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Abstract

We consider a general equilibrium model with heterogeneous agents, bor-
rowing constraints, and exogenous labor supply. First, the existence of in-
tertemporal equilibrium is proved even if the aggregate capitals are not uni-
formly bounded above and the production functions are not time invariant.
Second, we call by physical capital bubble a situation in which the fundamen-
tal value of physical capital is lower than its market price. We show that there
is a physical capital bubble if and only if the sum (over time) of capital re-
turns is finite. We also point out that there is no causal relationship between
physical capital bubble and the fact that the present value of output is finite.
Last, with linear technologies, every intertemporal equilibrium is efficient in
sense of Malinvaud (1953). Moreover, there is a room for both efficiency and
bubble.
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1 Introduction

We consider a dynamic general equilibrium model with heterogeneous agents, exoge-
nous labor supply, and non-stationary technologies. Heterogeneous agents decide to
invest and consume. If they invest in physical capital, this asset will not only give
them return in term of consumption good at the next period but also give back a
fraction of the same asset (after being depreciated). We assume that agents cannot
borrow.

Our first contribution is to prove the existence of intertemporal general equilib-
rium. To do so, we firstly prove the existence of equilibrium for each T'—truncated
economy. Hence, we have a sequence of equilibria which depend on 7. We then
prove that this sequence has a limit (for the product topology) which is an equi-
librium for the infinite horizon economy. The added value of our proof is that we
allow non-stationary and linear production functions. Moreover, the capital stocks
are not necessarily uniformly bounded. This general setup allows us to point out
some relevant results on bubble and efficiency of equilibria.

In our framework, the physical capital is viewed as a long-lived asset which is
depreciated and gives dividends at each date. Therefore, we can define the funda-
mental value of the physical capital. We then say that a physical capital bubble (for
short, bubble) occurs at equilibrium if the market price of the physical asset is greater
than its fundamental value. Our second contribution is to prove that physical capital
bubble exists if and only if the sum (over time) of real capital returns is finite, which
we call, for short, low returns.

We prove that, if the technology is stationary, there is no physical capital bubbles.
By the way, the no-bubble result in Becker, Bosi, Le Van and Seegmuller (2014)
can be viewed as a particular case of our result. Indeed, in Becker, Bosi, Le Van and
Seegmuller (2014), thanks to specific conditions of the stationary technology, the
aggregate capital stock is uniformly bounded, and then real return of the physical
capital is uniformly bounded away from zero. Therefore, the sum of capital returns
equals infinity. According to our result, the physical capital bubble is ruled out.

However, when we allow for non-stationary production functions, there may be
a bubble at equilibrium. To see the point, take linear production functions whose
productivity at date t is denoted by a;. At equilibrium, real return of physical
capital at date t must be a;. As mentioned above, there is a bubble if and only
if Y2, a; < co. We can now see clearly that there is a bubble if productivities
decrease with sufficiently high speed. Note that, the physical capital bubble may
exist in the model with a unique agent. This is different from the standard model
with pure financial asset as in Kocherlakota (1992, 2008), Santos and Woodford
(1997), Huang and Werner (2000), Le Van and Vailakis (2012).

We also point out that there is no relationship between physical capital bubble
and the fact that the present value of output is finite.

Our third contribution is about the efficiency of intertemporal equilibrium. An
intertemporal equilibrium is called efficient if its aggregate capital path is efficient
in sense of Malinvaud (1953). We prove that with linear production functions,
every intertemporal equilibrium is efficient. However, as we mentioned above, this



efficient intertemporal equilibrium may have bubble if productivities decrease with
sufficiently high speed. Therefore, we have both efficient and bubble at equilibrium
with such technologies. Note that our result does not require any conditions about
the convergence or boundedness of the capital path as in previous literature.

Our paper is related to several strands of research.

(1) On bubbles: In infinite horizon general equilibrium models with incomplete
financial markets and without capital accumulation (Tirole , 1982; Kocherlakota ,
1992; Santos and Woodford , 1997; Huang and Werner , 2000; Le Van and Vailakis
, 2012; Kocherlakota , 2008), one considered bubbles of a long-lived financial asset
which gives exogenous dividends at each date. A well-known sufficient condition for
no-bubble is that the present value of aggregate endowment is finite. Note that the
present value of aggregate endowments is endogenously determined.

We can also define bubble for a long-lived asset which does not give dividends.
For such an asset, its fundamental value is zero. The standard definition of bubble
is the following: We say that there is a bubble if the market price of this asset is
strictly positive. There is a large litterature on this kind of bubbles. Some of them
are Tirole (1985), Ventura (2012), Farhi and Tirole (2012).!

Different from these kinds of bubbles, we study bubbles of the physical capital.
There are two structural differences between the physical capital and the financial
asset in their framework: (i) the physical capital is depreciated at each date, (ii)
the dividend of this asset at each date is endogenous, which is determined by the
marginal productivity of the production function.

