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Abstract

We build an infinite-horizon dynamic deterministic general equilibrium
model with imperfect markets (because of borrowing constraints), in which
heterogeneous agents invest in capital or/and financial asset, and consume.
There is a representative firm who maximizes its profit. Firstly, the existence
of intertemporal equilibrium is proved even if aggregate capital is not uniformly
bounded. Secondly, we study the interaction between the financial market and
the productive sector. We also explore the nature of physical capital bubble
and financial asset bubble as well.

Keywords: Infinite horizon, intertemporal equilibrium, financial friction, pro-
ductivity, efficiency, fluctuation, bubbles.
JEL Classifications: C62, D31, D91, G10, E44.

1 Introduction

The recent financial crisis requires us to reconsider the role of the financial market
on aggregate economic activities. The financial market has been considered as one
of the main causes of recession or/and fluctuation. But, does the financial market
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always cause an recession in the productive sector? What is the role of the financial
market on the productive sector? What is the nature of bubbles?

To answer these questions, our approach is to construct a dynamic deterministic
general equilibrium model with heterogeneous agents, capital accumulation, and im-
perfect financial market. In our model, consumers differ in discount factors, reward
functions and initial wealths.! Heterogeneous consumers invest, borrow, and con-
sume. They have two choices to invest: in productive sector and in financial sector.
At date t, if one invests in the physical capital, he (or she) will receive a return that
depends on the marginal productivity of the economy at next date. In the financial
market, if he (or she) buys one unit of financial asset at date ¢, he (or she) will be
able to resell this asset and also receive &,; units of consumption good as dividend.?
When agents want to borrow, they are required to hold some amounts of physical
capital as collateral. The market value of collateral must be greater than the value
of debt. Because of this constraint, the financial market is imperfect.

The first contribution of our paper concerns the existence of intertemporal equi-
librium. Becker, Boyd III, and Foias (1991) demonstrated the existence of intertem-
poral equilibrium under borrowing constraints with inelastic labor supply. Kubler
and Schmedders (2003) constructed and proved the existence of Markov equilibrium
in an infinite-horizon asset pricing model with incomplete markets and collateral
constraints, but without capital accumulation. Such a Markov equilibrium was also
proved to be competitive equilibrium. Becker, Bosi, Le Van, and Seegmuller (2014)
proved the existence of a Ramsey equilibrium with endogenous labor supply and
borrowing constraint on physical capital; however, they only considered an implicit
financial market and assumed that no one can borrow. In these papers, they needed
some assumptions (about endowments as in Kubler and Schmedders (2003), and
about production function as in Becker, Boyd III, and Foias (1991), Becker, Bosi,
Le Van, and Seegmuller (2014)) to ensure that aggregate capital and consumption
stocks are uniformly bounded. Here we allow growth for the physical quantities
(consumption, capital stocks, outputs). Our framework is rich enough to cover both
productive sector and imperfect financial market.> Moreover, in our proof of the
existence of an intertemporal equilibrium, we allow non-stationary and even lin-
ear production functions and do not need that aggregate capital and consumption
stocks be uniformly bounded. We firstly prove that there exists an equilibrium for
each T'—truncated economy. We then obtain a sequence of equilibria (indexed by 7T')
which will be proved to have a limit for the product topology. Last, we prove that
such limit is an intertemporal equilibrium.

Analyzing the relationship between the financial market and the productive sector
is our second contribution. We explore three important points.

The first one concerns the recession in the productive sector by which we mean
a situation where no one invests in this sector. Although there are many sources for

LA detailed survey on the effects of heterogeneity in macroeconomics can be found in Guvenen
(2012)
2This asset may be interpreted as land, or security (Santos and Woodford , 1997), or stock

(Kocherlakota , 1992)...
3However, for simplicity, we assume exogenous supply of labor.



recession as war, policy shocks, financial shocks..., we focus on productivity of the
productive sector. Our finding is summarized as follows.

(i) When the productivity is high enough, the productive sector never falls in
recession.

(ii) When the productivity is low, the productive sector will fall in recession at
infinitely many dates (not necessary at all dates) because the agents prefer
financial assets to physical capital.

(iii) However, at some dates, even when the productivity is low, financial assets may
be beneficial to the productive sector by providing financial support for the
purchase of the physical capital. Thanks to that, a recession may be avoided.

Moreover, high productivity and good dividends may prevent this sector to
collapse, i.e., to converge to zero when time goes to infinity.

The second point concerns fluctuations of the aggregate capital path (K;). We
prove that, under some mild conditions, there exists an infinite sequence of time (¢,,)
such that K; = 0 for every n, but limsup K; > 0.

t—o0
The third point focuses on the efficiency intertemporal equilibrium. An intertem-

poral equilibrium is called to be efficient if its aggregate capital path is efficient in the
sense of Malinvaud (1953). When the production technology is stationary such that
F'(00) < § and the financial dividends are bounded from above and away from zero,
we prove that every equilibrium is efficient. Our finding is different from Becker,
Dubey, and Mitra (2014) where they give an example of inefficient Ramsey equilib-
rium in a model with only physical capital.

In the last part of the paper, we studies physical and financial bubbles and the
connection between these bubbles.

We say that there is a financial asset (resp., physical capital) bubble if the market
price of the financial asset (resp., physical capital) is greater than the fundamental
value of the financial asset (resp., physical capital). Note that the fundamental values
of both physical capital and financial asset are endogenously defined and depends on
the structure of these assets.

Our definition of financial bubble is in line with Kocherlakota (1992), Santos
and Woodford (1997), Huang and Werner (2000), Le Van, Pham, and Vailakis
(2014). Different from these papers, we study financial bubble when production is
taken into account. We show that when the present value of output is finite, financial
bubble is ruled out,* and we also prove that this is only a sufficient condition ruling
out financial bubble. Moreover, this is an endogenous condition since the present
value of output is endogenously defined. We also give a condition (on exogenous
parameters of the economy) which rules financial bubble: the production technology
is stationary such that F’(co) < 0 and the financial dividends are bounded from

40ur no-bubble result is consistent with the well-known result in Kocherlakota (1992), Santos
and Woodford (1997), Huang and Werner (2000) where they proved that there is no financial
asset bubble if the fundamental value of the aggregate endowments is finite.



above and away from zero. As discussed above, every equilibrium is efficient under
these conditions.

Our finding shows that when the ratios of the financial dividends to the total
outputs are bounded away from below then there exists no financial bubble at equi-
librium. We then give examples where these ratios tend to zero, and financial bubbles
arise.

The concept physical bubble is firstly introduced by Becker, Bosi, Le Van, and
Seegmuller (2014) in a model with only physical capital. In their framework phys-
ical bubble is ruled out because the technology is stationary and capital returns
are bounded from below. Then Bosi, Le Van, and Pham (2014) allowed for non-
stationary technologies and found out that physical bubble exists if and only if the
sum (over time) of expected capital returns (p;) is finite, i.e., > p; < co. In our

t=1
paper, the presence of financial asset affects the existence of physical bubble. The

reason is that the financial asset affects the discount factors of the economy and then
the expected capital returns. An interesting point is that when financial dividends
(&) are not too low (in the sense that limsup &, > 0) then physical bubble is ruled

t—o00
out.

We also give examples where the technology is not stationary and dividends are
low, and there is physical bubble at equilibrium. Interestingly physical and financial
bubbles may co-exist at equilibrium.

Other literature: Our paper is related to several strands of research.

(i) The first strand concerns General equilibrium with incomplete markets. An
excellent introduction to asset pricing models with incomplete markets and infinite
horizon can be found in Magill and Quinzii (2008). On collateral equilibrium,
Geanakoplos and Zame (2002) proved the existence of collateral equilibrium in a
two-period models that incorporates durables gooods and collateralized securities.
By extending Geanakoplos and Zame (2002), Araujo, Pascoa, and Torres-Martinez

(2002) proved the existence of equilibrium for an infinite horizon models with col-
lateral requirement on selling financial assets. Pham (2013) proved the existence of
collateralized monetary equilibrium in an infinite horizon monetary economy. Note
that, in these papers, they did not take into account the role of the productive sector.

(ii) Credit market frictions and aggregate economic activity: Our paper is also
related to Kiyotaki and Moore (1997). However, they did not take into account the
existence of intertemporal equilibrium. Some other significant researchs (Scheinkman
and Weiss (1986), Bernanke, Gertler, and Gilchrist (1999), Matsuyama (2007),
Gertler and Kiyotaki (2010), Christiano, Motto, and Rostagno (2010)) explained
why credit market frictions can make impact on aggregate econnomic activity. Gabaix

(2011) proposes that idiosyncratic firm-level shocks can explain an important part
of aggregate movements. Brunnermeier and Sannikov (2014) incorporated financial
sector in a macroeconomic model with continuous time. See Brunnermeier, Eisen-
bach, and Sannikov (2012) for a complete review on macroeconomics with financial
frictions.

(iii) On the efficiency of capital paths. Malinvaud (1953) introduced the con-



cept of efficiency of a capital path and gave a sufficient condition of the efficiency:

tlim P,K; = 0, where (F;) is a sequence of competitive prices, (K;) is the capital
—00

path.® Following Malinvaud, Cass (1972) considered capital path which is uniformly
bounded away from zero. Under the concavity of the stationary production function
and some mild conditions, he proved that a capital path is inefficient if and only if
the sum (over time) of future values of a unit of physical capital is finite. Cass and
Yaari (1971) gave a necessary and sufficient condition for a consumption plan (C)
to be efficient, which can be stated that the inferior limit of differences between the
present value of any consumption plan and the plan (C') is negative. Our paper is
also related to Becker and Mitra (2012) where they proved that a Ramsey equilib-
rium is efficient if the most patient household is not credit constrained from some
date. Mitra and Ray (2012) studied the efficiency of a capital path with noncon-
vex production technologies and examined whether the Phelps-Koopmans theorem
is valid.

