Z e—iP“(pl) (1—e?) =Ui(Cmra) + ——=(e " —e"P).
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As a consequence one has

T (Un(éa) — Un(mra) =
e [ Ml a v af(1- @) )

The sign of the above expression is the sign of the sum in the square brackets, which is null at
a = 0, hence its sign for @ > 0 in a neighborhood of 0 is given by the sign of its lowest order
non-zero derivative evaluated at the steady state. Simple calculations show that the first
derivative is null, while the second one is given by 2(u” (1) — pu/(1))+2f'(1)u/(1)(1 —e?) =
2u(1), which is strictly negative, as f'(1)(1 — e ?) = p because M, = 1 is the solution
of the Faustmann problem. One can therefore conclude that the Faustmann Policy is not
optimal starting at z,(s) in a neighborhood of the steady state.

6. CONCLUSIONS

In this paper we developed and analyzed a continuous time version of the Mitra and Wan
(1985) model of optimal forest management. Following the methodological precept that: ”No
substantive prediction or explanation in a well-defined macroeconomec period model should
depend on the real time length of the period” (Foley, 1975, p. 301), our main purpose was
to isolate the set of phenomena that in the optimal management of a forest are independent
of the way time is modeled. Table 1 gives an overview of the results we have established
for the continuous-time model and that can be compared with the results that have been
obtained in the discrete time model.

p=20 p>0
g e If Ap is singleton the GR is maximal, but e Any MGR is optimal
Q .
k= not optimal e F'S is optimal at any admissible xq satisfy-
; e If Ap is singleton the F'S is maximal at any ing supp(zo) C [0, Mp]

admissible zg satisfying supp(zo) C [0, M)

e There do not exist optimal controls

Assume Ay is singleton:
e Any MGR is optimal
e It is not true (as in discrete time) that FS
is optimal for all initial forests close to the
e Any optimal trajectory converges (in L? MGR. There is a counterexample
norm) to the GR

e GR is the unique optimal stationary couple

e There exists an optimal control

Assume Ay is singleton:

e GR is the unique maximal stationary cou- e Any MGR is optimal
ple

e There exists a maximal (admissible) con-
trol

U concavey strictly concave

TABLE I

RESULTS AT ONE GLANCE: F'S STANDS FOR FAUSTMANN SOLUTION, GR FOR GOLDEN RULE, MGR FOR
MODIFIED GOLDEN RULE.
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It turned out that many of the discrete time results carry over to the continuous time
version of the model with an important exception: the cyclical optimal solutions that are
characteristics of the discounted strictly-concave discrete model disappear in continuous
time. We have also established for the continuous time model a set of results that the
literature in discrete time has not yet proved: that the Faustmann solution is maximal but
not optimal for the undiscounted model with a linear utility function and that in steady
states both the Faustmann age and timber production decrease monotonically with the
increase of the discount rate.

Unlike in discrete time, modeling timber production in continuous time required a quan-
tum leap from the received vintage capital theory. Indeed, in the typical vintage capital
model in continuous time, only irreversible investment in new machines is possible, so that
distributed controls can be avoided altogether. Moreover, in the few instances in which in-
vestment in older machines is considered (e.g. Feichtinger et al., 2006) it turned out that
optimal investment is spread over a continuum of ages, so that the controls can be func-
tions. In continuous time, however, timber production cannot be modeled this way, because
the Faustmann condition implies that generically it is optimal to fell down only trees of a
single age. Therefore, to handle the case of forest management in continuous time we had
to develop an entirely new class of vintage models in which measure-valued controls are
allowed. Since this is the first attempt to formulate the Mitra-Wan model in continuous
time, we have been concentrating on the basic features of the model, without attempting to
use minimal assumptions and without taking into account recent refinements of the theory
(Khan and Piazza, 2012). Discussion of these issues is left for future work. One may also
work on generalizations of the model in several directions, for example considering positive
cutting costs, adding environmental well-being variables into the objective, and allowing for
alternative use of the forest land.
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APPENDIX A: PROOFS

In this appendix we complete our exposition with the proofs of the aforementioned results.

A.1. Proofs for Section 3

The subsection contains the proofs of the results which were stated in Section 3 and of some other useful
ones. Those results are mostly well known in semigroup theory applied to control in infinite dimensions. In
this respect, our main reference is Bensoussan et al. (2007).

Proposition A.1 Given T > 0, the operator C: L*(0,T;D’) — C([0,T];D") given by C(c)(t) :=
fot =94 Be(s)ds is continuous. As a consequence S: D' x L*(0,T;D') — C([0,T); D) defined by by
S(wo,¢)(t) := T(t)wo + C(c)(t) is continuous. In particular, for any xo € D', and for any ¢ € Uy,, the
function [0,T] — D', t — T(t)xo + C(c)(t) is also continuous.
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PROOF: See e.g. Bensoussan et al. (2007) Section II1.1.3. Q.E.D.

Proof of Proposition 3.3. The proof of the first fact is a consequence of Proposition A.1. Next we need
to show that, for any ¢ € [0, +00), z(t) lies in L*(0, S). Expanding in (9) the definition of B we have

(35) z(t) = T(t)xo + /0 (c(T), V) T(t — 7)dodT — /0 Tt —7)c(r)dr.

(i) Since zo € L*(0,S) then T(t)xo € L*(0,S), as T(t) coincides on L?(0, S) with the translation semi-
group. By definition, T'(7)xo is then a positive function;

(7i) The term fot (c(7),¥) T'(t — T)do d7 is a positive function, as all integrands are positive. Moreover it
belongs to L?(0,S) as a consequence of Proposition 3.1 in Bensoussan et al. (2007), page 212, once
we have proven that Hypothesis 3.1 page 212 in Bensoussan et al. (2007) is satisfied. To this extent,
we denote with By the operator By: D' — D’ given by Bi¢ := (¢, ) o so that Bf : D — D is given
by Bih := (do, h)1). As a consequence

|BiT*(1)hlp < [(60, T" (7)) [¥|p < |A(7)|e [0

so that
T 2 2 o 2 2 2
/0 BT (D)3 dr < [ / W2 dr = [BBIRE2 s,

and the statement is proven.

(#7) Last we observe that — fot T(t — 7)c(s)dr is a negative distribution in D’ and by Proposition 2.3
page 270 of Hirsch and Lacombe (1999) is a negative measure on [0, S]. Then, by means of Lebesgue
decomposition theorem (see e.g. Rudin, 1987, Theorem 6.10 page 121), it may be decomposed into a
(negative) part, absolutely continuous w.r.t. the Lebesgue measure on [0, S], and a (negative) singular
part.

As a result of the previous analysis, the measure defined by the right side of (35) has singular part
coinciding with that described in (7). At the same time, the singular part of the measure defined by the
left side of (35) need be positive, then the singular part on both sides is null. Then for any ¢ > 0, the
term — fot T(r)c(7) dr is a function in L?(0, S), as it is a measure, absolutely continuous w.r.t. the Lebesgue
measure on [0, S], and whose density (by positivity of () and of the first two terms in the right hand side
of (35)), is dominated (in absolute value) by a function in L? (the sum of such positive terms). The explicit
formula solution when c(-) € L7,.(0, +00; L*(0, S)) can be computed by standard calculations. Q.E.D.

Proof of Proposition 3.4. Consider first c in L7, (0, +o0; L?(0, S)). By means of (4) one has

(z(t), ) = (ﬂco,w—/Og/omsc(t—ns—T)des—Q—/OMS/Ogc(t—s,T)des.

It then suffices a change of variables in the first integral above to derive

5 tAs t 5 t 5
/ / C(t—T,S—T)deS:/ / c(s,T)des:/ / c(t —s,7)drds
o Jo o Jo o Jo

and hence (z(t), 1) = (x0,1) . The claim for a general ¢ in U, follows by density and by continuity of the
operator S defined in Proposition A.1. Q.E.D.

It is a well known fact (see Bensoussan et al., 2007 Section 11.3.1, pages 201-204)® that if 2(t) is a solution
of (9) then it is also a weak solution of the same equation, where by weak we mean that the the left and
right hand sides of (8) are equal when evaluated at any test function p € D?, with D? defined in (7). Hence
the following proposition holds true.