(2) On the efficiency of a capital path. Malinvaud (1953) introduced the con-
cept of efficiency of a capital path and gave a sufficient condition for the efficiency:
tlgglo P,K; = 0, where (F;) is a sequence of competitive prices, (K;) is the capital

path.? Following Malinvaud, Cass (1972) considered capital path which is uniformly
bounded from below. Under the concavity of a stationary production function and
some mild conditions, he proved that a capital path is inefficient if and only if the
sum (over time) of future values of a unit of physical capital is finite. Cass and Yaari
(1971) gave a necessary and sufficient condition for a consumption plan (C') to be ef-
ficient: the inferior limit of differences between the present value of any consumption
plan and the plan (C) is negative.

Our paper is also related to Becker and Mitra (2012) where they proved that a
Ramsey equilibrium is efficient if the most patient household is not credit constrained
from some date. However, their result is based on the fact that the consumption of
each household is uniformly bounded from below. In our paper, we do not need
this condition. Instead, the efficient capital path in our model may converge to
zero. Mitra and Ray (2012) studied the efficiency of a capital path with nonconvex
production technologies and examined whether the Phelps-Koopmans theorem is
valid. However, their results are no longer valid without the convergence or the
boundedness of capital paths.?

'A survey on bubbles in models with asymmetric information, overlapping generation,
heterogeneous-beliefs can be found in Brunnermeier and Oehmke (2012).

2See Malinvaud (1953), Lemma 5, page 248.

3 Another concept of efficiency is constrained efficiency. Constrained inefficiency occurs when



The remainder of the paper is organized as follows. Section 2 describes the model.
In section 3, existence of equilibrium is proved. Section 4 studies physical capital
bubble. Section 5 explores our results on the efficiency of equilibria. Conclusion will
be presented in Section 6. Technical details are gathered in Appendix.

2 Model

We consider an infinite horizon general equilibrium model with heterogeneous agents.
Time runs from ¢ = 0 to infinity.

Consumption good: There is a single consumption good. At each period
t = 0,1,2,...,00, the price of consumption good is denoted by p;, and agent ¢
consumes ¢;; units of consumption good.

Physical capital: at time ¢, if agent ¢ decides to buy k;;y; > 0 units of new
capital, then at period t+ 1, after being depreciated, agent ¢ will receive (1 —§)k; 141
units of old capital and a return on capital k;,;; at the rate ryy,. Here, 0 is the
capital depreciation rate.

Firm: For each period t, there is a representative firm whose production function
is F; which may be non-stationary. This firm takes prices (p;,r;) as given, and
maximizes its profit.

(P(Tt)) : Wt(ptart) = T[?Ei% ptFt(Kt) — i d

We write m; instead of m(p;, r;) if there is no confusion.

Households: There are m heterogeneous households. Each household ¢ takes the
sequence of prices and capital returns (p,r) = (pg, 7)72, as given and maximizes her
intertemporal utility by choosing the sequences of consumption and capital subject
to the sequences of budget constraints and borrowing constraints. The problem of
agent ¢ is the following

(Bp.r): max [fﬁfuxci,t)} 1)

(ciytiki 1)y
subject to : V¢t >0, k441 >0 and (2)
pe(Cit + Kigprr — (L= 8)kiy) < rikiy + Hiﬂt(pn ), (3)

where (%)™, is the share of profit, which is exogenous, §° > 0 for all  and >_ 6" = 1.
i=1

Bi € (0,1) is the time preference of the agent ¢, u; is her utility function. Here, k; g

is given.

there exists a welfare improving feasible redistribution subject to constraints (these constraints
depends on models). About the constrained efficiency in general equilibrium models with financial
asset, see Kehoe and Levine (1993), Alvarez and Jermann (2000), Bloise and Reichlin (2011).
About the constrained efficiency in the neoclassical growth model, see Davila, Hong, Krusell and
Rios-Rull (2012).



Remark 1. If we interpret that the household i has 0; units of time and she uses all
this time to work, we can say that the salary of household i is

O = ei(ptFt(Kt) - 7’th)-

By the way, our model can be interpreted as a model with exogenous labor supply as
in Becker and Mitra (2012).

We need the following assumptions:
Assumption (H1): For each i, the utility function u; of agent i is strictly
increasing, strictly concave, continuously differentiable, and u;(0) = 0, w}(0) = oo.
Assumption (H2): Fy(-) is continuously differentiable, strictly increasing, con-
cave, the input is essential (F3(0) = 0) and Fi(c0) = oc.
Assumption (H3): § € (0,1) and k; o > 0 for every 7.
+o00

Definition 1. A sequence of prices and quantities (ﬁt,ﬁ, (éi7t,l%i7t+1)gil,[2—t> is
t=0

an equilibrium of the economy £ = <(ui,6,-, kio, 0;)" 1, (Ft),?io> if the following con-
ditions holds.
(i) Price positivity: py, 7 > 0 fort > 0.