Our finding is different from their result because we introduce another long-lived
asset into a standard Ramsey model with heterogeneous agents. Exogenous dividends
of this asset play an important role on the efficiency of capital paths. It may make
aggregate capital paths efficient. Interestingly, thanks to financial dividends, an
efficient capital path may have zero capital stocks at some dates.b

The remainder of the paper is organized as follows. Section 2 presents the struc-
ture of economy. In Section 3, we discuss about the existence of intertemporal
equilibrium. Section 4 studies the interaction between the financial market and the
productive sector. The efficiency of intertemporal equilibrium is presented in Sec-
tion 5. Section 6 gives conditions to have no bubble on both markets. Section 7
concludes. Technical proofs can be found in Appendix.

2 Model

The model is an infinite-horizon general equilibrium model without uncertainty and
discrete time t = 0,...,00. There are two types of agents: a representative firm
without market power and m heterogeneous households. Each household invests in
physical asset and/or financial asset, and consumes.

Consumption good: there is a single consumption good. At each period ¢, the price
of consumption good is denoted by p, and agent ¢ consumes c¢;; units of consumption
good.

Physical capital: at time ¢, if agent 7 buys k; ;1 > 0 units of new capital, agent 7
will receive (1 — d)k;++1 units of old capital at period ¢ + 1, after being depreciated
(0 is the depreciation rate), and k; ;41 units of old capital can be sold at price r;1 .

°See Malinvaud (1953), Lemma 5, page 248.

6 Another concept of efficiency is constrained efficiency. Constrained inefficiency occurs when
there exists a welfare improving feasible redistribution subject to constraints (these constraints
depend on models). About the constrained efficiency in general equilibrium models with financial
asset and without capital accumulation, see Kehoe and Levine (1993), Alvarez and Jermann
(2000), Bloise and Reichlin (2011). About the constrained efficiency in the neoclassical growth
model, see Davila, Hong, Krusell, and Rios-Rull (2012).



Financial asset: at period t, if agent ¢ invests a;, units of financial asset with
price q;, she will receive &1 units of consumption good as dividend and she will be
able to resell a;; units of financial asset with price ¢;y;. This asset may be land, or
security (Santos and Woodford , 1997), or stock (Kocherlakota , 1992)...

Table 1: Household i’s balance sheet at date ¢

Expenditures Revenues
Consumption DiCit 0, share of profit
Capital investment  py(k; i1 — (1 — 0)kiyg) | rekiy capital return
from date t — 1
Financial asset Qi (g¢ + pi&i)ais—1  financial delivery
from date t — 1

Each household i takes the sequence of prices (p, q,7) = (pt, ¢, )52, as given and
solves the following problem

+oo
(Pp.ar) :  max [ fluile)] (1)
(ci,t ki t41,00,6) {55 —0
subject to : kitt1 >0 (2)
budget constraint : pe(Cit + Kigr1 — (L= 8)kiy) + qraiy
< rikiy + (@ + pe&t)aie—1 + O, (3)

borrowing constraint: (@es1 + Peyr&err)ai > —fi [ptﬂ(l —0) + Tt+1} Kiti1, (4)

where f* € [0,1] is borrowing limit of agent 7. f? is an exogenous parameter and set
by law. This parameter can be viewed as an index of the financial development of
the economy

In our setup, the borrowing constraint is endogenous. Agent i can borrow an
amount but the repayment of this amount does not exceed a fraction of the market
value of his physical capital. This fraction, f?, is less than 1, i.e., the market value
of collateral of each agent is greater than its debt. We can prove that borrowing
constraint (4) is equivalent to ga;; > — fipikisi1.”

For each period, there is a representative firm which takes prices (p;, ;) as given
and maximizes its profit by choosing physical capital amount K.

(P(pe,7e)) - Il?fgé peFy(Ky) — Tth] (5)

(61)m, is the share of profit at date t. 6; := (?); is exogenous, #! > 0 for all i and
S 0i=1.
i=1

"See Remark 4.1.



2.1 Equilibrium

We define an infinite-horizon sequence of prices and quantities by

(p7 q,7, (Ci7 kia ai)?;p K7 L)

where, for each i = 1,...,m,
(Ci, ki, ai) = ((C@t);o((;, (ki7t+1)j_:og, (ai’t>?—:og) S RIOO X R+OO X Rioo X R+OO,
(pra) = (PS5 ()55 (@)is5) € RT™ x RE™ x RF™,
(K) = ((K)is) € RY™
We also denote zy := (p,q,7), z; := (¢, ki, a;) for each i =1,...,m, 241 = (K) and
2= ()b

Denote £ the economy which is characterized by a list
((ui7 Bi, ki, @i, -1, I ei)ﬁp (£, &0, 5)-

_ _ \ too
Definition 1. A sequence of prices and quantities <]3t, G, T, (Cits Kip1, Qig) 7y, Kt>
t=0
1s an equilibrium of the economy & if the following conditions are satisfied:

(i) Price positivity: py, G, 7 > 0 fort > 0.

(i) Market clearing: at each t > 0,

good : Z(Ei,t + ki — (1= 0)kig) = F(K) + &,
i=1
capital : K, = Z /%2-7,5,
i=1
financial asset : Z aip = 1.
i=1

(111) Optimal consumption plans: for each i, (Cit, kiti1,0it)7%, i a solution of the
problem (P;(p,q.7)).

(iv) Optimal production plan: for each t > 0, K; is a solution of the problem
(P(De, 7))

The following result proves that aggregate capital and consumption supplies are
bounded for the product topology.

Lemma 1. 1. Capital and consumption supplies are in a compact set for the prod-
uct topology.



2. Moreover, they are uniformly bounded if (&), are uniformly bounded and there
exists ty and an increasing, concave function G such that the two following
conditions are satisfied: (i) for every t >ty we have Fy(K) < G(K) for every
K, (ii) there exists x > 0 such that G(y) + (1 — 0)y + sup& < y for every

t

y>a®

Proof. Note that Y ¢;¢ + Ky < (1 —6) K, + Fy(K;) for every t > 0
i=1
Denote

DQ = Fo(KQ) + (1 — 5)K0 + &),
Dt = Ft(Dt—l) + (1 - (5>Dt_1 + & Vit Z 0.

m
Then > ¢y + Kiy1 < Dy for every t > 0. Since D, is exogenous, capital and

consumE)tion supplies are in a compact set for the product topology.
We now assume that time ¢, and the function G (in the statement of Lemma 1)
exist. Let denote £ := sup&;. We are going to prove that 0 < K; < max{D,,,z} =:

t
K. Indeed, K; < K for every t < ty. For t > t3, we have

Kt+1 — Z ki,t—‘rl S G(Kt) + (1 - (S)Kt + g

i=1

Then K;, < G(Kpy-1)+ (1 —0)Kyy—1 +€ < G(K)+ (1 —90)K + & < K. Iterating the
argument, we find K, < K for each t > 0.
Consumptions are bounded because Y ¢;; < Fy(K:) + (1 —0) K + €. O

i=1

3 The existence of equilibrium

Standard assumptions are required.

Assumption (H1): wu; is in O, 4;(0) = 0, w/(0) = +oo, and w; is strictly
increasing, concave, continuously differentiable.

Assumption (H2): Fy(-) is strictly increasing, concave, continuously differen-
tiable, F3(0) > 0.

Assumption (H3): For every t > 0,0 < & < oc.

Assumption (H4): At initial period 0, k:zg,az_l > 0, and (kz07az—1) # (0,0)

for i = 1,...,m. Moreover, we assume that Z a;,—1 =1 and Kj := Z kio > 0.

=1 i=1

8Condition (i) and (ii) are satisfied if sup& < oo and the technology is stationary such that
t

F'(00) < ¢ (this condition is satisfied for Cobb Douglas production function). Indeed, F'(c0) < §

implies that F'(K) < § and then F(K) — 0K is decreasing for K large enough. By combining with
F(K)

the fact that Klim —7 = F'(00), we obtain that F(K) — 6K < 0 for every K large enough and
— 00

Jim (F(K) - 6K) = -



Remark 3.1. Here we differ from Becker, Bosi, Le Van, and Seegmuller (2014) by
allowing non-stationary technology. We also accept the AK production technology.

First, we prove the existence of equilibrium for each 7— truncated economy £7.
Second, we show that this sequence of equilibria converges for the product topology
to an equilibrium of our economy £. The value added in our proof is that we do
not need that aggregate capital stocks are uniformly bounded, and we allow non-
stationary technologies. Moreover, incorporating financial market with borrowing
constraints also requires some new techniques in order to prove the existence of
intertemporal equilibrium.

To prove the existence of equilibrium for 7— truncated economy &7, we prove
the existence of the bounded economy &! and then by using the concavity of the
utility function, we will prove that such equilibrium is also an equilibrium of £7.

3.1 The existence of equilibrium for 7— truncated economy
gT

We define T— truncated economy £T as £ but there are no activities from period

T'+1 to the infinity, i.e., ¢;y = a;4—1 = kiy = Ky = 0foreveryi=1,...,m,t > T+1.

Then we define the bounded economy &I as T but all variables (consumption de-

mand, capital supply, asset holding, capital demand) are in a compact set, say S.”
See Appendix for details.

Lemma 2. Under Assumptions (H1)-(Hj), there exists an equilibrium for EF.