8More precisely, as indicated at page 204, one has to repeat the construction of the weak solution at page
203, with k € D? .
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Proposition A.2 Let x be the solution to (9) when xo € I1, ¢ € Uy,. Let also T be any finite horizon and
p be any function in D?. Then

{ &5 (a(t),p) = (x(t), A"p) — (c(t), p) + (b0, p) (¥, c(1)), Yt € (0,T]
(2(0),p) = (z0,p) = 1.

Proof of Lemma 3.7 Let ¢ € C'(0,5;R) be compactly supported in (0,S) (so that ¢(S) = 0 and ¢ € D).
By definition, a stationary couple (Z, ¢) satisfies

(%, 0) 2 = <T(t);’z’ + /Ot T — s)BEds,¢>L2

By deriving with respect to ¢ both sides and evaluating at ¢ = 0 one has
0= (%, A ) > + (B ¢) = (&, A7¢) — (&,¢) = (%,¢) — (&, 9)

as ¢(0) = 0 and A*¢ = ¢', which implies that ¢ is the distributional derivative of —%. Since in addition ¢
is a positive measure, — is an almost everywhere increasing function and ¢ is its Stieltjes derivative (see
Theorem 346.1 and the related proof in Ziemer, 2004).

On the other hand, if x € II, with —Z increasing and with Stieltjes derivative ¢, it suffices to show that,
for any ¢ in D and any t > 0,

(36) % <T(t)§: + /Ot T(t - )Béds, ¢>>L2 —0.

We denote by 0% the Stieltjes derivative of Z. Since s — [T (t)¢](s) is differentiable, the derivative in (36)
equals

S S S
(& A" T" ()6) 2 + (BE T (H)) — / (T (1)) ()& (r)dr — [T*(£)6](0) / 9% (r) + / [T (1)) (1) ().

Using the integration by part formula for Stieltjes integrals (see e.g. Hewitt, 1960), and denoting by #(0) =
lim, o+ Z(s) and Z(S) = lim,_,g- Z(s) (we recall that Z is monotone), the previous expression is equal to

S
/O [T ()] (r)a(r)dr — [T ()6} (0)((S) — %(0))

+ [T (1)1(9)Z(S) — [T7 (1) ¢](0)%(0) —/O [T (H)¢]' (r)a(r)dr = 0

since Z(S) = 0 and [T (t)¢](S) = 0 by definition of T (¢) in Section 3.1. Q.E.D.

A.2. Proofs for Section /

Proof of Proposition 4.2. Note that 4, # 0 is a consequence of the fact that g,(-) is continuous and
possibly non-zero only on the compact set [\, 5], while (10) implies 0 ¢ A, for any p > 0. Now let M,, € A, ,
and M,, € A, be arbitrarily chosen.

Now, note that the support function h, defined in (20) is an exponential function, increasing and convex,
so that pp < pa implies h,, is definitively greater than h,, for increasing values of p. Hence, h,,(0) =
hpp(0) = 0 and: either 1) h,,(s) > hyy(s) for all s € (0,5], or 2) there exists § € (0,+00) such that
hpa(8) = hpp(3), hpy(8) < hpy(s) for all s € (0,3), and h,, (s) > hyy(s) for all s € (3, 4+00). Nonetheless,
the former never takes place, as g, is maximal at M,, implies

hpa(Mpy) = hpp (M, ) = (epBMpB = (9o (Mp,) = gpp (Mpp)) <0
so that
hpa(Mpy) < hpg(M,,), with My, > 0.

As a consequence, M,, € (0,5].
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Similarly, from the maximality of g,, at M, ,, one derives h,, (M,,) > h,y(M,,), which implies 5 < S
and M, € [s,S]. Since the selections M,, and M,, were arbitrarily chosen in A,, and A,, respectively,
the first assertion in (i) is proven. If in addition f is differentiable at s, assume by contradiction that
Aps N Ay = {5}. Then by Remark 4.3 f(3) = h,,(5) = h,5(5), and hj,, (5) > hj,,(5) which contradicts
the fact that the graph of f lies underneath the graph of both support functions.

Next we prove (i7). The fact that the selection p — M, is nonincreasing is a direct consequence of ().
Now note that from M,, < M,, and the convexity of h,,(s) (see also Figure 1) follows

o s Mos) | s (M)

My - My,

while Remark 4.1 implies
(38) J(Mpp) =hpp(Mpp) and hpp(M,,) > f(Mp,)

so that (37) and (38) give
F(Myy) - F(My,)
M, - M, '

PB PA

The last claim in (i7) is a consequence of (i) and of countability of the discontinuities of a decreasing
function (see e.g. Chung, 2001 page 4). The limit mg in (4i7) exists and is contained in [0, S], as any selection
M, in A, is nonincreasing and there contained. Note that by continuity of f any .4, necessarily has a
positive minimum, and that A, N Ao contains at most one element, which implies mo < min.4g. Suppose
by contradiction that mo < min . Ag. Then ho(s) — f(s) is always strictly positive on [\, mg]. Moreover, if we
define

f(min Ag)

epmin Ag _ 1

(39)  ko(s) = (e —1).

we may observe that: (i) h,(s) > k,(s), and (ii) k,(s) — ho(s) converges uniformly to 0 on [\, mg], when
p — 0. Hence there exists p small enough such that,

(40) his(s) = kp(s) > f(s)
for any s € [A, mg]. This implies A; C (mo, min Ap|, a contradiction. Q.E.D.

Prior to demonstrate some of the theorems in Section 4 we need a series of preliminary results, which we
state and prove hereby.

Lemma A.3 Given a,b € [0,5], a <b, one has:

t

(41) T(t)X[a,b] = X[att,(b+t)AS], and / T(7)06 AT = X, (b+1)AS]
0

PRrROOF: The first assertion follows from

T(t)X[a,5)(8) = X[a,5) (8 = £)X[t,51(8) = X[att,6+4 (8)X[£,51(5) = X[a+t,(b+t)r5](S)-

For the second, note that, if ¢ is any test function in D, one has (0y, T" (7)) = ¢(b+7) if b+7 < S, and 0
otherwise, so that, by changing the variable in the integral with o = 7 + b, one obtains

t t (b+t)AS
< / T(r)abdr,¢> = [ ar= [ 60)de = (xorons )
0 0 b

which implies the claim. Q.E.D.
Lemma A.4 Given g € L},.(0,4+00;R), a € [0, 5), one has, for anyt € [0,S —a], s € [0,5]:

@) ([ o= nudr ) () = osea ati+a o)

PrOOF: The proof is a consequence of the previous Lemma and arguing by density after applying (42) to
approximating step-functions. Q.E.D.
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Lemma A.5 Assume p > 0, and z,, ¢, p, are defined by means of (22) (23) (26) respectively. Assume
(10) (11). Consider any trajectory x of system (8) starting at xzo € I1, and driven by a control ¢ € Uy,. Then,
forallt >0

(43) (e(t) = cp, [ =p) < p(@(t) = @p,pp) — (2(t) — wp, A'pp) -

PrROOF: From Proposition 4.2 we derive that there exists M, in the nonempty set .A,. Moreover, by
definition of p, one has that f(s) < p,(s) for all s € [0, 5], and f(M,) = p,(M,), so so that for all positive
measure ¢ € D', one derives (f,c) < (p,,c) with the equality holding at ¢ = ydar,, with v any nonnegative
constant. In particular, for v = 1, one has

(44) (e(), f —pp) S0 ={cp, f —Dp), Vt>0

Now we recall that by means of Proposition 3.3, 2(t) lies in L?(0, S), so that the duality pairing with z(t)
coincides with scalar product with z(¢) in L?(0, S), moreover A*p, = p,’ so that

(45)  —p{a(t),pp) + (@(t), A"pp) = —p / Do(s)a(t, 5) ds + / 0/ (8)2(t, 5) ds = Ap).