(i1) All markets clear: at each t > 0,

consumption good Z[éw + kigo1 — (1= 0k = Fy(K}) (4)
i=1
physical capital : K, = Z ki (5)
i=1

(111) Optimal consumption plans: for each i, (G;t, kit41)5o is a solution to problem

(iv) Optimal production plan: for eacht >0, (K;) is a solution to problem (P(7;)).

3 The existence of equilibrium

First, we prove the existence of equilibrium for each T— truncated economy E7.
Second, we show that this sequence of equilibria converges for the product topology
to an equilibrium of our economy &.

4 Becker, Bosi, Le Van and Seegmuller (3) weekens H3 by assuming > ', k; o > 0 because they
assume that every agent has 1 unit of labor.



3.1 Existence of equilibrium in &7

We define a T— truncated economy £’ as the econonomy obtained from £ by im-
posing that there are no activities from period 7"+ 1 to infinity, i.e., ¢;y = kiy = 0
for every ¢ = 1,...,m, and for every t > T + 1.

In the economy £ agent i takes the sequence of prices (p,r) = (py, ri)L, as given
and maximizes her intertemporal utility by choosing consumption and investment
levels.

T

(Pi(p,r)) : max [Z ﬁfuz(cm)]

(citokir1)T o —0
subject to: kity1 >0,
(budget constraints) — py(cip + ki1 — (1 — 0)kiy) < rikiy + O,

where k; 7 = 0.
We then define the bounded economy &I as obtained from £7 by assuming all
variables are bounded in the following compact sets:

(ci)ieg € Ci:=[0,B]"""
(ki,t)?:—ll € ]Cz = [O,Bk]T
K:=(K)X' € K:=[0,B]",
where B, > m?XFt(B) +(1—90)B, B> mB;.
Proposition 1. Under Assumptions (H1) — (H3), there ezists an equilibrium for
&r.
Proof. See Appendix. m

Proposition 2. An equilibrium of the economy &L is also an equilibrium of the
unbounded economy ET.

Proof. Similar to the one in Becker, Bosi, Le Van and Seegmuller (2014). O

3.2 Existence of equilibrium in &

The following result proves that the feasible aggregate capital and the feasible con-
sumption are bounded from above for the product topology.

Lemma 1. Feasible individual and aggregate capitals and feasible consumptions are
in a compact set for the product topology. Moreover, they are uniformly bounded if
there exists ty and an increasing, concave function G' such that: (i) for everyt > to we
have Fy(K) < G(K) for every K, (ii) there exists x > 0 such that G(y)+(1—0)y <y
for every y > x.



Proof. Denote

Do = Do(Fy, 8, Ky) = Fy(EKo) + (1 — 8K,
Dy = Dy((Fy)s_g, 6, Ko) = Fy(De1((Fo)sZp: 6, Ko))
+(1 = 8) Dyt ((FL)1Z, 8, ), Wt > 0.

m
Then > ¢y + Kiy1 < Dy for every t > 0. Since D, is exogenous, capital and
i=1
consumption stocks are in a compact set for the product topology.
We now assume t, and the function G (as in Lemma 1) exist. We are going to
prove that 0 < K; < max{Dy, ..., Dyy_1,2} =: M. Indeed, K; < D; 1 < M for every
t <tgy. Fort>ty, we have

Kt+1 == Z ki,t+1 S G(Kt) + (1 - 5)Kt

i=1

Then K1 < G(Ky,)+(1—0)Kyy < G(M)+(1—0)M < M. Iterating the argument,
we obtain K; < M for each t > 0.

Feasible consumptions are bounded because ) ¢;; < G(K;) + (1 — ) K. O
i=1

Assumption (H4): For each 4, the utility of agent ¢ is finite

iﬁfui(Dt) < 00
=0

Theorem 1. Under Assumptions (H1)-(H4), there ezists an equilibrium.

Proof. We have shown that for each T" > 1, there exists an equilibrium for the
economy E7. We denote by (p”, 77, (eI kT)l LK T) an equilibrium of 7— truncated

7, )

economy £7. We can normallze by setting p! + 7. = 1 for every t < T. We see that
0<¢, K/ < Dy

Thus, consumption and capital stocks are in a compact set for the product topology.
Therefore, without loss of generality, we can assume that

KT) P—OO> (ﬁva (é’w]%z)m K)

T 7T’(ET ];/,T)m ",

(ﬁ T i Ji=1>
for the product topology.

We are going to prove that: (i) all markets clear, (ii) at each date t, K; is a
solution to the firm’s maximization problem, (iii) 7, > 0 for each t > 0, (iv) (¢;, k;) is
a solution to the maximization problem of agent i for each ¢ = 1,...,m, (v) p > 0
for each t. Consequently, we obtain that (p,7, (¢;, k;)™,, K) is an equilibrium for the
economy €&.