Proof. See Appendix 8.1. O]

. T T
Let’s consider (pt, Gty Tty (City ki, Qi) Kt) +—o an equilibrium of the economy

&L, Borrowing constraint (4) implies that

fi [pt+1(1 — 5) + Tt+1] Ki 41

< fiki,t—‘rl(l 54 E)

—a;p <
Qi1 + De1&1 Sttt Dy
< fi(l —0) K1 + Fi(Kipa) < Dy (6)
§it1 §it1

m
By combining with the fact that > a;; = 1, we see that (a;;)L, is in a compact
i=1

set of RT™. Therefore, we conclude that (pe, g, 74, (¢ip, ki1, aig)i™y, Kt)tho is in a
compact set, say S of R¥*4. This compact set does not depend on the set S,. Hence,
we can choose S, big enough such that S C ;. By this way, each equilibrium of &
is also an equilibrium of &7

Lemma 3. An equilibrium of & is an equilibrium for ET.

Proof. See Appendix 8.2. O

9In order to use Kakutani’s theorem, we need to introduce EZT .
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3.2 The existence of an equilibrium in &£

To take the limit of sequence of equilibria, we need the following assumption.

Assumption (H5): For each agent ¢, her utility is finite

o0

Zﬁf“i(Dt(F75a Ko, &, ..., &)) < oo. (7)

t=0

Remark 3.2. With stationary technology, condition 7 is satisfied if there exists b <
oo such that, for everyi € {1,...,m},

> Bimax{g.} < oo, (8)
t=0 =
> BUF'(b) +1 - 0) max{¢;, 1} < oo. (9)
t=0 =

Proof. See Appendix 8.4. =

Note that there exist some cases where although F’(co) > ¢ and (&); are not
uniformly bounded, but conditions (8) and (9) still hold. For example, if there exist
b < oo and a > 1 such that & < o' and af;(F'(b) + 1 — §) < 1, then conditions (8)
and (9) hold.

Theorem 1. Under Assumptions (H1)-(H5), there exists an equilibrium in the
infinite-horizon economy &.

Proof. See Appendix 8.3. We consider the limit of sequences of equilibria in £7,
when 7' — co. We use convergence for the product topology. O]

4 Financial market vs productive sector

In this section, we will study the interaction between the financial market and the
productive sector. For simplicity, we only consider stationary technology.

Let (pt,qt,rt,(cm,k:i,tﬂ,ai?t)gil,Kt)t be an equilibrium. Denote g4, ;441 the
multiplier associated with the budget constraint, the borrowing constraint, respec-
tively, of the agent ¢ at date ¢. Denote \; ;11 the multiplier associated with constraint
kity1 > 0. We have

fug(ci,t) = Dt (10)
pettie = (res1 + (1= 0)pes1) (ipsr + fVier1) + Mg (11)
qefie = (@1 + pt+lft+1)(ﬂz’,t+1 + Vi,t+1)' (12)

Note that k; ;411 Ai+1 = 0 and

Vit+1 ((Qt+1 + per1&egr)aig + [ (1 —6) + Tt+1)ki7t+1) = 0.
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Lemma 4. We have, for each t,

qt i t+1 2
= max : < . 13
Qi1 + Pey1&i i { it } ri41 + (1 —0)pia (13)

Moreover, the equality holds if there exists 1 such that k; 1 > 0.

m

Proof. Since ) a;; = 1, there exists ¢ such that a;; > 0, and then ;41 = 0. As a
i=1

consequence, we get

qt i t41
= max{——|.
Q1 + Der1&e i { it J
. P i t4+1
It is easy to see that > max { ——— . Assume that k; ;1 > 0,
ree1 + (1 — 0)pena i { it } o
we have \; ;11 = 0, and then
Dt _ Mg + fiVi,t—O—l < Mit + Vit _ q
Te41 + (1 — 0)pea it o it Q1+ Pey1&i41
Pt _ Mi,t-!—l
Therefore, we have m = I'IllaX _Mi,t } D
Remark 4.1. According to Lemma 4, we have that
i Pe(Qe1 + Eeap
o e (14
t

As a consequence, borrowing constraint (4) is equivalent to qa;; > — f'piki i1

In our framework, consumers have two possibilities to invest: in financial asset
and /or in physical capital. We would like to know when consumers invest in physical
capital and/or in financial asset. Note that the real return of the physical capital is
L+ 1 — 6, and the physical capita’s maximum real return is F'(0) +1 — §. The

Pt+1
q
il+§z+1

real return of the financial asset is Z47——.

The following results show the respetctive roles of the productivity and the finan-
cial dividends.

qt+1 +£
Lemma 5. [f 24— > (F"(0) + 1 — 0) then consumers do not invest in physical

p
capital, i.e., K4 ~ 0.

9t+1 T . .
Proof. Suppose that “*g7—— > (F'(0) + 1 —6). If Kiy > 0, there exists i €
bt
{1,---,m} such that k;;1 > 0. According to Lemma 4, we have
Biug(Cipy1), 1
mlax{ ul(ciy) r= el

Pt+1
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Al (e
FOC of K;;; implies that ;:—E = F'(Kiy1) < F'(0), hence mlax{M} >

U;(Cz‘,t)
1
F0)+1—46
o (- ar
We also have max{ Bluﬁ<cl’t+1)} = o2 This implies that
3 ui(cz-i) m+£t+1
o 1

t > bl

G PO +1-0
contradiction! ]

Lemma 5 says that if the maximum real return of the physical capital is less than
the financial asset’s return, households do not invest in the physical capital.

Economic recession: We say that there is an economic recession at date ¢ if
no one invests in this sector, i.e., the aggregate capital equals zero, K; = 0. The
following result points out the importance of the competitiveness of the productive
sector.

Proposition 1. Assume that there exists & > 0 such that & > & for every t > 0 and
F'(0) < §. Then there is an infinite sequence (t,)s, such that K;, = 0 for every
n > 0.

Proof. We claim that there exists an infinite increasing sequence (t,)5%, such that

Zﬁ—" +&, > zi"*i for every n > 0.
" " qt+1

Indeed, if not, there exists ty such that oot + &1 < Iq)—i for every t > tg. Combining
with & > & for every ¢ > 0 and by using induction argument, we can easily prove

that

Gt - G40 +ie

Dty Dt+to

for every t > 0. Let t — oo, we have I%l = 00, contradiction!'?
0

Therefore, there exists a sequence (t,) such that for every n > 0, qui—" + &, >
nt > 1> F'(0)+1—¢. Lemma 5 implies that K; = 0 for every n > 0. O

Pt —1

Proposition 1 shows that if the productivity is low, i.e. F’(0) < d, recession
will appear at infinitely many dates. Since the bound ¢ does not depend on the
technology, we see that economic recession is not from the financial market, but
from the fact that the productive sector is not competitive. This result suggests that
we should invest in technology to improve the competitiveness of productive sectors
in order to avoid recession.

We illustrate Proposition 1 by the following example.

00ur result in Proposition 1 is still valid if the condition &, > € > 0 for every ¢t > 07 is replaced
o0
by ” E é‘t — m”.
=0
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Example 1. (K; =0 for everyt > 1)
Consider an economy with two agents i and j such that

Bi=Bi=0¢€ (071)7 ui(x):uj(x):

Ko >0, B(F(0)+1—68) <1,
ok
Aj,—1 = 0" = Kl—t)) =a € (O,l),

f; &=¢& Vt>1,f'=f=0,

where qo, &, &, Ko are such that

12 () + 1 - g) (FE (15— LAY

(F(K0)+(1—5)K0+§0>0_@1—ﬁ
§ & B

An equilibrium is given by the following

Allocations: iy =a, aj;=1—a Vt>1,

ki,t = kj,t == O Vt Z 1,

Ci,[) = CL(F(K()) -+ (1 — 5)K0 + 50), C/L'7t = a§, Vt Z 1,

Cj’() = (1 — a)(F(Ko) + (1 — (5>K0 -+ &)), Cj,t = (1 — a)é; Vt Z 1,

Prices: pe=1 Vt;rg=F(Ky), r,=F(0) Vt>1,
B
=(—— V> 1.

Proof. See Appendix 8.4. O]

We say that the productive sector is competitive if min; 8;(F’(0) + 1 —9) > 1.
It is extremely competitive if F’(0) = 4o00. Note that (F'(0) +1 — 0) min; 8; >

1 is equivalent to F’(0) > — 14 0 is the highest

- — 1+ 6, where
min; [3; min; o;
investment cost if we use some interest rates to define the discount factors ;. In
Proposition 2 and its two corollaries, we consider the case where the productive

sector is competitive.

Proposition 2. Assume that there exist t > 0,T > 1 such that & > &.op. If
(F'(0) + 1 —6)min; 5; > 1, there exists 1 < s < T such that K; s > 0.

Proof. See Appendix 8.4. O

Corollary 1. Assume that there exists an infinite decreasing sequence (&;,)0,, i.€.,
&, > &,yy for every n > 0. If (F'(0) + 1 — 0) min; B; > 1, there exists an infinite
sequence (Ty)n>0 such that K, >0 for every n >0 at any equilibrium.

Corollary 2. Assume that & =& > 0 for every t > 0. If (F'(0) + 1 —§) min; 5; > 1,
we have K; > 0 for every t > 1 at any equilibrium.
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We continue our exposition by the following result:

FK)+ (- 0)K +§&

Proposition 3. If 5;(F'(0) + 1 — 0)u}(&41) > uli( ) for every
m

1=1,...,m, we have K;;1 > 0.