When p > 0, we have , supp z(t) C [0, 3], p,'(s) = pn,e”® on [0, 5], and Proposition 3.4 holds, so that

A= | w(t, 8)ds = pn, / " wo(s)ds = g

that is, the quantity on the left of (45) hand side is constant for all trajectories (i.e., for all admissible
controls ¢, and all initial data xo covering a unitary area). In particular the property holds true when x is
set equal to x,. Then the claim follows by means of (44), (45) and (46). We proceed similarly for the case
p =0, as this time po(s) = Bo on [0, 5], so that

A(0) = /pé(s)x(t,s) ds = fo / x(t, s) ds = Bo,
0 0
which leads to the same conclusion. Q.E.D.

Corollary A.6 In the assumption of Lemma A.5, and for u satisfying (11), set B, := f(M,)/M,, and
ap =1 (B,). Then for all t > 0, the value-loss function defined in (27) satisfies

9p(c(t),x(t)) = u(Bp) — u ((c(t), f>) + ap [p (w(t) — xpva) - <I(t)vA*Pp> + <C(t)apﬂ” >0
Proor: For all ¢ in D’, define
h: D" =R, h(c):=ul{c, f))

so that h(c,) = u({cp, f)) = u(B,), moreover h is differentiable with h'(c) = «' ({c, f))f € D, h'(c,) =
' (Bp)f = a,f. Since h is concave, we have u({c, f)) — u(B,) < a, (c —cp, f), for all ¢ € D’. Then Lemma
A.5 implies

u({e(t), £)) < u(By) + ap[(c(t) — ¢p,pp) + p(@(t) — 2p,pp) — (@(t) — 2p, App) |,
and, to complete the proof, we need to show that — (c,, p,) + (zp, A*p,) = 0. This holds true when p > 0 as
—(cpypp) + (xp, A"pp) = — e (EPM” — 1) + 2l /MP e’ ds = 0.
M, M, Jo

When instead p = 0, the claim follows from

(47) (€, A"po) = /Sa:(t, $)Bods = Bo = {(cp, po)-

0

Q.E.D.
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Remark A.7 Note that the proofs of the previous results remain true when ¢, is replaced by a positive
multiple vdar, of the Dirac’s delta at M,. If moreover p = 0, (43) holds true for a general initial datum
zo in place of z,. Indeed (z, A*po) = Bo for all z € L?(0,S) having support in [0, 5] and unitary extension
fog x(s)ds = 1. We summarize these facts in the following generalized version of Lemma A.5 for the case
p=0.0

Corollary A.8 Let be p = 0. Consider any trajectory x(t) starting at xo € II and driven by a control
¢ € Uy,. Then, for allt >0, v >0,

(c(t) = ¥0nro, f = po) < — (2(t) — @0, A"po) -
Corollary A.9 In the assumption of Corollary A.6
(48)  Urle) = Ur(e) = oy ({ey = w0,0) — ey = a(T),1y))

Proor: From Corollary A.6 we derive

w(Bp) — u({c(t), f)) = ap[p (o — x(t),p,p) — (c(t), po) + (z(t), A"pp) | = e”t% (x(t) = @p e "pp) .
which promptly implies the thesis. Q.E.D.

Lemma A.10 Assume x,,p, are defined by means of (22)(26) respectively, and let p > 0. Consider any
trajectory x of system (8) starting at x,, and driven by a control ¢ € U,,. Then
T a
Jim [ o= a0, )] ae =0
PrOOF: Note that T g
| i Lo = oo e7'n)] dt =" (o, = a(T).1,)

so that recalling that 2(7T") and z, are supported in [0, 5] and that (15) holds, one gets
e {wp — o(T),pp)| < €77 / () — (T 8)lIpp()lds < 26T, (e =1) == 0
0
which implies the claim. Q.E.D.
Proof of Proposition 4.4. We need to show that (c,,z,) satisfies Definition 3.6. Note that by means of

(6) we have

1

1 1
BCp = —75Mp + <ﬁp61ﬂp7w>60 = ﬁp (60 — 6Mp)

M,
so that, by making use of (41) one obtains

¢ 1 1t
T(t)x, + / T(t—T1)Bec,dr = L X[t (+Mp)AS) + ﬁ/ T(0)(bo — 0m,)do
0 P e Jo

1 1 1
ﬁpx[t,(tqtlwp)/\s] + E (X[O,t/\S] - X[Mp,<z»4p+t>As]) = EX[O,M,J] = Zp

which implies the thesis. Q.E.D.

Proof of Theorem 4.5. We make use of Definition 3.5 to show that ¢, is optimal. Let Ur be defined by
means of (12) and let ¢ be any control admissible at the initial datum x,, and let z(t) = xz, (t) be the
associated trajectory. Define

(49) I(T) :=Ur(cp,) — Ur(c) + ap/o % [(z, — z(t), e "'py)] dt =
= /0 e " [u(B,) —u({e(t), f)) + ap(p (2o — (t), pp) — (x(t), A"pp) + {c(t),p,) )] dt

- / e (e(t), ) (5o, pp) dt.
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where the last equality is obtained by applying Proposition A.2. By means of Corollary A.6 the first ad-
dendum in the right hand side is positive, while the second is null, due to the fact that (p,do) = 0. Hence
I'(T) > 0, which by means of Lemma A.10 implies

lin;iﬁnfoo (Ur(cp) = Ur(c)) > 0,

as required.

Now we assume that A, is singleton and that (Z, ¢) is an optimal stationary couple, and we show that (Z, ¢)
necessarily coincides with the golden rule. We start by showing that supp(¢) = {M,}. To do so, we prove
that supp(¢) N[0, M,) = 0 and supp(¢) N (M,, 5] = 0. Assume by contradiction that supp(¢) N[0, M,) # 0
and define, for € > 0, the control

(1 = €)x0,:,)(8)E(8) + x (1,5 (5)E(s) + €dnr, fot ¢(M, —s)ds telo,M,)

(50) ce(t)(s) = {(1 — €)X[0,:,)(8)E(8) + X(m,.5(5)E(s) + €0, IOMP &(s) ds t € [M,,+o0)

coinciding with & when € = 0.° One can easily see that that c. is admissible at Z. If we show that (d/de)U (c)
is strictly positive at € = 0 then, for € small enough, U(c.) > U(¢) and ¢ is not optimal:

— % ( /Om e u({ce(t), £)) dt)

=u' (& [)) (/()+°O eipt< = &Xjo,m,] + 0m, |:X[U,Mp)(t) /Ot (M, — s)ds

d
EU(Ce)

e=0

M, +o0
+ X[]Wp,+<>o)(t) /0 é(s) d3:| ) f> dt> = (& ) [/0 e <*5X[0,M,,]7 f> di+

n /OM” P F(M,) (/Ot &M, — s) ds) dt + (/MTO e " f(Mp) dt> (/OMP &(s) dS) }

Integrating with respect to ¢ the first and the third addenda and integrating by parts (see e.g. Hewitt, 1960)
the second, we obtain

s _ 1 G — f(Mp)epr” MPE s)ds
(51) =u (& f)) T (f, X[o,Mp1>+( p /0 )

(M) Mo e PtE - ) (M) o~ PMp Mo (s s:|
+ e /O (M, — )t ) + 2522 /O (s)d

M,
= (& ) | - % (f. extoan,) + % / ePE(M, — 1) dt}

L = (& f)) [— % (f,exp0,0,0) + %ewm /OMp ¢#3(s) ds:|

that, recalling (25) and (26), can be rewritten as

=l (e ) [ = g+ LT (2 ) ]
u’(<i, ) [

—(Feexonn) + (1= M) o Exioan,)) + F(Mp)e™M (3, 2xi0,00,)

- w [<pp — fréxon,) + e M (F(My)Y — b, 5X[0,Mp1>} :
Since u’ > 0 and p, > f, the previous expression is greater than
LUOTD [emete (101,10 = 5y )] > 0
9 Since 7 is decreasing (and of bounded variation), then é = —dx is a (positive) Radon measure. For this

reason the integrals appearing in (50) need to be interpreted as Lebesgue-Stieltjes integrals (see e.g. Ash,

2000 Section 1.5 page 35), more precisely fOM" é(s)ds = gp"it 07 (s) and fg é(M, —s)ds = fOM" 0z(s).
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where the strict positivity of the last inequality follows from
Po(s) = f(Mp), Vs € [0, My]; pp(s) < f(My), Vs € [0,M,); supp(¢) N[0, M,) # 0.