(i) By taking the limit of market clearing conditions for the truncated economy,
we obtain the market clearing conditions for the economy &.

7



(ii) Take K > 0 arbitrary. We have p! F}(K) — 7l K < pI' F,(KT) — fT KF. Let T
tend to infinity, we obtain that P F(K) — 7K < pFy(Ky) — rth Therefore
the optimality of K; is proved.

(iii) If 7 = O then p, = 1 (since 7/ + p; = 1). The optimality of K; implies that
K; = oo. This is a contradiction, because we have K; = 7lim KI' < D; < .
—00

As a result, we have 7, > 0.

(iv) We start by giving some notations. For each i and ¢, we define B] (p,7) and
CI'(p,T) as follows

Bl (p,7) := {(Cz pkivi1)i—o € RITU X RIM 2 (a) kipyy = 0,(b) VE=0,...,T,
kizi1 >0, peleie+ kizpr — (1 — 0)kis] < Fekiy + 0° Wt(pta Tt)}
CzT(pa 77) = {(Ci,b kz t+1) =0 S RT+1 X RT+1 (a) i, T+1 — 0 (b) Vt = O, Ce ,T,

kirir >0, pileie+kiger — (1= 0)kiy] < Tikiy +6° Wt(pt,Tt)}

Since 7; > 0 for every ¢, it is easy to prove that B} (p,T) # 0.
Let (¢, k;) be a feasible allocation of the problem P;(p, 7). We have to prove

that Y- Slui(ciy) < Y Blui(Ciy).
t=0 t=0

We define (¢}, kf,,){_y as follows: ¢}, = ¢;; for every t < T, = 0if t > T;
Kiyiy = kiga for every t <T —1, = 01if t > 0. We see that (¢}, k], ,){_y be-

longs to CT(p, 7). Since BY (p,7) # (), there exists a sequence ((c?t, k?tJrl)tT:O) €
n=0

BY(p, ) with k7';; = 0, and this sequence converges to (¢}, k7, ,){—, when n
tends to infinity. We have

p (Czt + kz t+1 ( - 5)k‘zyft) < ftkzrft + eiﬂ-t(ﬁt? ft)
We can chose sy > T', high enough, such that: for every s > sy, we have
Picly + ki — (1= 0)k7y) < 7k, + 0'm(B7, 7).
T
It means that (¢}, k], )i_g € C7 (P, 7). Therefore, we get > flu(c},) <
=0
s T 00
> Biui(c,). Let s tend to infinity, we obtain )7 Sfu(c,) < 3 Biui(Ciy).-
t=0 t=0 t=0
T 00
Let n tends to infinity, we have Y Slu;(c;) < > fiui(¢;y) for every T.
=0 =0

oo oo
Let T tend to infinity, we obtain Y Slu;(c;iy) < > Blui(Ciy).
=0 =0

(v) py is strictly positive thanks to the strict increasingness of the utility functions.

]



4 Physical capital bubble

4.1 Definition of physical capital bubble

+o00
Let <pt, ey (Cigs ki) 1y Kt> be an equilibrium.

t=0

Lemma 2. For each t, we have

L= (1=04 prg1)vis1 (6)

s (c; . .
where Yy = fnax }% 15 the discount factor of the economy from date t
i€{l,...m U\ Ci ¢
to date t + 1, and pi1 = T41/Pi1 18 the return (in term of consumption good) of

the physical capital at date t + 1.

Proof. Firstly, we write all FOCs for the economy £. Denote by A;; the multiplier
with respect to the budget constraint of agent ¢ and by g1 the multiplier with
respect to the borrowing constraint (i.e., k7, ; > 0) of agent 7.

Tui(cig) = Nigpe (7)
it = N1 (i1 + Pes1(1 = 6)) + fhi g (8)
pitr1kigrr = 0. (9)
20 (e
Therefore, we have P+l > fiilei) for every 1.

repr (L —0) = wi(eir)
Since K; > 0 at equilibrium, there exists ¢ such that k;;y; > 0. For such agent, we

have jt; 411 = 0. Thus, \;;pr = A r41(ri41 +pi+1(1—6)). Consequently, we get (6) [

Definition 2. We define the discount factor of the economy from initial date to date
t as follows

t
Q=1 Q=] t=>1 (10)
s=1

According to Lemma 2, we have Q; = (1 — 0 + py11)Quy1 for every t > 0. In
this framework, the physical capital can be viewed as a long-lived asset whose price
(in term of consumption good) at initial date equals 1. If one buys one unit of the
physical capital at date 0, he or she will anticipate as follows:

1. At date 1, one unit (from date 0) of this asset will give (1 —¢) units of the phys-
ical capital and p; units of consumption good as its dividend. This argument
is formalized by 1 = (1 — §)Q1 + p1Q1.

2. At date 2, (1 — 4) units of the physical capital will give (1 — §)? units of the
physical capital and (1 — d)p, units of consumption good. This argument is

formalized by (1 —0)Q1 = (1 — §)*Q2 + (1 — §)p2Q-.