Proof. See Appendix 8.4. O

On the one hand, Proposition 3 proves that if the productivity F'(0) = oo then
Ky 1 > 0 at equilibrium. On the other hand, Proposition 3 also shows that the
financial market plays an important role in the productive sector. Indeed, consider
an equilibrium where K; = 0. Assume also that & is high enough such that, for
every 1,

51— O)ulEnr) > (). (15)

According to Proposition 3, we get that K1 > 0. This is due to the fact that part
of the financial dividend is used to buy physical capital.

Economic collapse: We say that the economy falls in collapse if lign inf K; = 0.
— 00

In what follows, we will find out factors which help us to avoid economic collapse.
A natural question is whether the aggregate capital stock K; is bounded from
below. To answer this question, the following result is useful:

Proposition 4. Given K > 0, > 0, let G;(K, &) be defined by
Ui (Gi(K, §)) = (F'(K) +1 = 0) Bui(F(K) + (1 = 6) K +&).
At equilibrium, there exists i such that
& < Koy + mGi(Kigr, §e1)- (16)

Proof. See Appendix 8.4. O]

Interpretation: by definition, the quantity G;(K;i1,&41) is an upper bound
of the consumption good of the agent 7 at date ¢ when this agent expects that the
aggregate capital at date ¢t + 1 is K;,;. If we choose i such that G;(K;1,&41) =
max Gicti, my (Kig1, &41) then mG;(Kpq,&41) is an upper bound of the aggregate

consumption at date t. As a consequence, we see that

mG; (K1, &) + K > Z Cip + K1 = &

i=1

Since u’, F' are decreasing and F' is increasing, we can see that G; (K41, &41) 18
increasing in K1 and &,,. Moreover, we have G;(0,&.41) = 0 if F'(0) = 0.

In the following result, by using (16) and the properties of the function G;, we
can give a lower bound of K.
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Corollary 3. 1. Assume that & > mG;(0,&41) for every i. At equilibrium, we
have

K1 > min {Bi(gt,gm)} >0 (17)
where B;(&;,&11) is defined™ by

& = Bi(&,&41) + MG, (Bz'(fnftﬂ)»ftﬂ)- (18)

2. Assume that & = & > 0 for any t. We also assume that & > mG;(0,€) for
every i. Then

K1 > min {Bi(g,g)} >0 (19)

which means that (K;) is uniformly bounded away from zero.

Note that if G;(Kyy1,&41) < & then the inequality (16) does not make sense.
That’s why we need the condition & > mG;(0,&,41).'* Under this condition, K,
is bounded from below by min{B;(&;,&;+1)} which is a strictly positive exogenous
quantity. This quantity may i)e not uniformly bounded away from zero.

In the second part of Corollary 3 we give simple conditions under which there is
no economic collapse.The economic intuition for this fact is the following: Condition
¢ > mG;(0,¢) is satisfied if and only if F’(0) is high, i.e., the productivity is high.
When the productivity is high,'® agents invest in the productive sector, and therefore
economic collapse will be avoided.

We end this section by the following result showing that a fluctuation of (£;) may
create a fluctuation of (K%).

Corollary 4. (Fluctuation of the capital stocks)
Assume that

(i) Bi = B, ui(c) = <, and F'(0) < 4.
(11) Eop — &%, Eopr1 — £° when t — oo.
m&°

(B(F"(0) +1—14))

(iii) & >

1
o

We have

(i) There is an infinite sequence (t,)2>, s.t. K;, =0 for every n > 0.

n=0

(i) limsup K; > 0.

t—o00

UNote that B;(&, & 11) is increasing in & and decreasing in & 1.
12This condition is satisfied if & is high or/and F’(0) is high.
3F'(0) may be finite.
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Proof. The first point is a direct consequence of Proposition 1. Let us prove the

second point. Assume that limsup K; = 0. According to (16), we have, for each t,
t—00

Eor < Kopp1 +mGi (Ko, orr1) (20)

Let ¢ tend to infinity, we get £¢ < m@G;(0,£°). Under Assumptions of Corollary 4, it
can be computed that

G1(0,€°) = : -
(B(F’(O) +1-— 5)) v
As a result, we obtain
g
(B(F'(0)+1—4))°
which is an contradiction. O]

5 On the efficiency of equilibria

In this section, we study the efficiency of intertemporal equilibrium. First, following
Malinvaud (1953), we define the efficiency of a capital path as follows.

Definition 2. Let F; be a production function, & be the capital depreciation rate,
(&)2, s an exogenous positive sequence. A feasible path of capital is a positive
sequence (Ky)32, such that 0 < Ky < Fy(Ky) + (1 — 0) Ky + & for every t > 0 and
Ky is given. The aggregate feasible consumption at date t is defined by

Ct = E(Kt) -+ (]_ - 6)Kt + §t — Kt—&-l‘

A feasible path is efficient if there is no other feasible path (K7}) such that C} > Cy
for every t with strict inequality for some t.

Definition 3. We say that an intertemporal equilibrium is efficient if its aggregate
feasible capital path (K3) is efficient.

Definition 4. We define the discount factor of the economy from initial date to date
t as follows

t
Q=1 Q=]]w t=>1 (21)
s=1

where Y41 = max Biti(Cir1)
t+1 - €{l,...,m} u;(cm) .

Lemma 6. An equilibrium is efficient if litm inf QK1 = 0.
—00

Proof. See Malinvaud (1953) and Bosi, Le Van, and Pham (2014). O
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According to Lemma 4 we have at equilibrium

(Qt+1(1 — 0+ 7:Jrl) - Qt) Ky =0.
P41

By using this relation and the same argument in Bosi, Le Van, and Pham (2014),

we obtain that, for any feasible path (K7),

T T
Z QiCr + QrKry1 > Z Q:Cy (22)
=0 =0

The condition litm inf ;K11 = 01is a kind of transversality condition which allows
— 00

us to obtain that

T
o /
lim inf X_: Q:(C, — ) > 0. (23)
As a result, the path (K, C;) is efficient.

Becker, Dubey, and Mitra (2014) give an example of inefficient Ramsey equilib-
rium in a model with only physical capital. The production function in their model
satisfies F'(00) = 0 and they consider full depreciation of the capital. The following
result shows that financial dividends, for such models, may make production paths
efficient. Actually, the result is more general.

Proposition 5. We assume that the production functions are stationary and con-
cave, F'(00) < 0, and limsup§; < oo. Iflimsup & > 0, every equilibrium is efficient.

t—o00 t—o00

Proof. Since technologies are stationary and limsup & < oo, we easily see that (K})
t—o0

is uniformly bounded (using Lemma 1).

Since limsup§;, > 0, there exists a constant A and a sequence (t,) such that
t—o00

Ky, < A&, for every n large enough.
According to Lemma 4, we have Z—iQt
obtain

(qt+

oo T &41)Qur1- As a consequence, we

do - .Gt
— = + lim —Q;.
= Qi+ i 20

Recall that pg, gy > 0, hence Z Q& < 0o. Therefore, we have hm Q:& = 0 which

implies that hm Qi Ky 1= 0 Accordlng to Lemma 6, the capltal path is efficient.
[

6 Bubbles

We will first consider the productive sector and define physical asset bubble. Let
(pt, Qs Tty (City Kigyr, @ig) iy, Kt)t be an equilibrium. According to Lemma 4, we have:
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Lemma 7. For each t, we have

r
1>(0-0+ t_H)’YtH (24)

Pt+1

(o
where ;41 := max M We have equality if Ky > 0.
ie{lmy  ui(cit)
Definition 5. The expected return p;y1 is defined by
Biui(Cipy1) _ 1
ie{l,..m}  ui(ciy) 1 =0+ pra

(25)

Note that we always have the following no-arbitrage condition

1 qat

_ bt

1—6+p1 L4640

Pt+1

Moreover, according to Lemma 7, we have p, 1 = Z—E = F/ (K1) if Kipq > 0.

We now have 1 = (1 — 60 + p;)y and so @y = (1 — 0 + pys1)Qs41 for each t > 0.
By interating, we get

I = (1=6+p)Q1=(1-00)Q +
= (1=0)1 =0+ p2)Qa+ Q1 = (1 =0)’Qa + (1 = 6)paQs + p1@s

= (1-0'Q+ Y (1= 0
s=1

Interpretation: In this framework, the physical capital can be viewed as a long-
lived asset whose price (in term of consumption good) at initial date equals 1. If one
buys one unit of the physical capital at date 0, he or she will anticipate as follows:

1. At date 1, one unit (from date 0) of this asset will give (1 —9) units of the phys-
ical capital and p; units of consumption good as its dividend. This argument
is formalized by 1 = (1 — 0)Q1 + p1Q;-

2. At date 2, (1 — 4) units of the physical capital will give (1 — §)? units of the
physical capital and (1 — d)py units of consumption good. This argument is
formalized by (1 —6)Q1 = (1 — §)?Qa + (1 — §)p2Q-.

The fundamental value of the physical capital at date 0 can be defined by

o0

Z(l - 6)t_1tht-

t=1

Definition 6. We say that there is a physical capital bubble if 1 > > (1 —08)""1p,Q;.
s=1
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We state the necessary and sufficient conditions to have bubbles on the physical
asset market.

Proposition 6. The three following statement are equivalent
(i) There is a physical capital bubble.
(11) tliglo(l —0)'Q; > 0.
(iii) » "o, pr < +00.
Proof. The proof is similar to the one in Bosi, Le Van, and Pham (2014). [
Let us now move to the financial asset market. It is easy to obtain the following

relation

qt Gi+1

= Y1 + &)
Dr Pt+1
q q
Qt_t = Qt+1(t_+1 +&t1). (26)
D Pt+1

Therefore, for each t > 1, we have

aq q q q
2 = 71(—1 +&) =& + 71—1 =&+ 7172(—2 + &)
Po P1 P1 P2

q
= Q1€+ Q26 + Q2—2
P2
: q
t
= .. = § sts—i_Qt_'
—1 Dt
In our framework, the financial asset is a long-lived asset which gives dividends at

each date.