By a similar argument one may prove that, if supp(¢) N (M,,s] # 0, then (Z,¢) cannot be optimal as well,
so that necessarily supp(¢) = {M,}. Since the only probability measures whose support is {M,} are of type
¢ = adn,, for some real number a > 0, Z is in II, if and only if & = 1/M,. Then ¢ = ¢, defined in (23) and
then that & = z, defined in (22), as we were meant to prove. Q.E.D.

Proof of Remark 4.6. By linearity, & satisfies Definition 3.6 and hence is a stationary program. What
is left to show is that (¢, ) is optimal. Let ¢ be any control admissible at & and let = be the associated
trajectory. Then using concavity, optimality of ¢, and (49), one gets

limy inf (U (€) = Ur(e)) > ; Ailing inf (U(c) — Ur(c)) > 0.
Q.E.D.
Proof of Lemma 4.8. It is straightforward from definition that 2 is M,-periodic. Then we need to show
that Z solves (30), more precisely that

(52) (#(t) — T(D)zo, @) = </0 T(t — 7)Bi(r, M,) 1, dr, g0> , VoeD.

Since & is M,-periodic, we may assume t € (0, M,). We note that (T'(t)xo, ) pr p = fts zo(s — t)p(s)ds
while

s M ¢
@0 )= [ 5(t9) pls)ds = [ anls = Dple)ds+ [ (s + M = ol ds
0 ¢ 0
so that the left hand side in (52) may be rewritten as follows
s t
(63) )~ TO )=~ [ aols—p(s)ds+ [ o0 —r)plt —7)dr
M 0

On the other hand Z(t, M) = ao(M —t), é(t) = xo(M — t)du,, and (ar,,¥) = (M) = 1 so that
B.’%(T, Mp) 6]p[p = @(7’7 Mp) (SA/[p+ <i‘(7’, Mp) 5Mp,'¢> 0o = xo(M — t)((SO — 6Mp)
and the right hand side in (52) is

/0 ( B&(1,M,) 6n,, T (t — 7)) dr = /Ot xo(M —t) (60 — 0n,), T™(t — 7)) drT
= [ a1 =0/ (0= el 0 - [ (¢ = el (M) o

=/0 ﬂﬁo(M*T)so(t*T)dT*/MH_SIO(M*T)QD(t*TﬂLM)dT

which is equal, by means of a change of variables, to the right hand side in (53). Q.E.D.
Proof of Lemma 4.11. Recalling that Z is periodic of period M,, and that (Lemma 4.8 ) Z(t,M,) =
xo(M, — o(t)), one has (¢(t), f) = z(t, M) f(M,) = f(Mp)xo(M, — o(t)), so that, once set n = [T/ M,], by
suitable changes of variables we have (note that if T < M, then the first sum is null)

n—1 ) M, T—nM,
Ur@@ = Y e / e u (f(M,)zo(M, —t)) dt + ="M / e u (f(Mp)wo(M, — 1)) dt
i=0 0 0

—npM,
1—e "PHMe

—p(n M,
= 4epMp — Uf+e p(n+1) PU§(T)

When p = 0, similarly
n-1 .M, T—nM,
Ur@ =3 [ uls a0, ~0)dt+ [ w(F )0 (M, ) de = nUf U (T)
i=0 70 0

Q.E.D.
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A.2.1. Optimality and good controls

In order to prove Proposition 4.14, we need some preliminary results, contained in the following lemmata.

Lemma A.11 Assume (10) and (11) are satisfied. Let T > 0. Then there exists a positive constant Br
depending on T (and not depending on ¢ and xq), such that

Ur, (¢) < Br, VIo <T, Vo €1I, Ve € (7

PROOF: We prove the assertion for p = 0, as for p > 0 the result holds a fortiori. Let x(t) be the trajectory
starting at an initial datum xo € IT and driven by a control ¢ € Uy,. Set € := min {\, S — s1}, where s is
that in (5), and consider a function ¢ € C*([0, S];R) such that ¢(s) = 1 for all s € [0,¢/2], ¢(s) = 0 for all
s € [g,S], and ¢'(s) <0 for all s € [0,5]. Note that ¢ > ¢ and ¢ € D, so that making us of Proposition 3.4
and of (9) one has

(54) (T'(e/2)0,0) + /06/2 (c(), B"T"(e/2 — 7)¢) d7 = (x(e/2),¢) < (w(e/2),%) = 1.
For all 7 € [0,¢/2], one defines
p-(s) = [T7(e/2 = T)8](s) = d(s +€/2 = T)X[0,5—(c/2-))(5)
so that B*T* (/2 — 7)¢ = —¢r + (80, b= )1 = —r + b, which implies
(c(r), B*T"(e/2 = T)¢) = (c(7), ¥ — ¢r) > (e(T), % — @), VT <e/2.
Since (T'(g/2)x0,$) > 0, from the latter and (54) one derives

/2
/0 (e(r), 6 — @) dr < 1.

Now the argument is iterated. A consequence of (9) is

z(t) =Tt —r)z(r) + /t T(t—7)Be(r)dr, 0<r<r

which is applied with t =7+ 5, 7 =n§ and n € {0,1, .., [2T/¢]}, deriving
(n+1)§ (nt+1)%
[ g ars [T em -6y ar <
ng ng
so that

2T /€] (n+1)%

T [
65 [ ww-ga<y

2T
<C(T)7X[>\,§]> dr < - + 1.

£
n3

Since u is concave, there exist real constants a and b such that u(q) < a + bq for all ¢ € R*T. Moreover one
can choose by such that b > max,c(x 5 f(s) so that b(¢) — ¢) > f. Then one has

u((c(t), f)) < a+b{c), f) <a+biblct),y —¢)
and hence by (55)
Ur(c) :/ w((e(®), £)) dt < aT + bib (1 + ?) —. Br,

with By is independent of the chosen control and on the initial datum. Since (11) implies Ur(c) is increasing
in T', one has Ur,(c) < Ur(c) < Br and the claim. Q.E.D.

Remark A.12 Note that for p = 0 the value-loss function defined in (27) and in Corollary A.6 satisfies
(56) 0(c) = bo(c,z) = ~[u({c, f)) —u((e f)) —u'((e, f)) (c = & [)]
= u(Bo) —u({c, f)) + ao{c— ¢ po).

The concavity of w implies 6(c) > 0, with 0(¢) = 0. Note also that, although evaluated in (27) along the
trajectories of the system, 0 is is a well defined real function on D’. [J
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Remark A.13 We say that the continuous function w: RT x R™ — RT is a local modulus if for all
b > 0, lim,_ ¢+ w(a;b) = 0. Throughout this section we will denote by w(+;-) any function having such
properties, or by w(+), if there is no explicit dependence from a parameter b. Then, given = € II, (47) implies
o (x, A*po) = apfo so that

0(c) = u(Bo) —u({c, f)) + ao (¢,po) — ao (z, A"po) .

In particular, given is o € Il and a control ¢ € U,,, along the associated trajectory we have

(57) 0(c(t)) = u (Bo) — u ({c(t), ) + ao {c(t), po) — ao (x(t), A"po) -

It is also straightforward that §: D’ — R is a continuous function, indeed

0(c) = 0(c1)| < [u((c, f)) —u({er, £)) | + aole = eilprlpolp < wolle = cilpr)

for some modulus wy, for any ¢,c1 € D’ (note indeed that u is a uniformly continuous function). O

Lemma A.14 Given a good control c(-) € Uz, then the following limit exists and is finite

L. := lim ’ 0(c(t)) dt € [0, +00).

T—o00 0

PRrROOF:  Since 0(c(t)) > 0, the function T — Ap := fOT 0(c(t)) dt is positive and increasing and therefore
the limit exists, and is positive (possibly equal to +00). Now observe that (57) and Proposition A.2 imply

(58)  Ar=Ur(e) - Ur(c) + a0 / (e(t), po) — (a(t), A*po) dt

=Ur(¢) = Ur(c) - 060/0 % [(z(t),po)] dt = Ur(¢) — Ur(c) — ao (z(T) — o, po) -

Recalling that ¢ is good, by definition there exists § € R such that for all T'is Ur(¢) — Ur(c) < 6. Moreover,
since z(T) —z0 € L?(0,5), in (58) duality pairing coincides with the scalar product in L?(0, S), and observing
that po lies in L>°(0,S) (i.e. it is a bounded function), with |po|r~ < BoS, by means of Holder inequality
one gets
| {z(T") = w0, po} | < |polLee (|&(T) 21 + [wolr1) = 2[po|Le,
so that
A1 <0+ 200608

and the proof is complete. Q.E.D.