These argument are mathematically formalized as follows:

I = (1=64p)Q1=(1-6)Q1+pQ
(L=8)(L =0+ p2)Q2+ p1Q1 = (1 —6)°Qa + (1 — 0)p2Q2 + p1Q1

T
= (1-0)"Qr+ Z(l —0)" " Q. (11)
t=1
Therefore, the fundamental value of capital at date 0 can be defined by
FVo =) (1-06)""pQs (12)
t=1

Definition 3. We say that there is a capital asset bubble if physical capital’s price
is greater that its fundamental value, i.e., 1 > > (1 —6)1pQ;.
=1

4.2 Comparison with litterature

In Araujo, Pascoa, Torres-Martinez (2011), for each equilibrium, they studied bub-
bles of durable goods and collateralized assets. Their asset pricing conditions (Corol-
lary 1, page 263) are based on the existence of what they called deflators and non-
pecuniary returns which are not unique. They then defined bubbles associated
to each deflators and non-pecuniary returns. However, they did not mention how to
determine these coefficients. In our framework, for each equilibrium, we have

it = N1 (Teg1 + Py (1 —6)) + figsa (13)

Therefore, A;; and 1,41 plays the same roles of deflators and non-pecuniary returns,
respectively. By this way, we get

L= (1=0+ pes1)Vigr1 + Qi 14
Biui(ciri) Hit+1
here ~; = —2 " and o; =
where ;111 Wlcy) O T B )

t

Denote Q;p := 1 and @Q;; := ][] vis, for t > 1. In sense of Araujo, Pascoa,
s=1

Torres-Martinez (2011), the fundamental value of capital with respect to deflators

(Ait): and non-pecuniary returns (o 441); is defined by

FViy= Z(l —6) 1 pQis + Z(l — 5)t_1ai,tQi,t—1- (15)
t=1 =1

However, this is not our way to define bubble. Instead, our definition of physical
capital bubble is based on Lemma 2. If we use terminology of Araujo, Pascoa, Torres-
Martinez (2011), our definition of bubble corresponds to bubble in sense of Araujo,

10



(@‘%(Cz‘,wl)) 7

Pascoa, Torres-Martinez (2011) with deflators A;; where ¢ € arg max (er)
U\ Cit

ie{l,...m
and non-pecuniary returns «;; = 0. { }
In Tirole (1982), Kocherlakota (1992, 2008), Santos and Woodford (1997),
Huang and Werner (2000), Le Van and Vailakis (2012), they considered a long-
lived asset in general equilibrium models. The structure of such an asset is the
following: If one buys 1 unit of this asset at date ¢ with price ¢, he or she can resell
this asset at date t + 1 with price ¢;1 and receive &1 units of consumption good.
The dividends (&;) are exogenous. They define that there is a bubble if the market
price (in term of consumption good), say qo, at date 0 of the asset is greater than
its fundamental value, i.e., ¢y > Zfi L IL&, where II; is the discount factor of the
economy from initial date to date t. We can also define bubble for a long-lived asset
which does not give dividends (Tirole , 1985; Ventura , 2012; Farhi and Tirole , 2012).
For such an asset, its fundamental value is zero. We say that there is a bubble if the
market price of this asset is strictly positive.
The physical capital in our model is also a long-lived asset, which can be resold
and gives dividends at each date. However, the difference is that the physical capital
is depreciated at every period and its dividends, (p;), are endogenous.

4.3 The nature of physical capital bubble

One unit of the physical capital at initial date will be depreciated to (1 — §)" units

of the same asset at date ¢t. Hence, B; := (1 — §)*@Q; is the market value of one unit

of capital at initial date. Denote B := ltim B;. According to (11), the market price
_)

of capital equals its market value plus its fundamental value, that is
1= B+ FV,. (16)
We now state our main result in this section.
Definition 4. At equilibrium, we say
(i) Capital returns are low if Y.~ py < 400.
(i) The market value of capital is vanished if tliglo(l —0)'Qy=0.
Proposition 3. The three following statement are equivalent
(i) There exists a physical capital bubble.
(ii) The market value of capital is not vanished
(111) Capital returns are low.

Proof. According to (16), it is easy to see that (i) is equivalent to (ii).

11



(ii) is equivalent to (iii): According to (6), we see that Q; = (1 — 0 + pi41) Q1.
Hence, we have

1 = 1=0+p)Q1=(1=-04+p)(1—=0+p2)Q

T T
Pt
- ”.:QTIy1—5+m):Qﬂ1—5F11<L+1_5)

Consequently, tlim (1 =10)'Q¢ > 0 if and only if JT(1 + %) < +o00. This condition
— 00 =1
is equivalent to (iii). O

Proposition 3 shows the nature of physical capital bubbles. To see the point,
recall that the market value of capital at date ¢ is

(1—9)
1=6+p)..(1=6+p)

B is a function of capital returns, we write B = B(py, pa,...) It is easy to see that

B is a decreasing function in each component. Moreover, we have lim OB = 1.
L1502

The lower level of capital returns, the lower present value of the physical capital. So,
when capital returns are low, physical capital bubbles appear.