1. At date 1, one unit (from date 0) of this asset will give back 1 unit of the same
asset and &; units of consumption good as its dividend. This is represented by

Q@ _ @
o &+ Q1p1

2. At date 2, one unit of long lived asset will give one unit of the same asset and
& units of consumption good. This is represented by ng—i = Q26+ sz—z, and
SO on.

This leads us to have the following concept:

Definition 7. The fundamental value of the financial asset is

+oo
FVoi=) Q. (27)
t=1
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The sequence (Q;) may not be in !, see Section 6.2.
Denote by := tli+m Qt;—t, by is called financial asset bubble. We have
——+00 t

D by + FVp. (28)
Po

It means that the market price of the financial asset equals its fundamental value
plus its bubble.

Definition 8. We say there is a bubble on financial asset if the price of financial
asset is greater than its fundamental value: Z—g > F'Vj.

Remark 6.1. Our definitions of physical and financial bubbles still holds for non-
stationary technologies.

We give another definition of low interest rates for the financial asset market. We
recall budget constraints of agent ¢ at date t — 1 and ¢.

Pi—1(Cirm1 + kg — (L= 0)kir—1) + Goraii—1 < rakig—1 + (@1 + De—1&-1)@ig—1 + 0'm
Pi& i
pe(Cit + kiter — (1 —0)kis) + qaie < 7mikiz +q(1+ %)az’,t—l + 0'm
t
One can interpret that if agent ¢ buys a;;—; units of financial asset at date t — 1 with
i€

price ¢;—1, she will receive (14 =—=)a; ;1 units of financial asset with price ¢; at date
qt
t. Therefore, pt—gt can be viewed as the real interest rate of the financial asset at date
qt

t.

Definition 9. We say that interest rates are low at equilibrium if
LA (29)
— 1t

Otherwise, we say that interest rates are high.

We now give a relationship between financial bubble and low interest rates of the
financial asset market.

Proposition 7. There is a financial asset bubble if and only if interest rates are low.
Proof. See Le Van, Pham, and Vailakis (2014). O
We now present our result on bubbles.

Proposition 8. (1) Assume that the production functions are stationary. Then at
equilibrium there exists no bubble on the physical asset market.
(2) We assume that the production functions are stationary, F'(co) < ¢ and 0 <

li{n inf & <limsup&; < co. Then there is no bubble on the financial asset market.
—ro0 t—o00
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Proof. See Appendix 8.4. O

The structure of physical capital is characterized by a list (Ko, d, (F});) of the
initial physical capital, the rate of depreciation, and production functions. The
structure of financial asset is characterized by its dividends (). Our definition of
bubbles is based on discount factors that are endogenously determined and depend
on the structure of both physical capital and financial asset. As a consequence, the
existence of physical (resp., financial) bubbles depends not only on the structure of
this asset but also on the structure of financial asset (resp., physical capital.)

The first statement of Proposition 8 claims that with stationary technology and
without any condition on (&), physical bubble is ruled out.

In Becker, Bosi, Le Van, and Seegmuller (2014), they worked with an endogenous
labor supply model and needed some specific conditions of the production function
to ensure that the capital stocks are uniformly bounded; by using the boundedness
of capital stocks, they proved that physical bubble is ruled out. However, we do not
require any specific condition of the production function, and we also allow for AK
technology. By the way, their result can be viewed as a particular case of our result.

In Bosi, Le Van, and Pham (2014) they considered a model with only physical
capital and show that physical bubble exists if the technologies are given by F;(K) =

AK with > Ay < oo. In our framework (with both physical capital and financial
t=1

asset), however, this is not sufficient to have physical bubble because the following
condition must be satisfied:'

> g <o (30)

t=1

As discussed above, the reason is that the structure of financial asset (§;) affects
the discount factors (Q);) and the expected returns (p;), and therefore the existence
of physical bubbles. According to condition (30), there is no physical bubble if

dividends of financial asset are not too low in the sense that limsup & > 0 whatever
t—o0
the form of technologies. In the following example we point out that there may be a

physical bubble when the technology is not stationary and &; tends to zero.
Example 2. Assume that (15) is satisfied and Assume that B; = B3, u;(c) = <2 5e

1—0’

(0,1); Fy(K) = A K or Fy(K) = Auln(1 + K) for any t; > Ay < 0o. Assume that
=1

1
-5)°
i1 < w& Jor any t.

Then there exists physical bubble. Indeed, condition (15) is satisfied since we

1

-0 “
have &1 < Mft As a consequence, Ky > 0 for any t, which implies that

pr = Fl(K;) < A;. According to Proposition 6, physical bubble exists. Observe also
that Condition (30) is satisfied.

1 This condition is followed by the proof of the first statement of Proposition 8.
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We now discuss about the second statement of Proposition 8. With stationary
technolgy, we need some additional conditions to eliminate financial bubbles. Con-
ditions F'(o0) < ¢ and hm sup & < oo are natural and to ensure that the aggregate

capital stocks are umformly bounded from above. We also require 11{11 inf& > 0
—00

under which we get that Z Q; < 00.'% Since the output is uniformly bounded from
t=1
above, the present value of the aggregate consumption good is finite, i.e.,

Z QtY;f < 0,

=0
where Y; := F(K;) + (1 — §)K;. Our result is consistent with the following well-
known result (see Kocherlakota (1992), Santos and Woodford (1997), Huang and
Werner (2000)): there is no financial bubble if the present value of the aggregate
endowment is finite.!® However, in Remark 6.3 we will prove that this is only a
sufficient condition ruling out financial bubble.

When one of the conditions in Proposition 8 is violated, bubbles may occur (see

examples in Sections 6.1 and 6.2).

In the following result, we assume that f* = 1 for any 4, i.e., all agents can borrow
with maximum level.!” In this case we can weaken conditions in Proposition 8: there
is no condition on dividends and the productivity A may be greater than 1.8

Proposition 9. Assume that f' = 1 for every i and the production functions are
stationary and linear, i.e., Fy(K) = AK for every t. Then there is no financial
bubble and every equilibrium is efficient.

Proof. Since the production function is linear, the zero profit condition is satisfied.
By using the same argument in proof of Proposition 8, we have

dr r 4
S Quens + Qs + 0 Lar = (21— 0o+ (% 4 €0)as s < oo,
pr Po Do

This implies that >, Q.c;; exists, and so does tlim Qiki i1 + th—iai,t.
—00

According to Remark 4.1, when f* = 1, the borrowing constraint of agent i at
date ¢ is equivalent to Q.k; 141 + Qt Laiy > 0.
If hm Qikir1 + Qt fay > 0, there exists ¢y such that Qt i1+ Qt tag; > 0

for every t > to. Point 2 of Lemma 20 implies that Qt =

Sz for every t > tg.

According to point 1 of Lemma 20, we get hm Qiki 1 + Qt—az + = 0, contradiction.

+oo
15Because we always have > Q& < L < 0.
t=1
16Tn their frameworks, the present value of the aggregate endowment is finite if and only if the
the present value of the aggregate consumption good is finite
1"Note that a financial bubble may occur if this condition is violate (see Section 6.1.2).

¥ However, we implicitly require that A satisfies Assumption (H5).
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Therefore, we have, for every i, tlim Qikip1 + th—iai,t = 0. By summing over i, we
—00
get that
hm Qth+1 + Qtﬁ = 0
t—o0 D

As a consequence, there is no financial bubble and every equilibrium is efficient.

6.1 In search of bubbles

Proposition 8 suggests that bubbles cannot appear in economies where the output,
the capital stocks, and dividends are uniformly bounded away from zero and from
above. In this section, we give series of examples where bubbles arise. We will focus
on the form of technologies and the size of dividends (&).

Let us denote I := {1,2,--- ,m}. Before presenting examples of equilibrium with
bubbles, we give sufficient conditions for a sequence (pt, Qe Tty (Cigs K1, Qit) Kt) .
to be an equilibrium. The utility may satisfy u;(0) = —o0.

i€l
Proposition 10. Assume that f* =0 for any i.
If a sequence ((Ci,taki,t+17ai,t70i,taVi,t),’g[aKt7pt>Qtart)t satisfies

(i) ¥t, Vi, ¢iy >0,k 20, a0 20, 05, 20,15, >0,
Vt7Kt 2 prt = 17% > 0,7} >0

(ii) First order conditions

1 (i
= ﬁ uj<c 7t+1) + O—’L,t
Tep1+1—0 ui(ciy)
ZU; G
qt _ ot /( ,t+1) o
Qi1 + & ui(ciyp)

Uz’,tki,tﬂ =0 and Vigaip =0

(111) Transversality conditions
lim Bru(ci)kiper = lim Biui(ciz)grais = 0.

(iv) Vt, Fy(K;) — Ky = max{F,(k) —rk : k > 0}

(v) iy + kigyr — (1= 0)kiy + qaiy = rikiy + (@ + &) i1 + Oim,
where T, = Fy(Ky) — r K

(vi) Ky = icr ki
(vii) Ziel @i =1
then the sequence (pt, Qs 7, (Cigs Kigrns aig)

Kt) 15 an equilibrium.