Remark A.15 As a consequence of the previous lemma, for any fixed positive constant A, we have

/ 0(c(r)) dr < w(1/1)
t—A

for a suitable modulus w, that is, the integral is infinitesimal as t tends to +oo. [

Lemma A.16 For any given xo and x1 in 11, there exists a control ¢ € Uy, , denoted with é(-) = é(+; o, 21, 5)
that drives the system from xo to x1 in a time length less or equal to 5.

Proor: We define
d* (s) := (zo(s) — z1(s)) VO, d”(s) :== (z1(s) — zo(s)) V0, for s € [0, 5],

so that d*(s) (respectively, d~(s)) is strictly positive at those points where x is strictly bigger (respectively,
smaller) than z;. In some sense d* and d~ represent the values that need to be compensated by the choice
of a suitable control. Since fOS xo(s)ds = fOS z1(s)ds = 1 we have that

J::/()Sd+(s)ds:/Osdf(s)ds:/:(ﬁ(s)ds:/Ogdf(s)ds.

where the last equalities derive from the fact that both z¢ and z; are supported in [0, 3].
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If J =0, then xg = x1 and there is nothing to prove. Now assume J > 0. We define, for ¢ € [0, ]

(59) e ()= / 4~ (r)dr.
5t
where e measures the mass of trees to be compensated, with age in the interval [—t, 5]. Note that e~ (0) = 0,

e (5) = J, and e~ is an increasing function. We define also, for ¢ € [0, 3]

0, s> 38
(60) DT (t,s) = { d (s — 1), s €[t 3]
dt(s—t+3), se€]l0,t).

This function represents the translation with replanting of the exceeding part of the initial forest xo. We
want to prove that the following control satisfies the claim of the lemma in a time length of s:

(5 —t)e” _ *(t,-
ot ) = (mg(§—t)—d(7jt)(t)) 5o +d (§—t)¥, te0,3).

Note that zo,z1 € L*(0,5) imply d*,d~ € L*(0,5), D (t) € L*(0,S) for any ¢t € [0,5], and ¢t — D(T)
belongs to C(0,5; L*(0, S)). Moreover e~ € C(0, 5), implies ¢ € L?(0,5, D) (in fact, ¢ € L*(0,5,R)). *°
One needs to prove that the trajectory Z(t) associated to the control é(t) satisfies Z(3, s) = z1(s) for all s:
t
Z(t) = Ii(t) + I2(t) + I3(t) == |:T(t)a:0 + / T(t — 1)Bxo(t — 7)ds dT:|
0

- % Vo d* (5 —1)e (1)T(t — 7)Bds ‘”} - % [/o d”(5—7)T(t—7)BD*(7)dr|.

Recalling the Faustmann solution (see 29), we have I1(5) = x¢. Regarding I3(t), note that
T(t—7)BD* (1) =T(t — 1) (D" (7),9¢) 60 — T(t — 7)D* (1) = J6o — T(t — 7)D ™ (7)
so that Ig(t) = I31(t) + I32(t) with
t
I31 (t7 S) = / d- (§ — T)T(t — T)(So dr =d~ (5 —t+ S)X[Oi](s)
0
where the last equality is derived by means of (42), while

t +(r
Isz(t):—/o d*(g—r)T(t—T)DJ( ) ar.

Now note that T(t — 7)DT(7)(s) = DT (r)(s —t+7)if s =t +7 >0 and 0 if s —t + 7 < 0, so that the last
expression, evaluated at s, gives

t tA(5+t—s)
In(t,s) = — & /( 4 (5-7)D* (r)(s—t+7) dr = — /( 4~ (5—r)D* (r)(s—t-+7) dr.

J t—s)VO t—s)VO
By means of the definition of e~ and D™ () given in (59) (60) respectively, the latter is explicited as follow

—L dE-r)dt(s—t+8)dr=—1d (s—t+35) (e (t)—e (t—s)) s€[0,t)
Isa(t)(s) = =1 [Fd (5 —r)dt (s —t)dr = —1dT (s — t)e (1) 5 € (t,3]

L [ g (5 - r)dt (s —t)dr = —Ldt(s —t)e (54t — ) s>5

9The control ¢, roughly speaking, acts as follows: (i) the term (5 —t)ds cyclicly cuts and replants at age
0 the trees reaching age 5 (it is indeed the Faustmann policy for M = 5); (ii) Note that if at time ¢ the trees
aged 3 are not enough (i.e. if d~(5—1¢) > 0), one needs to cut more trees in order to reach the level z1(5—1t).
The term d~ (5 —t) D™ (t,-)/J does the job, taking from those ages where trees are exceeding the final target
x1 and represented by DT (¢) (note that the trees (re)planted at time ¢ are those having age 5 — ¢ at time 3,
the final time in which we want the forest to have the configuration x1); (iv) The term —d* (5 —t)e™ (t)ds/J
takes into account the fact that part of exceeding trees described in (ii) (for which d* is strictly positive)
were already cut in [0,t), so that one needs only to cut (by means of §5) the remaining ones.
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Regarding I>(t), since —Bds = d5 — do, we may apply again (42) and derive

Ix(t,s) = % [d+(s —t)e (t+5—5)X[s,5+4)(s) — d+(§ +s—t)e (t— S)X[O’t)(s)]

As a whole

zo(s) +d (5—t+s)—dT(5—t+s) 2 if s€0,t)
Z(t,s) = Q wo(s) —dF (s —t) <2 if s€lt, 3]
0 if s> s.

so that at any time ¢ the support of x(t) is in [0, 5], moreover e~ (5) = J implies at ¢ = § that

55,5 = {xo(s) +d(s) —dt(s) ifs € [f)’ 5]
if s >3
which equals z1(s) by means of the definitions of d* and d~. Q.E.D.

Now we are ready to prove that maximal (and, in particular, optimal) controls are good controls.

Proof of Proposition 4.14: Assume by contradiction that the maximal control ¢* is not good, and denote
by x* the associated trajectory. Then, given any 6 € R, there exists Ty > 0 with

Ur, (") = Ur,(¢c) < —0

Next we show that Ty may be chosen arbitrarily large, for instance Ty > 23, if 0 is chosen sufficiently large.
Indeed by means of Lemma A.11 one has sup,cg 25 |Ut(c”) — U(€)| < Bas so that for § > Bas, we have
Ur(c*) — Ur(¢) < —0 only for values of T' which are greater than 2.

Hence we select § > 2Bs > Bas and Ty > 25 and define, with the notation of the previous Lemma, the
following controls: ¢1(t) = ¢(t; xo, Z) stirring the system from z¢ to Z in time 3, and c2(t) = c(t; Z, 2" (Tp)),
stirring the system from z to z*(T') in time § and moreover

alt) iftelos)

c ifte[s,Ty—3)
Cz(t) ifte [Tg — 3, Tg)
) ift>Ty

&(t) =

We show that ¢ catches up to ¢, so that ¢* cannot be maximal, yielding a contradiction. To do so it is
enough to observe that, for any 7" > Ty, one has

Uz (€)=Ur(c") = Uz, (&) =Us, (¢") = Us(&)~Us(€)+Ur, (¢)~Ut, (C*)+/T_7[U(<5(t), )—u((e £))]dt

> Us(8) — Us(@) + 0 + Us(&(- + T — 5)) — Us((¢, f)) > 6 — 2Bs > 0.
Q.E.D.