We point out some consequences of Proposition 3. We first consider the case
where the technology is stationary.

(1-0)Q; = (17)

Corollary 1. Assume that F; = F for every t, F is strictly increasing and concave.
Then there is no bubble at equilibrium.

Proof. Case 1: F'(c0) > 6. Therefore, we have p; > F'(K;) > F'(c0) > 6 for every
t. As a result, Y p; = oo which implies that bubble is ruled out.
=1

t—

Case 2: F'(00) < §. Since F is strictly increasing and strictly concave, aggregate
capital stock is uniformly bounded, i.e., there exists 0 < K < oo such that K; < K.
Consequently, p, = F'(K;) > F'(K) > 0 for every ¢. This implies that ) p; = oc.

t=1
According to Proposition 3, there is no bubble. O

Corollary 1 is in line with no-bubble result in Becker, Bosi, Le Van and Seegmuller
(2014). In Becker, Bosi, Le Van and Seegmuller (2014), they worked with an
endogenous labor supply model and needed a specific condition of the production
function, under which the capital stocks are uniformly bounded.? However, we do
not require any specific condition on F’(c0), and we also allow for AK technology.
By the way, their result can be viewed as a particular case of Proposition 3. Note
that Becker, Bosi, Le Van and Seegmuller (2014) only gave a sufficient condition for
no-bubble.
Let us consider non-stationary linear technologies. The following result shows
that the productivity decreases to zero with high speed, a bubble in physical capital
will appear.

oF OF
®They assumed that the production function F(K, L) such that ——(co,m) = —

K aL(l,oo):().
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Corollary 2. Assume that F,(K) = a,K for each t. Then there is a bubble at
equilibrium if and only if Y7 a; < oo.

Proof. This is a direct consequence of Proposition 3 . O

4.4 Physical capital bubble in an optimal growth model

We now consider the particular case of our framework, where there is a unique agent.
This agent maximizes her utility Z;Og Biu(c;) by choosing sequences of consumption
(¢;) and capital (k;) subject to: for every t > 0, k;11 > 0 and

e+ kin — (1= 0)ky < Fy(ky). (18)
It is easy to obtain that 1 = (1 — 0 + Tt+1)5i/(€;$1). Then, we have
Iy=(1—04741) i, (19)
where 7, := F/(k;) and T, := (1_5+T1)_1_.(1_5+Tt).

We define bubble in the same way in Section 4.1. According to Proposition 3,
bubble exists if and only if tliglo (1—-9)"'@Q; > 0 which is equivalent to ) .~ F}(k;) < oo.
We see that there does not exist physical capital bubble in the standard optimal
growth model (i.e., when technology is stationary). However, when we take F;(K) =
a; K with )".° | a; < 0o, and then bubble exists. Thus, there exists bubble even there
is a unique agent. This is different from the standard model with pure financial asset
as in Kocherlakota (1992, 2008), Santos and Woodford (1997), Huang and Werner

(2000), Le Van and Vailakis (2012)

Remark 2. The transversality and the no-bubble condition are different. Indeed, the
transversality condition is 1tlim B (¢;) ki1 = 0 which always holds at optimal. The
—00

no-bubble condition if tlim (1 —0)'Q: = 0 which may be not satisfied at optimal.
—00

Note that Q; = Bif‘(/c(g)t), and then the no-bubble condition can be rewritten as
1tlim B/ (¢;) (1 —0)' =0
—00

4.5 Physical capital bubble and the present value of output

A well known result on financial asset bubble is that if the present value of aggregate
endowment is finite, there is no financial asset bubble (Santos and Woodford , 1997;
Huang and Werner , 2000). In this section, we consider whether there is a relationship
between the physical capital bubble and the present value of output. The present
value of output is defined by

V=3 Qv (20)

t=1

where Y; := Fy(K;) + (1 — §) K, is the total output at date ¢.

13



We consider an example.
Let w;(c) = In(c), B; = B for every i, and Fy(K) = a, K for every t. A solution is
given by the relationship k; ;41 = B(1 — § + a4)k; ;.5 Therefore,

ki,t = /Bt(l — 5 + ao) .. (1 — 5 + at_l)k’i’o.

We then have
Vi=(1-0+a)K =1-50+a)> ki
=1
=81 —6+ag)...(1—8+a)K, (21)

1
Q= I—0+a)...(1—6+a)

The present value of output is finite for every sequence (a;);. Indeed,
FV:ZQtY; = (1 —5+6L0)K()Zﬁt < 0.
t=0 t=1

According to Corollary, when »".° a; = oo, there is no physical capital bubble and
the present value of output is finite. When )% a; < oo, there exists physical capital
bubble and the present value of output is still finite.