1S

Proof. The proof is left to the reader. m

t
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We now present some examples of (non)bubbles for physical asset market and
financial asset market as well.
We assume that there are 2 consumers H and F

ui(c) = In(c), f; =B € (0,1), f' =0 Vi={H F} (31)
5 €(0,1). (32)

Their initial endowments are respectively kgo =0, ag—1 =0, kpo >0, ap_; = 1..
Their shares of the profits are

Fort>0, 04 = 1,05 ,=0

The production functions are
F(K)=aK+Db (33)

where a;,0 > 0 and f(1 — 0 + a;) < 1 for any ¢. Note that m, = b for any t. Recall

that we assume that labor supply is exogenous. Hence, this production function

corresponds to the production function Fy(K,L) = a;K + bL when labor is taken

into account. When the exogenous labor supply is 1 then we come back to (33).
Allocations of the consumer H:

kot = 0,ap2-1 =0 (34)
cuot—1 = (1 =60+ 1ry_1)Ko1+ qor—1 + &1 (35)
kH,2t+1 = Ky, QH 2t = 1 (36)
CHaot = Tt — Kot1 — qo (37>
Allocations of the consumer F':

krpor = Koy, apo = 1 (38)
Crot—1 = Tot—1 — Koy — qa—1 (39)
k’F,th =0, Apaot = 0 (40)
crot = (1 — 0 + 7o) Kot + qar + ot (41)

Prices and the aggregate capital: for any ¢, p, = 1,7, = a;, and
Ky +q = Lb (42)

1+ p

Gr1 + &epr = @@z +1—6) (43)
q, Ky >0 (44)

We prove in Appendix 8.4 that this sequence of allocations and prices is an
equilibrium.
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6.1.1 No bubbles

Let a; = 0 for any t.
Let (&) be such that Z &= f<if Bb Let us define financial asset prices by

Q= f (45)
@ =f=) & (46)

and the aggregate capital by K1 := %b —q.

We have > p; = > a; = oo. Therefore there is no physical capital bubble.
t t

Financial bubble is ruled out because gy = Z & = Z Q.

6.1.2 Financial bubble without physical bubble
Let a; = § for any t. (&) such that Y & = f < %b.
t=1
t
Let us define ¢ € (f, 1fﬁb) and ¢q; :== qp — Z & and Ky i= %ﬁb — q.
In this case, physical bubble is ruled out but there is financial bubble since ¢y >

f= Z Q:&;. Moreover, there is a continuum of bubble prices qp.
t=1

Remark 6.2. In this example of financial bubble, the technology is stationary but
we require two conditions:

1. Y &4 < 1+Bb which implies that the condition hm mf & > 0 in Proposition 8 is
t=1
not satisfied.

2. f* =0 for any i. This means that the condition f* = 1 for any i, as required
in Proposition 9, is not satisfied.

Remark 6.3. When a; = 0§, we see that Qy = 1 for any t and therefore

> QuUF(E) + (1 - 0)Ky) zz =

t=0

Hence the present value of output is infinite in both cases: mon financial bub-
ble (Section 6.1.1) and financial bubble (Section 6.1.2). Therefore the fact that the
present value of output is finite is only a sufficient condition ruling out financial

bubble.
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6.1.3 Physical bubble without financial bubble

Let (a;) be such that ) a; < oo then there exists physical bubble. We choose (&)

such that

- €s s
)3 s S S s S L (47)

s=1

We then choose ¢y = f, and (¢;) by

= t & qt
qo_s_z1<1_5+a1)"‘(1—5—|—as)+(1—6+a1)...(1_5+at) (48)

In this case, there exists no financial bubble.

6.1.4 Both assets have bubbles

Let (at) be such that ) a; < oo then there exists physical bubble. We choose (&)
=1
such that

S € _ s
Zl—5+a1 (1 =08+ as) f”<1+ﬁb (49)

s=1
We then choose ¢y > f, and (g;) by
t

— 58 Qt
qo_z(1—5+a1)---(1—5+a5)+(1—5+a1)...(1_5+at>' (50)

s=1

Then there exists a financial bubble.

6.2 On the connections between the absence of bubbles and
the fact that (Q;) € I!

In Gilles and LeRoy (1992), for a sequence of dividends & = (&), € [*—the space of
bounded sequences., and a linear function P = (P;) € I', they define the fundamental

value of a long-lived asset with dividend (&) as > P&. In particular, (P;) does not
=1
depend on ().
Our approach differs from Gilles and LeRoy (1992) on the following points:

1. We do not require that (&) € [*°. Instead, & may tend to infinity when ¢ tends
to infinity.
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2. The discount factors (@) in our framework endogenously depend on dividends

£ = (&)t
3. Since (Qy) is endogenous, we do not know whether (Q;) € '.2°

It would be interesting to study the connections between the absence of bubbles
and the fact that (Q;) € I'.
First, on the physical bubble we have

Proposition 11. If (Q;) € I! then there is no physical bubble.

Proof. If there is a physical bubble, we have, according to Proposition 6, Y >, p; <
+00. Therefore there exists ¢y > 1 and p € (0,0) such that p, < p for any ¢ > to. As
a consequence we get that

ZQt:tof Z
T gty e (=)

s=1

1 1
Ztofl 2(1_5+p>t
T -0+ 0 0

s=1

Since 1 — ¢ + p < 1, we obtain that (Q;) & [*. O

The converse of this proposition is not true. Indeed, we consider the example as
in Section 6.1.1 where a; = § > 0. In this case (Q;) = (1,1,...,1) &€ I*. However
there is no financial bubble.

We now consider the connections between the existence of financial bubble and
the fact that (Q;) € [*. In the case where the output is uniformly bounded from
above, according to the proof of Proposition 8, we have: if (Q;) € I' then financial
bubble is ruled out. However, the inverse sense is not true. Indeed, in the example
in Section 6.1.1 we see that financial bubble is ruled out but (Q;) & I since Q; = 1
for any t.

In what follows we will show that when the output is not uniformly bounded
from above, (Q;) € I' does not imply that financial bubble is ruled out.

Let us consider the production function as follows

FyK) = aK + ' (51)

YIndeed, if (Q¢) do not depend on & = (&); then so do the expected returns (p;) and the sum
(80-9)

m

Q=

oo oo
>~ pt. However, according to Example 2 we see that Y pr < 0o if {41 <
i=1 =1

& for any t.
According to condition (30), there is no physical bubble (equivalently > p; = 00) if & = & > 0 for
t=1

o0
any t. These two observations show that the sum > p; depends on & = (&), contradiction!
t=1

o0
20However, according to the fact that Y Q& < g—‘; < o0, we have (Q;) € I' if litm inf & > 0.
t=1 — 00
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where @ > § and b > 1 — ¢ +a. In this case we see that m; = b* tends to infinity when
t tends to infinity.

As Section 6.1 there are two consumers H and F whose allocations are given as
follows.

Allocations of the consumer H:

k‘H,Qt =0, QF2t—1 = 0 (52)
cot—1 = (1 =04 ro—1)Kor1 + qor—1 + Eat—1 (53)
kH,2t+1 = Ky, Qp 2t = 1 (54)
CHot = Tt — Kot1 — qo (55>
Allocations of the consumer F":
kpor = Koy, apg =1 (56)
CF2t—1 = Tot—1 — Ko — qai—1 (57)
krpory1 = 0,ap2 =0 (58)
cror = (1 — 0+ 191) Koy + ot + ot (59)

We assume that b > 1 > (1 — § + a) and

/8 o0
> =: F,.
1+ ;1—(54-(1

We choose ¢ € [F,, ), and p, = 1,7, = a; for any t > 0. (K}, ¢)i>1 are given

v 143
by
5 B,
t+1 T Gt 1+57Tt 113 ()
Q1 + &1 = @a + 1 =9). (61)

t
It means that ¢, = (1 — 0 + Cl)t(Q(] - > (17§—+a)*) We see that ¢; > 0 and ¢; <

@w(l—0+a) < %bt. Hence Ky = 1+ﬂb —q; > 0.

We can verify that the above sequence of prices and allocations is an equilibrium.

We have that Q; = m then (Q,) € I*.

When we choose gy > F, then there exists financial bubble. But if we choose
qo = F, then there is no financial bubble. In both cases we always have (Q;) € I'. Tt
means that (Q;) € I' does not rule out financial bubble.

7 Conclusion

We build an infinite-horizon dynamic deterministic general equilibrium model in
which heterogeneous agents invest in capital and/or financial asset, and consume.
We proved the existence of intertemporal equilibrium in this model, even if aggregate
capital is not uniformly bounded and technologies are not stationary.
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By using this framework, we studied the relationship between the financial market
and the productive sector: when productivity is high enough, the economy will
produce at any period; when productivity is low and financial dividends are bounded
away from zero, the productive sector will produce nothing at infinitely many dates;
in some cases, dividends would be used for the purchase of the physical capital to
produce.

We pointed out impacts of the financial asset. Fluctuations on financial dividends
(&) can create fluctuations on the aggregate capital path (K;). However, if financial
dividends are bounded away from zero and capital stocks are uniformly bounded,
every equilibrium is efficient and there exist neither bubble on the financial asset
market nor on the physical asset market.

We found out the nature of physical and financial bubbles. Physical bubble exists
if and only if the sum (over time) of expected capital returns is finite. Financial
bubble exists if and only if the sum (over time) of interest rate (in term of financial
asset) is finite. The condition that the present value of output is finite is only a
sufficient condition ruling out financial bubble. We give series of examples for both
physical and financial bubbles/no-bubbles.

8 Appendix

8.1 Existence of equilibrium for truncated bounded econ-
omy

We define the bounded economy & as E7 but all variables (consumption demand,
capital supply, asset investment, capital demand) are bounded.