A.3. Proofs for Section 5
A.3.1. Linear utility, positive discount
Proof of Theorem 5.1. Consider (31) when u(r) = r. Note that ¢(¢) coincides with ¢, when o = x,, so
that (31) applies also with (z,,¢,) in place of (z*,¢). If n = [T'/M,], o(T) = {T'/M,} M, then
M, M,
Ur(@)—Ur(c,) = np(1—e ") / e (xo(7) — 1/M,) dr+e P HIMe / T (wo(r) — 1/M,) dr.
0 M,—o(T)

Hence when T' — +00, and once set ¢(t) = e”*, we derive

(61) U@ - Ule,) = Jim (Ur(@) = Ur(c,)) = np(zo =2, ¢) = (20 = p, pp)-
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Now let ¢ be arbitrarily chosen in Us,, with z(t) = z(t; ¢, x0) the associated trajectory. Let T' > 0, and note
that Corollary A.9 implies (for u(r) =7, is op = 1)
(62) Ur(cp) — Ur(c) > *e_pT@fp —x(T),pp) + (Tp — T0,Pp) »
Coupling the previous relation with (61) we derive
Ur(¢) — Ur(c) > w(T)

for a suitable function w, w(T) — 0 as T — +o00, which implies the thesis. Q.E.D.

A.3.2. Linear Utility, Null discount

Average of a trajectory. Assume z is the trajectory associated to some initial datum x¢ and driven by
an admissible control ¢. We denote by means of z (t) the average of the trajectory over a time interval [0, ¢]
that is

t
(63) (1) = %/ x(s;xo,c)ds.
0
Lemma A.17 Assume p =0, ¢ € Uy, N L*(0,+00; D’) a good control, and xo € 1. Then
(64) <xA(t), h> — (Z,h), as t — +o0 for all h € D.

PRrROOF: The proof is obtained by applying Theorem 9.1.3 in Zaslavski (2006) to the modified objective
functional Ur(c) = fOT u ((e(t), f))—u({cp, f)) dt, so that controls which are good for Ur(c) satisfy Hypothesis
(b) of Theorem 9.1.3. Note that the weak convergence derived in Zaslavski (2006) is in our case the weak
convergence described in (64). Note also that, since the control is bounded in D’ and so is the trajectory,
we can modify the functional Ur(c) outside a ball in D’ where both are contained in order to verify the
coercivity assumption (1.9) page 260 (although not recalled in the statement of the theorem, it is indeed
needed). Eventually, using the arguments of Corollary A.6 we can see that Assumption 1 page 259 of Zaslavski
(2006) is satisfied and the maximum (there cited as a minimum) is attained by the golden rule couple (Z, ¢)
(which is true a fortiori for the modified functional). Q.E.D.

Proof of Theorem 5.5. We divide the long proof into several steps.

Claim 1: ¢ is a maximal control. We consider the trajectory & = x(+; o, ¢), starting at xzo and driven by the
control é. The control ¢ is good. Indeed, we let T' > 0 be arbitrarily fixed, and we apply Lemma 4.11 with
p =0 and u(r) = r both to ¢ and ¢ deriving

Uﬂa—Uﬂ@—fwnAfdm(mvw3;)m—¢mw[Afdmmwwf—{ﬁﬂ;pﬁwn

which implies ¢ is good. If by contradiction ¢ is not maximal, then there exists a control ¢ in U,, and some
T,a > 0 such that for all "> T

(65) Ur(é) —Ur(é) < —a.
Now assume R > 37". We integrate on [0, R] and divide by R the left hand side, obtaining

66 g [ W@ -Ur@)ar =g [ 0re)~vr@) i+ [ Wee) - Ur(@) ar

where the first integral converges to 0 for R — oo while, for R large enough, the second is smaller than f%a
as a consequence of (65). Then for a sufficiently large R one has

(67) %/0 (Ur(é) — Uz () dT < —%a.

On the other hand, if Z is the trajectory starting at x¢ and driven by control é, and :EA(t) the respective
average, from Corollary A.9, one has

d

69 Ur@-Ur(@ > | @) =a(0).5) dt = G(T) = 5(T).0)
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so that, integrating on [0, R] and dividing by R, one gets

%/OR (Ur(&) — Ur (&) dT > <:2:A(R) fi"A(R),po> > f%a

for a sufficiently large R, as <9%A(R) - JEA(R),p0> — 0, as R — 400, in view of (64): a contradiction.

Claim 2: the control ¢ is not optimal. Assume ¢, is the control defined in (33), and x1(t, s) = z1(¢, s; c1, x0),
the associated trajectory. With reference to the notation there introduced, we assume also (and the reasons
will be clear in a short while) that N is big enough so that f(sy—1) > 0, which is true as f is continuous
and f(M) > 0. Moreover we assume that zo satisfies the condition

SN -1
(69) / zo(r)dr > 0.
SN—-2

In order to prove ¢ not optimal, it is sufficient to show that there exists a > 0 such that

Ur, (¢) — Ur,(c1) = —a, VT, = % + nM,with n € N.

At some initial time interval, that is, for ¢ in [0, M/N], we have

1(t,s) = Zxo(s] + s =X, (8)+$0(8—t)2><[ o054 (8)

7=0

Afterwards, the solution becomes periodic of period M, and repeatedly equal to

X[t,%,t](S)ZLSUO(Sj—l+S+%—t) te [ M]
1 (t, S) = X[O,th](S) Z;\Izl .To(sj'_l + s+ %M - t)+
+X[t—%,M](s) Z;\f:l :L'o(ijl +S+% —t) te [M,M-f—%}

(the general formula is obtained by replacing t with £(t) =t — [%] M — 4% in the right hand side). Recalling

that for any ¢ in [0, M/N], we have z1(t,s;) = xo(s; —t), and that (5., ) = f(s;),

Ugglen) =32 15 [ anles =ttt =3~ ) [ oty

By means of the periodicity of x; for t > M /N, we then derive

M M+
Ur, (e1) = Ugg (e1) + n (M) UM xl(t7M)dt+/ at, M)dt} .

N M

Note that, for % <t < M, we have x1(t, M) = 0, while, for M < t < M+ I we have x1(t, M) =

Z;.V:l zo(sj—1+ M + X —t) so that
M+M N M+M M N s;
/ U r (8, M)dt = Z/ " zo(s;o1+ M + ~ — Dt = Z/ zo(r)dr = 1
M =1 M j=178j-1
which implies
N

Ur, (c1 :Z sj)/ r)dr+n f(M).

The difference between such utility and that yielded by means of the Faustmann policy ¢ is then

(70) U@~ Ur,(e) = (M) / r)dr Zf(sg ) antdr == 3 166 [ wotryir = —a

Sj—1
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Note that a > 0, as the last term of the sum above is strictly positive in view of (69). As a consequence, ¢
is not optimal. The proof for the case when (69) is not satisfied is easily obtained by applying a control ¢
in place of ¢ shaped as follows. More precisely, if

53
m = max j:lSjSNfl,/ zo(r)dr >0
Sj—1
(a maximum exists as the forest has positive density and extension 1), we define 7 := (N — 1 —m), and

(71) c2(t) = € Xjo,71(t) + c1(t = T)X[r,+00) (£)

that is, the control which coincides with ¢ until the associated trajectory xs yields a positive integral (with
respect to s) on [sy—_2,sn—1], and behaves like ¢; afterwards.

Claim 3: an optimal control does not exist. We assume by contradiction that ¢é(¢t) € U, is an optimal
control. Then in particular, given any € > 0, there exists 7T, such that

(72) Ur(¢) —Ur(¢) > —e and Ur(¢) — Ur(c1) > —e VT >1T..
On the other hand (70) implies , for a sufficiently small v € [0, M] not depending on n, that

Ur(c1) — Ur(e) > g VT € [T, T + .
from which, if n. € N is such that T,, > T for all n > n., we derive also
(73) Ur(&) — Ur(2) 2%—5, VT € [T, Tn + V], Yn > ne.

We show first that

Tntv va
/0 (Ur(¢) = Ur(¢))dT > —.