Thus, there is no causal relationship between physical capital bubble and the fact
that the present value of output is finite.

5 On the efficiency of equilibria

In this section, we study the efficiency of intertemporal equilibrium. Following Mal-
invaud (1953), we define the efficiency of a capital path as follows.

Definition 5. Let F; be a production function, 0 be the capital depreciation rate. A
feasible path of capital is a positive sequence (K;):2, such that 0 < Ky < Fy(Ky) +
(1 —8)K; for every t > 0 and Ky is given. A feasible path is efficient if there is no
other feasible path (K]) such that

F(KG) + (1= 0) Ky — Kiy = Fy((Ky) + (1= 0) Ky — Ky
for every t with strict inequality for some t.

Here, aggregate feasible consumption at date ¢ is defined by Cy := Fy(K;) + (1 —
Ky — Kyyq.

Definition 6. We say that an intertemporal equilibrium is efficient if its aggregate
feasible capital path (K;) is efficient.

Indded, the Euler condition ¢; 441 = B;(1 — & + as+1)c; 4 jointly with the budget constraint be-
comes k; 12— Bi (1 =0+ ap1) kipr1 = (1 — 0+ apy1) [kit41 — B (1 — 6 + ar) ki ¢]. Thus, a solution
is given by ki’tJrl = B(]. -4 + at)ki,t~

14



Our main result in this section requires some intermediate steps. First, we have,

as in Malinvaud (1953).

Lemma 3. An equilibrium is efficient if tlim QiK1 =0.
— 00

Proof. Let (K, C}) be a feasible sequence. We have just to show that

T
lim infz Q:(Cr—C)) >0
0

T—+o00

It is enough to prove that feasibility and first-order conditions imply

T

D Qi(C=C)) > —QrKry

t=0

Let us prove inequality (24). We have

Ar = ZQt (Ct -
= S Qu[EK) ~ F(K) + (1 - 0) (K~ K)) — (Kip1 — K,)]
> ZQt [F{ (K0) (K = K]+ (1= 0) (K — KD = ) Q1 (Kisa —

= ZQt(l—(H—pt)( - K;) — ZQt (K1 — Kiyy)

By noticing that Ky = K} and Qi1 (1 — 0 + pry1) — Qr = 0, we then get:

(23)

T
Ar > ZQt 1—6+p)( ZQt Ky — t+1)
t=1
T-1
= Qi1 (1= 0+ pi1) — Qi) (Kopr — Kippy) — Qr (K1 — K7ppy)
t=0
T-1

Qi1 (1 =0+ piya) — Q) (Keyr — Kiyy) — QrEKrp

KT+1

(]

~

I
Il
@ o

]

Since we impose borrowing constraint that is k;; > 0 for every 7 and ¢, we can

prove the transversality condition of each agent.

Lemma 4. At any equilibrium, we have tliglo Bl (ci i)k = 0 for every i.
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Proof. See Theorem 2.1 in Kamihigashi (2002). O

The following result shows the impact of borrowing constraints on the efficiency
of an intertemporal equilibrium.

Lemma 5. Consider an equilibrium. If there exists a date such that, from this date
on, the borrowing constraints of agents are not binding at this equilibrium, then it s
efficient.

Proof. Assume that there exists ¢y such that k;; > 0 for every ¢ and for every ¢ > t,.
Then we have: for every t > tg

& _ gtto u;i(ciz)
Qto ' u;(ci,to)
According to Lemma 4, we have tlim Biui(cit)kizr1 = 0. Then tlim Qiki1 = 0 for
—00 -0
every ¢. This implies that 1tlim QK1 = 0. Therefore, this equilibrium is efficient.
—00
O

We now state our main finding in this section.

Proposition 4. Assume that the production functions are linear. Then every equi-
librium path is efficient.

Proof. Since production functions are linear, profit equals to zero. Recall that we
have ¢;; > 0 for every ¢ and every ¢. This implies that k;; > 0 at equilibrium.
According to Lemma 5, every equilibrium path is efficient. O

Our result is different from the one in Cass (1972), Becker and Mitra (2012),
Mitra and Ray (2012) in two points: (i) we consider linear technologies (they consider
strictly concave production functions), (ii) we do not need that the capital stocks
are bounded as in their papers.

Corollary 2 and Proposition 4 indicate that there exists an equilibrium the capital
path of which is efficient and a bubble may arise at this equilibrium. Note that, this
is not a surprising result since the nature of bubbles is low returns while the nature
of efficiency is the distribution of capital.

6 Conclusion

We build an infinite-horizon dynamic deterministic general equilibrium model with
heterogeneous agents. We proved existence of equilibrium in this model, even if tech-
nologies are not stationary and aggregate capital stocks are not uniformly bounded.