Ci = [0,B)"™, B.>1+maxF,(Bg)+ (1 —0)By +max§,
t<T t<T

IC?Z = [07 Bk]Tu Bk > DT = 1+I?<ajz(Dt(K07£07'”>£t>

Ai = [-B,,BJ", B,>1+B

K = [0,Bgk]"™, Bg>1+mbBy,

where B such that B > max{rﬁax D1+ mmax gt Del,

Denote A :={zy = (p,q,7) ?ngt,qt,rt S 1,pt—|—qt+rt: 1 vt=0,...,T}.

8.1.1 Existence of equilibrium for e-economy

For each ¢ > 0 such that 2me < 1, we define e—economy 55 “ by adding € units of
each good (consumption good, physical capital, and financial asset) for each agent
at date 0. In the economy ng “, each agent has strictly positive endowment in each
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good. More precisely, the feasible set of agent i is given by

CZ-T’G(P, q, 7“) = {(Ci,t, ki,t+1, Cli,t)tT:o € RFJC“ X Riﬂ X RTFH : (a) ki,TH, a;r =0,
(b) polcio+ kix — (1 —6)(kio + €)) + goaio
< po€ + 1o(kio + €) + (g0 + poo)(@ig—1 + €) + '
(c) foreach 1 <t <T':
0 < (g + pe&e)aip—1 + f(re + (1= 8)py)kis
pe(Cin + kiger — (L= 0)kiy) + quaiy < (¢ + &) ai—1 + rikiy + ei'ﬁt}-

We also define BZ-T’E(p, q,r) as follows.

Bl (p.q,r) = {(ci ki1, ain)ig € RETD  RIFL RIFY 2 (a) Kypyr, i = 0,
(b) po(cio+kix — (1 —9)(kio +€)) + qoaio
< poe + ro(kio + €) + (qo + poo) (aii—1 + €) + 0'mg
(c) foreach 1 <t <T':
0 < (gt + pebe)aiz—1 + f'(re + (1 — 6)pe) ki
(i + kiper — (L= 0)kit) + qaiy < (¢ + pi&t)ai—1 + rikiy + 9i7Tt}-

We write CT (p, q,r), Bf (p,q,r) instead of C’iT’O(p, q,7), B,L.T’O(p, q,7).
T

Definition 10. A sequence of prices and quantities <]3t, iy Tty (Cigy ki1, Gig)™ l_(t>
t=0

1s an equilibrium of the economy 5,;[’6 if the following conditions are satisfied:

(i) Price positivity: py, 7, q > 0 for t > 0.

(i1) All markets clear:
Consumption good

Z(Ei,() + %1,1 — (1 — 5)(]2?170 + 6)) = 2me + Fo([(o) + f()
i=1

Z(éi,t + l;:i,tJrl —(1— 5)/21,15) = Ft(Kt) + &

=1

Physical capital

Ky, = Z(/;?z‘,o +€), K = Zz‘i,t-
=1 =1

Financial asset

m
E ;0 = g (a;—1 +e€), Qi1 = g Qg
— : : —
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— [o.¢]
(i1i) Optimal consumption plans: for each i, (EM, i1, di7t> s a solution of the
t=0

maximization problem of agent v with the feasible set C’iT’e(p, q,7).

(iv) Optimal production plan: for each t > 0, (K;) is a solution of the problem
(P(Pe,7t))-
Lemma 8. B “(p,q,7) # 0 and B (p,q,7) = C"(p,q,7).

Proof. We rewrite

B (9,4, 7) = { (o Kign ai)izg € RIT X RTT X RIF < ki air = 0,
0 < pole+ (L —=0)(kio+e€) +&(aiz—1 +€) —cip— ki)
+ 1o(kio + €) + qo(aiz—1 + € — azo) + 6'm
and for each 1 <¢ <T':
0<qa;—1+ fiftk’z‘,t + pe(&ai 1 + fz(l —0)kis)
0 < pe((1 = 8)kis + &aiv1 — iy — kigyr) + Tekiy + Gelais—1 — aiy) + 0'my.

Since €, k;o + €,a,,—1 + € > 0, we can choose ¢;o € (0,B,), ki1 € (0,By), and
a;o € (0, B,) such that

0< Po(e + (1 — 5)(]@70 + 6) + 50(ai,t71 —+ 6) — Cip — k‘i,l)
+ro(kio +€) + qolais—1 +€—ap) + 0'm,.

By induction, we see that B;(p,q,r) is not empty. ]

Remark 8.1. When e = 0, B *“(p,q,r) is empty when pg = ro = 0, pp = r1 = 0,
and a; _y = 0. That’s why we need to introduce EbT’E.

Lemma 9. B;(p,q,r) is lower semi-continuous correspondence on A. Ci(p,q,r) is
upper semi-continuous on A with compact convexr values.

Proof. Clearly, since B;(p, q,r) is non-empty and has open graph. O
We define ® := A x [[(C; x K; x A;) x K. An element z € ® is in the form z =
i=1

(z)t" where 2 = (p,q;r), zi = (¢, kiya;) for each i = 1,... ,m, and 2,11 = (K).
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We now define correspondences. First, we define g (for additional agent 0)

SOOH(CZ X’CZ‘ XAl) X’C—>2A
i=1
pol((z:)ih) = zzurg I?azi {Po( Z(Ci,o + kg — (1= 06)(kio + €) — me — Fy(Ko) — &))
Piq;r)& i=1
+ qo Z((llo a; —1 —€)+T0(K0—Z(l€lo+€))
i=1 i=1
T m
+ Zpt( Z(Ci,t + ki1 — (1= 0)kiy — F(K,) — ft)
t=1 i=1
T T-1 m
ZTt Kt Zkzt Z Zazt_azt 1}
t=0 =1 i=1
For each i = 1,...,m, we define
©; A 2C¢></Ci><./4i

T

vi((p,q,m)) = arg max {Zﬁfuz(czt)}
(cikirai)€Ci(pa,r) ~ g

For each i = m + 1, we define

Om41 A — 28
T
ei((p,q,7)) = arg max{ ZptFt(Kt) - Tth}-
(K)eK —0

Lemma 10. The correspondence p; is lower semi-continuous and non-empty, con-
vex, compact valued for each i =10,1,...,m+ 1.

Proof. This is a direct consequence of the Maximum Theorem. O]

According to the Kakutani Theorem, there exists (p,q,7, (¢, ki, a;)™,), K such
that

(Eq F) € wo((G, ki a;)iy) (62)
(Cis ki, ai) € 0i((D, G, 7)) (63)
(K) € om1((p, 4, 7)) (64)
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Denote
Xy = i(clo +kip— (1= 0)(kio +€) — Fo(Ko) — &) (65)
i=1
Xt = i(cw + ki,tJrl — (1 — 5)]@'7,5 — Ft(Kt)), t 2 1 (66)
i=1
Voo K-S kot V= K->k 121 (67)
i=1 =

Zy = Z(di,o —€—a;_1), Zi= Z(di,t — Qig-1), t>1. (68)
i—1

i=1

For every (p,q,r) € A, we have

T T-1 T
Z(pt tht+ZQt_QtZ Zrt—Tth<0 (69)
t=0 t=0 t=0

By summing the budget constraints over i, we get that, for each ¢,
pX, + qZ; + 7Y, < 0. (70)
As a consequence, we have, for every (p,q,r) € A,
peXe + @Zy + 1Y < pXy + G Z + 7Y, < 0. (71)

Therefore, we have X;, Z;,Y; < 0, which mean that

Zfi,o—f—];’i Z 10+E +F0<KO)+§O (72)
iczt—i—kzt+1< 1-96 i tZ]_
i=1 i=1
Ko <Y (kig +e), <Y ki (73)

=1 i=1
Z Z a1 +e), Z b g, t> 1 (74)
i=1 =1 i=1 =1

Lemma 11. p;, g, 7 >0 fort=0,...,T.
Proof. If p; = 0, we obtain that ¢;; = B. > n+ (1 — ) By + Fi(Bg) + &. Therefore,
we get ¢y + ki1 > (1 —6) f: ki; + Fy(K;), contradiction. As a result, p; > 0.

If 7, = 0, the optimality olf:(lf() implies that K; = By. However, we have k;; < By,
for every i,¢. Consequently, i ki; < mBy +n < Br = K;, contradiction to (73).

i=1
Therefore, we get 7, > 0.
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If ¢ = 0, we have a;; = B, for each i. Thus, ) a;; > mB, > 1+ B,. However,

=1

m m
we have > a;; < Y a; -1 +me=1+me <1+ B,, contradiction! O
=1 i=1

Lemma 12. X; =7, =Y, = 0.

Proof. Since prices are strictly positive and the utility functions are strictly increas-
ing, all budget constraints are binding. By summing budget constraints (over i) at
date t we have.

DX+ @+ 7Y = 0. (75)
By combining this with the fact that X;, Z;,Y; <0, we obtain X, = Z, =Y, =0. [
The optimalities of (¢;, a;, k;) and (K) are from (63) and (64).

8.1.2 When ¢ tends to zero

We have so far proved that for each €, = 1/n > 0, where n is interger number and
high enough, there exists an equilibrium, say

equi(n) = (p(n). @:(0). 7(n). (é4(n). Fiy(n). s (m))2y, Ko(m))

)
t=0

for the economy &, . Note that f(n) + G (n) 4+ 7+(n) = 1, we can assume that?!

(p(n), a(n), 7(n), (e:(n), kl(n),a;(n)iy, K (n))
5 (0,q. 7 (6, kv @), K.

Markets clearing conditions: By taking limit of market clearing conditions for
economy ng “we obtain market clearing conditions for the economy &7
Optimality of K,: Take K > 0. We have p;(n)F,(K) —7(n)K < p;(n)F,(K,(n)) —
7+(n)K(n). Let n tend to infinity, we obtain that p,Fy(K) — 7K < p,Fy(K;) — 7 K;.
Therefore, the optimality of K, is proved.