. . 1
(74) lim inf 1

n— 400 Tn + v

Indeed [""" (Ur(¢) — Ur(¢))dT = A+ By, + Cy, where A= [ (Ur(é) — Ur(¢)) dT and in view of (72)

B, = ,i /T: (Ur(e) = Ur(¢)) dT = —e v (n — ne)

and in view of (73)

ani:

so that (recall that T, = nM + M/N), if w(1/n) is infinitesimal as n — oo, we have

/nﬂkwﬂa—w&m»wrz(g—a)um—n8+n

T;

1
T, +v

Tntv v /a
/0 (Ur(&) = Ur(&)) dT = = (5 - 25) +w(1/n).
Choosing ¢ < a(2 — M/2), and passing to limits we obtain (74).

On the other hand, if we choose v = Z(t, M) in Lemma A.8, we make use of Proposition A.2 (note that
that po(s) = Bosy(s), (do,po) =0, A"po(s) = Box[o,s)(s)) We obtain

(é(t) —2t), f) < (&(t) —€(t), po) — (E(t) — w0, A"po)

= D (1) — 2(t), po) — (B(t) — w0, A"po) =

rn z(t) — Z(t), po)

d
where (Z(t) — zo, A*po) = 0 follows from Remark A.7. Then, for all T, integrating on [0, 7] one derives

d

(75) Ur () - Ur(e) < /0 = (&) = &(t), po) dt = (Z(T) — T(T), po)
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Now, we denote by x(t) the average of the trajectory z, as defined in (63). Integrating on [0, S] both sides
of (75) and dividing by S one has

(76) %/OS (Ur(@) = Ur(@) dT < (3(8) = 3*(S),po ) -
Since ¢ and ¢ are good, by Lemma A.17 one has
<§:A(S) - aA(S),po> 5700, 8§ 00
which together with (76) contradicts (74). Q.E.D.

A.3.3. Strictly concave utility, null discount

Proof of Theorem 5.9. We set H := L*(0, S), recalling that D — L?(0,S) (with continuous inclusion)
and use this property when necessary without further notice. Since c(¢t) € L*(0,+4o00;R) we have that
K :=sup|z(t)|r < +o0. Let € > 0 be fixed. We have to prove that there exists ¢(¢) > 0, such that

(77) i(t) :==|z(t) — |y <e, forallt>t(e).

Any ¢ € R may be decomposed as follows. We recall that by assumption M is the unique positive maximum
point of f(s)/s (which implies po(s) — f(s) > 0 for all s € [0,.5], and with the equality holding only at s = 0
and s = M). Then, from the continuity of f and for a sufficiently small £ > 0, there exists ((§) > 0, with

A< M — (&), such that [s — M| > ¢(&) implies p(s) — f(s) > &. Note that ¢(€) 20, Furthermore, since

¢ is a positive measure with supp(c) C [X, S], then

¢ =cn+cy, with ¢, = cve and ¢y = ¢(1 — ve),

where v is a [0, 1]-valued smooth cut-off function with ve(s) =1 for |s — M| < ¢(€)/2 and v¢(s) = 0 when
|s— M| > ¢(§). Now, we may assume t > S. As a consequence, in (9) we have T'(t)xzo(s) = 0 for all s € [0, 5],
and T(t — 7)Be(r) = 0 for all 7 <t — S, so that in (77)

¢

(78) a(t)-z= /:ST(th)Bc(T) dr — z :/

ST(t —7)B(c(r) —¢) dT = Li(t,§) + (8, €) + I3(t,€),

where
I(t,€) == /t—S T(t —7)Beg(r)dr, I2(t,§):= /t—S T(t —7)B(cn(T) — |en(T)|R0OM) AT

and I3(t, &) :== /tfs T(t —7)B(|len(T)|rOM — €) dT.

In next steps we will estimate the H-norm of I (t,§), I>(t,€) and I5(t, ).
Step 1: A preliminary estimate. We start by estimating the quantity |c¢|p/. Given z € II, and ¢ € R, from
Remark A.13 and from the concavity of u follows

0(c) = 0(c) — 0(c) = u((E, [) —ul{c, f)) + @ (p,c—C)
> —ag{c—& f)+aolc—¢&po) = ao{c—2Cpo— f) = ao(c,po — f) > aoklcr|r,

as ¢ is positive and (¢, po — f) = 0. Observe that D < C°([0, S]) with continuous inclusion so that R < D',
and in particular |c¢|pr < Cleg|r for some fixed positive constant C' > 0. Then from the previous inequalities
follows that

(1) leslor < Cleske < 420(e), Va €TL, Ve € R.
0

As observed in Remark A.13, the estimate does not depend on z.
Step 2: Estimate on I,(t,£). Note that || T'(¢)||L(p/y < 1, so that (79) implies

t C||B ’ t
\L(t,€)|a < 1 Bllon / e ()]s ar < IBlz@) / 6(c(r))dr
t—S aof t—S
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which implies that for some modulus w; one has

H1(t,8) | < wi(1/t;).
Step 3: Estimate on I>. Given ¢ € D and any ¢ € R, one has

M+¢(8)

(e Il )| < em | _max 1669~ 6D < kel [ I/ o)l ds

M+¢(©) .\
s%mmwmywm>smwwm

which in particular gives, for any 7 € [t — S, ],

(80) len(T) = len(T)|ROM D < V2C(8) [en(T)R < V2((E) K

and then [cn (") = |en () p2— g0y < V/S\/2¢(€) K. By means of Proposition 3.1 page 212 of Bensoussan
et al. (2007) (whose assumptions were checked in the proof of Proposition 3.3 (ii)), the the L?(t — S,t; D')-
norm can be estimated by means of the H-norm of the convolution defining I> so to obtain

|12(t,6) |1 < CV/2((€) VSK < ws(€)
where C' is a constant independent on the control ¢(-) and ws is a modulus (with w2 () 20, 0, uniformly
with respect to t).
Step 4: Estimate on I3(t,£). In order to estimate I5(¢,&) we need to define, besides &, some other param-
eters. Since u is strictly convex and differentiable, recalling that cg = u'((¢, po)), Bo = (¢, po) and defining
By = (1 +n){¢,po) = (14 n)Bo, one may consider v > 0 and 0 < n < 1 such that

v = u(Bo) — u(By) + xonBo > 0.

and moreover
A=—[u(By) — ] <0
since u’ is strictly decreasing. Note that v as a function of 7 is strictly increasing and attains the value zero

at n = 0, so that its inverse n() is well defined and enjoys the same property, in particular n(y) 2790, As

a consequence, A may itself be regarded as a function of v, with A(~y) 220 .

Now we rewrite I3(t,&) as the sum of four terms and estimate them separately:

(81) I3(t,€) =/ T(t — 7)B(len(T)IROM — €) AT = T31(L, &) + T32(L, &) + T33(L, &) + T3a(L, )

- (Icn Tlr = 22 —n— 7900"(2'735”’)) T(t —7)Béy dr

( lc"(T)‘R(;M) G(C(T))) T(t—7)Bop dr

+ ~/tiS (@) T(t — 7)Béy dT + n/tis T(t — 7)Béas dr.

To estimate Is4(t,&) it suffices to observe that for every we fixed ~,

+

(82) [T34(t, )| < || Bll|om|pr SN = waa(7; )

where w34 is a local modulus.
Next, to estimate I33(t,£) Remark A.15 implies

9(c(n)) ‘
A

t
9 (Ol < Bliowlo || dr < wan(1/t7.9)
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for some local modulus wss. Then, to estimate I32(t,£), we note that

10(c(7)) = O(ca ()| < wollerlpr) < wa ((C/a0€)0(c(7)))

so that, as a consequence of Remark A.15 for a sufficiently large ¢, the quantity 0(c(7)) is infinitesimal, at
least outside a subset of [t — S, ] of arbitrarily small Lebesgue measure, so that one has

[ D 0en O gy < g1,

for some local modulus &. Moreover, in view of (80) one has

10(lcn (T)IROn) = O(cn(7))] < wollen(T)IROM = cn(T)|pr) < wo(V2C(E)K)

so that
t p—
[/ B Olni) = len ¢ o,
for some modulus w. Hence, once set wsz = || Bl||das|ps (& + @), one derives
(84) I3a(t,€) < w2 (1/t;7,6).