At an equilibrium, we define that there is a bubble of physical capital if the
physical capital’s price is greater than its fundamental value. We pointed out that
bubbles exist if and only if the sum (over time) of capital returns is finite. In
particular case where the technology is stationary, there is no bubble.

With linear technologies, every intertemporal equilibrium is efficient. Interest-
ingly, it is possible to have both bubble and efficient at equilibrium.
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7 Appendix: Existence of equilibrium for the trun-
cated economy

Proof of Proposition 1. Denote A := {25 = (p,r) : 0 < py,ry < L,py + 14 =
1 Vt=0,....T},

Bi(p,r) :== { (ciy ki) € C; x Ky such that :Vt=0,...,T
Pe(Cig + Kiger — (1= 0)kiy) < rikiy + eiﬂ-t}v

and

Ci(p,r) == { (ci, ki) € C; X IC; such that :Vt=0,...,T
pe(Cit + kizer — (1 — 0)kie) < rikiy + eiﬂt};

Denote by B;(zy) the closure of B;(z).
Lemma 6. For every (p,7) € P, we have B;(p,q) # 0 and B;(p,q) = Ci(p, q).
Proof. We rewrite B;(p,r) as follows
Bi(p,r) := {(ci, a;) € C; x A; such that :Vt=0,...,T
0< pt((l - 5)ki,t — Cit — ki,t+1) + ki + int}.
Since (1 — d)k;o > 0, we can choose ¢; € (0, B,) and k;; € (0, Bi) such that
0< po((l - 5)]@'70 —Cio — ki,l) -+ Tol{?Z"o + ‘9170.
By induction, we see that B;(p,r) is not empty. ]

Lemma 7. B;(p,r) is a lower semi-continuous correspondence on P := ATT. And
Ci(p,r) is upper semi-continuous on P with compact convez values.

Proof. Clearly, since B;(p,r) is empty and has an open graph. O
We define ® := A x [](C; x K;) x K. An element z € ® is in the form z = (z;)4'
i=1
where zg := (p, 1), z; := (¢;, k;) for each i = 1,...,m, and 2,11 = K.

We now define correspondences. First, we define ¢q (for additional agent 0)

©o H(Cl X K:z) x K — 2A
i=1
T m
pol((z)ihh) = a(rg gnix { Zpt(Z[ci,t + ki1 — (1= 0)kig) — Ft(Kt))
pir)€ t=0 i=1

T m

> = > ki) b

t=0 i=1
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For each i = 1,...,m, we define

©; - A — 2C7;><IC¢
T

wilp,r) = argmax {Zﬁfuz(czt)}

(ci,ki)eCi(p,r) ~ g

For each ¢ = m + 1, we define

Pm+1 - A — 2K
%’(Pa 7“) = arlg(nllcax { ZptFt Kt) Tth}-
€

Lemma 8. p; is upper semi-continuous convex-valued correspondence for each 1 =
0,1,...,m-+1.

Proof. This is a direct consequence of the Maximum Theorem. O

According to the Kakutani Theorem, there exists (p,7, (¢, ki), K) such that

(5,7) € gol(@ ). ) (25)

(@) € oip.7) (20)

K e QOerl(p, 77) (27)

Denote by X; := Y [Cis+ kise1 — (1—0)ki ] — F(K;) and V; = Z k;; the excess

i=1
demands for goods and capital respectively. For every (p,r) € AT+1 we have

T T
Zpt th Zrt—Tth<0 (28)
t=0

t=0

By summing the budget constraints, for each t, we get
P Xy +7Y; < 0. (29)
Hence, we have: for every (p;, ) € A
peXo + @Y < p Xy +7Y; < 0. (30)

Therefore, we have X;,Y; < 0, which implies that

Z Cit + Ez‘,t+1 <(1-9) Z l%i,t + Ft(l_(t) (31)
i=1 i=1
K< ke (32)
i=1

Lemma 9. p;, 7, >0 fort=0,...,T.

18



Proof. If p; = 0 then ¢, = B, > (1 — §)B + Fy(B). Therefore, we get & + ki1 >
(1-9) l;;@t + F,(K;) which is a contradiction. Hence, p, > 0.
-1

2

If 7, = 0, then the optimality of K implies that K, = B. However, we have E‘i,t <

By, for every i,t. Consequently, > k;; < mB, < B = K;, contradiction to (32).
i=1
Therefore, we get 7, > 0. O]

Lemma 10. Z ]7{52'715 = Kt and Z[E’i,t + Ei,t-i—l — (1 — 6)]%2775] = F(Kt)

i=1 i=1
Proof. Since prices are strictly positive and the utility functions are strictly increas-
ing, all the budget constraints are binding and, summing them across the individuals,
we get

peXi + 7Y, = 0. (33)
We _know th@t X,,Y, < 0and p,,7 > 0. Then, X;, = Y, = 0. The optimality of
(¢i, ki) and K comes from (26) and (27). O
(]
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