We are left with the estimate on I31. By definition of 6(c) and concavity of u

—0(c) + a0 {c = & po) +7 = aon (& po) = u (Bo) — u(By) < u' (By) (c = (1 + )5, f)

where we used first the definition of (c) and the strict concavity of u. Recalling that (¢,p) = (¢, f) = Bo,
we obtain

0(c) > v+ ao (¢, po) — aoflo — confo — u'(By) (f, ) +u'(By) (1 +n)Bo
so that, once set the expression above becomes
0(c) > v —naoA + <c — G, aop — u'(B,,)f> .

For ¢ = |en(t)|rOn the previous inequality reads

o(7) 1= len(D)lr — o7 —n — P @IRd)
Now note that, as a consequence of (78), step 2 and step 3, (81) (82) (83) (84), Holder inequality and the
fact that (x(t) — &, 1) = 0, one has

[(2(t) — 2 = Is1(t,€), )| = / (1) (T(t — 7)Bon, ¥) ds|+[{I1 + T2 + Isz + Iss + I3, ¥)| < ws1(1/t57, ),
t—S

with w31 = \/g(wl + w2 + w32 + w33 + w34). Now since
(T(t — 7)Bdn, ¥p) = (do — oar, T (t — 7)) = p(t —7) —p(t — 7+ M)

the previous estimate may be rewritten as

/t P ((t —7) = P(t — 7+ M) dr| < wa(1/t;7,€)

-S

By definition of ¢ we have 0 < ¢(t — 7) — ¢(t — 7+ M) < 1, moreover ¢(7) < 0, so that the integrand of
the last equation is always negative. Moreover, from the definition of 1) (s) it is easily shown that on some
interval [t1,t2] C [0, 5] one has ¢(t —7) — ¢(t — 7+ M) > ¢ for a suitable ¢ > 0. As a consequence

c/Q\wtwn dos/2|w<tfa>\|(w<a>—w<a+M>>| do < ws(1/t:7,£).

ty ty
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Now, since the previous equation holds for all ¢ iterating the argument [S/(t2 — t1)] + 1 times, we obtain

s
[ 1ot =l do < 2B i) w167,
0 c(t2 —t1)

We are now ready to draw the conclusion. It is sufficient to choose, in order, £, v sufficiently small and ¢()
sufficiently large to derive from all of the previous steps that ¢ > (¢) implies i(t) < €, as we intended to
show. Q.E.D.
Proof of Theorem 5.10. In view of Proposition 4.14 it is sufficient that we compare ¢ to good controls.
Indeed for any good control ¢, Theorem 5.9 implies

T

. d . _ L _ .

LU Ll [(Z — 2z,c(t), aopo)] dt = oA (T — 23,¢(T), aopo) = 0.

so that
T d
lirr%inf (Ur(e) — Ur(c)) = lirr%inf / (Ur(e) — Ur(c) + @ (& — zz.c(t), copo)] ) di
— 00 —2 Jo
T
—tagint [ [ ((£.2) ~ u ({F,e(6)) — a0 o(6), A" po) + (e(0). po}] it > 0
e Jo

where the last inequality follows from Corollary A.6. Q.E.D.

Proof of Theorem 5.12 To prove (i) we first build the candidate optimal control ¢ as limit of a suitable
sequence. We consider the quantity

8 5= sup (lmsup [Ur(0)-Ur(@)])

CGMfO’)‘ T—+oc0

S possibly equal to +00). Let {¢,} be a maximizing sequence in 45>, and let 6 be the function defined in
(Sp y eq g seq o
(56). Then for T' > 0, we have

86)  Ur(en)=Un(@) == [ (6ea(0) + S0 lon(0)0) ) dt = = [ 0(ea(0) a0 an(T) ~ 20,90}

Since |poloo < 00 and |x, ()| = |zo|zr = 1 then |ao (4, (t) — 2o, po) | < 2a0|po|so, SO that, being 0(c, (t))
positive for all ¢, it may happen either (a) limr— oo (Ur(cn) — Ur(¢)) = —oo, which we may exclude as
{cn} is a maximizing sequence, or (b) liminfr_ 4 (Ur(cn) — Ur(€)) > —oo, the latter implying ¢, is a
good control. Note also that from (86) and the positivity of 6 follows also

Ur(cn) — Ur(€) > —2a0|po|ss

implying that S < 4+o00. Hence with no loss of generality, we may assume that ¢, are good controls. Note
also that Lemma A.14 and Theorem 5.9 imply that for any good control in U;EQ‘, ¢ the following limit exists
and is finite:

T

lim (Ur(c) — Ur(d) = — _lim (G(C(t)) + 40 (:L'(t)7po>) dt = —Le — a0 (7 — 70, po)

T—+oo T—+oo Jq dt
so that (85) implies

(87) S = lim lim [Ur(c,)— Ur(e)].
n—oo T'—+o00
Now, set h > 0 and L3 ([0, +00); D’) the Hilbert space of all functions ¢: [0, +00) — D’ such that the norm
f;m e "¢ (t)|%, dt < 4oo. It is a tedious but standard proof that Ll;ff)’)‘ is a sequentially weakly compact
subset of L3([0,400); D). Hence from {c,(-)} one may extract a subsequence weakly converging to some
&) € L7([0,+00); D') and &(-) € U™
Next we show that ¢ is optimal. Note that

lim inf (Ur(€) = Ur(c)) = lim i)n_foo[UT(E)fUT(E)]flimsup [Ur(c) = Ur(e)] = lim iﬁnjw[UT(e)fUT(a)}fs

T—+o00
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so that it is enough to prove that liminfr_, o [Ur(¢) — Ur(€)] > S to derive the positivity of the right hand
side, and the conclusion. We start by proving that

lim sup [Ur(é) —Ur(¢)] =S.

T—~+o0

By definition of S, the left hand side is smaller than the right hand side, while the reverse inequality is
obtained by observing that ¢ +— limsup;_,, .. [Ur(c) — Ur(€)] is a concave functional on U (note that
UL is a convex subset of L} ([0, +00); D)) so that passing to limits one obtains

i, lim_ [0 (cx) ~ Ur(e)] < 5.

Note that, since {¢, ()} is a maximizing sequence for the limsup, it is also maximizing for the liminf, more
precisely

sup’/\ lirrTlinEw (Ur(e) — UT(E))} = supyA [limsup (Ur(e) = Ur(e))| = S.

cetyy celyy Troo
Then, arguing as before about concavity of ¢ — liminfr_, { o [Ur(c) — Ur(€)], one derives

lilginfw[UT(E) - Ur(@)=5

and the conclusion. To prove (ii), let ¢ be a good admissible control, x the associated trajectory, and R > 0:

%/O (Ur(c) - Ur(©)) dT:%/O /O B(e(t) + 0o (a(t), po) dtdT

_ %/O /O 0(c(t)) dt dT + O‘—}g/o (@(T) = 2,po) = (20 — &,po)] dT.

On one hand, Lemma A.14 implies the first addendum converges to L. when R — oo, on the other hand, as
a consequence of Theorem 9.1.3 p. 260 in Zaslavski (2006) (crf. proof of Proposition 5.5 for details)

1 (" 1"
E/ (x(T) — &, po) dT:<E/ x(T)dT—i‘,p0> —0, R— o0.
0 0

Hence

.1 R
Jim & [ (Un(0) = Ur@) 4T = Lo+ a0 (5 = a0.0)

so that the limit exists and is finite. We can now argue as in the proof of part (i) and prove that, given ¢ in
UK, there exists a control ¢ that maximizes limsupy_, | . & fOR (Ur(c) — Ur(e)) dT in UL, Indeed

lim  sup % /0 (Ur(&) — Ur(c)) dT

R—+oc0

R R
> lim sup l/ (Ur(¢) — Ur(e)) dT — lim sup l/ (Ur(c) = Ur(e))dT >0
R—+o00 R 0 R—+o00 R 0

and this implies limsup;_, o, (Ur(é) — Ur(c)) > 0, for all ¢ in U *, hence ¢ is maximal in U™ Q.E.D.

Remark A.18 The control that we have proved to be maximal is exactly the one that minimizes

T
lim 0(c(t)) dt.
T— o0 0