Lemma 13. If p, > 0, we have 7, > 0 for each t > 0.

Proof. Assume that 7, = 0. According to the optimality of K;, we have F,(K) <
F,(K) for every K > 0. Then K; = Bx > D,_;. However, according to market
clearing condition, we have

K1 < (1= 0)Ky + Fy(Ky) + &. (76)
As a consequence, K; < D,_;, contradiction. O
2n fact, since prices and allocations are bounded, there exists a subsequence (ny,na,...,) such

that equi(ns) converges. However, without loss of generality, we can assume that equi(n) converges.
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Corollary 5. We have ¢, + 7 > 0 for each t > 0.
Lemma 14. We have py + qo > 0.

Proof. 1f po + qo = 0, we get pg = 0, 7o = 1. According to the optimality of K, we
have K > K for every K > 0. Then, Ky = 0, contradiction. O

The following result is very important and allows us to pass to the limit when e
tends to zero. The economic intuition is that if agent ¢ has something on hand, i.e.,
a;—1 > 0 or k;y > 0, then the budget constraint of this agent is not empty.

Lemma 15. BY (p,q,7) # 0 if po+q > 0, @ +7; > 0 for each t > 0, and one of the
following condition is satisfied

1. Gy =0.
2. qo > 0 and Qj,—1 > 0.

Proof. In the case when gy = 0, we see that pg, 7o > 0. Since (k;o,a; 1) # (0,0), we
can use the same argument in Lemma 8 to prove that BiT(p, q,7) # 0.

If o > 0 and a; 1 > 0, we get a; 1 > 0. BY (p,q,T) # () is also proved by using
the same argument. O

Lemma 16. We have py, q;, 7 > 0.

Proof. Since > a; -3 =1 > 0, there exists an agent ¢ such that a; -y > 0. According
i=1
to Lemma 15, we have B/ (p,q,7) # (. We are going to prove the optimality of
allocation (¢, k;, a;).
Let (¢;, ks, a;) be a feasible allocation of the maximization problem of agent ¢ with
the feasible set C7 (p, g, 7). We have to prove that Z Blui(ciy) < Z Biui(Ciy).

Since B} (p,q,T) # 0, there exists (h),>o and (cz : kzh, al) € BT(p,q, 7) such that
(ch kP al) converges to (c;, ki, a;). We have

Dt (Czt + kz 441 —(1- 5)]{215) + ‘jta?t < Ftkzht + (@ + piéi)a ?t 1+ 0'm
0 < (G + Pebe)ai ey + f1 (7 + (1 = 0)pe)kiy.
Fix h. Let ng (ng depend on h) be high enough such that for every n > nq,
(ch Kkl ahy e P Y (p(n), q(n), 7(n)). Therefore, we have i Blu;(cly) < i}ﬁful(@t(n))
=

Let n tend to infinity, we obtain z Blui(cl,) < Z Biui ().
=0

Let h tend to infinity, we have Z Blui(ciy) < Z Biui(€;4). Tt means that we have
=0 =0

just proved the optimality of (¢;, k;, @;). )

We now prove p; > 0 for every t. Indeed, if p; = 0, the optimality of (¢;, k;, ;)
implies that ¢;; = B. > (1 — 0)K; + F,(K}) + &, contradiction.

Therefore, it is easy to prove that ¢ > 0,7, > 0. O]
Lemma 17. For each i, (¢, ki, a@;) is optimal.

Proof. By using the same argument in Lemma 16. [
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8.2 Existence of equilibrium for truncated unbounded econ-
omy

~ N\T
Proof of Lemma 3 . Let <ﬁt, G, Tt (Cits Kigr, Qig, )iy, Kt> be an equilibrium of
t=0

SbT. Note that k; 741 = a;p = 0 for every @ = 1,...,m. We can see that conditions
(i) and (ii) in Definition 10 are satisfied. We will show that conditions (iii) and (iv)
in Definition 10 are also satisfied.

For Condition (iii), let z; := (Cz‘,t7 Ki i1, ai,t)tho be a feasible plan of household <.

T T
Assume that Y Sfui(ci) > > Blu(¢;). For each v € (0, 1), we define z(y) :=
t=0 t=0

vzi + (1 —7)z;. By definition of &', we can choose 7 sufficiently close to 0 such that
zi(y) € C; X KC; x A;. Tt is clear that z;(7) is a feasible allocation.
By the concavity of the utility function, we have

T T T
D Bluileis(y)) = v Bluilei) + (1=9) Y Blui(e)
t=0 t=0 t=0

T
t=0

Contradiction to the optimality of Z;. So, we have shown that conditions (iii) in
Definition 10 is satisfied. A similar proof for conditions (iv) in Definition 10 permits
us to finish our proof. O

8.3 Existence of equilibrium for the infinite horizon economy

Proof of Theorem 1. We have shown that for each T > 1, there exists an equilib-
rium for the economy £7. We denote (p7, g7, 77, (¢l , kI, al)m,, KT) is an equilibrium
of T— truncated economy 7.

We can normalize by setting p! + ¢ + 7. =1 for every t < T. According to (6), we

see that

0<¢, K < D
Dy iy

)
&1 Py

m

T T _
—Q;; < a;, =1

)

Therefore, we can assume that

(ﬁTa (jTa fT? (ET %T dT)?ih KT)

oo, (p,q,7, (¢, ki,a;)my, K)  (for the product topology ).
It is easy to see that all markets clear, and at each date t, K is a solution of the

firm’s maximization problem. As in proof of the existence of equilibrium for bounded
T—truncated economy, we have
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(i) 7 > 0 if p, > 0.
(ii) 7 + g > 0 for each t > 0.
(ili) po + g > 0.
Lemma 18. We have p; > 0 for each t > 0.

Proof. There exists ¢ such that a; _; > 0. By using the same argument in Lemma
15, we see that B (p,q,7) # 0.
Let (¢iy kiya;) be a feasible alloation of the problem P;(p, g, 7). We have to prove

that Z Blui(ciy) < Z Blu;(¢;4). Note that, without loss of generality, we can only
con81der feasible allocatlons such that pr(c;r+kiri1 — (1 —0)kis) + Girair > 0. We
define (¢}, k7, 1, aj,){—, as follows:
Cit =kigr1 =a;y =0ift >T
ap, =g, ift <T —1,a;7 =0
Cp=cig, ift <T =1, ki =kigp, ift <T -1
PT(CZ,T + k;,T+1 — (1 =90)kit) =pr(cir + kirsr — (1 —0)kip) + Giraiy
We see that (¢, k7, a},){_, belongs to CF (p,q,7).
Since BT (p, q,7) # 0, there exists a sequence <(c§ft, ks azt)tT:())oo . € BX(p,q,T)

— — / / / T
with kl'z,, = 0, aj'y = 0, and this sequence converges to (¢}, ki, 1, a;,);—g when n

tends to infinity. We have
ﬁt(CZt + k3t+1 - (1= 5)k2t) + C.YtaZt < ftk;ft + (@ + ptgt)aZt—l + eiﬂt(ﬁm Tt)

We can chose sy high enough such that sy > T" and for every s > sg, we have

Dy (Czt + K} 1 -(1- 5)1421:) + qta’zt < Tfk%nt (q +ﬁf€t)a2t—1 + eiﬁt(ﬁfjf)-
T
It means that (¢, k7., aly)i_g € CT(p*, @, 7). Therefore, we get Y Blu;(c},) <
=0

s T 00
> Biui(c,). Let s tend to infinity, we obtain ) Sfu(c,) < > Biui(Ciy).
=0

t=0 t=0

T o0

Let n tend to infinity, we have ) Bju;(cj,) < 3 Bjui(c;y) for every T. As a conse-
=0 t=0

quence, we have: for every T

Zﬁuz C'Lt Si
t=0

[ee] [e.e]
Let T tend to infinity, we obtain Y Slu;(cit) < 3 Blui(Ciy).
t=0 t=0
Therefore, we have proved the optimality of (¢, k;, a;).
Prices py, q; are strictly positive since the utility function of agent ¢ is strictly
increasing. 7; > 0 is implied by p; > 0. O]
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Lemma 19. For each i, (¢, ki, a@;) is optimal.

Proof. Since py, g, 7 > 0 and (kig,a; 1) # (0,0), we get that B (p,7,q) # 0. By
using the same argument in Lemma 18, we can prove that (&, ks, @;) is optimal. [

]

8.4 Other formal proofs

Proof of Remark 3.2. Indeed, assume that there exists b < oo such that (8) and
(9) for every i. Denote A = F'(b), B = F(b). Since F(-) is increasing and concave,
we obtain F(x) < Az + B for every x > 0. Since definition of D;(Ky,&o,...,&), we
have

Dy(F,0,Ko,&,...,&) < (A+1—=8)""Ko+(A+1-8)"(B+&)+---+(B+E)

S(A+1—®”UQ+«B+@EQ@D§]A+1—&s

s=0

Since u; is concave, there exists a; > 0,b; > 0 such that u;(z) < a;x + b; for every
x > 0. Then

Zﬁfui(Dt(F76aK07§0a"'7€t Z (ath F(S KO)éO)"'vgt)—f_bi)’
t=0 =0

Case 1: A < 6 then Dy(F, 9, Ko, &, ..., &) < K,

with (8), (9), and (77) we obtain (7).

Case 2: A >, then

D(F,0,Ko,&,...,&) = (A+1—=8)""Ko+(A+1 -8 (B+&)+---+(B+E)
(A+1-9)H -1
A—9 )

Combining with (8), (9), and (77) we obtain (7). O

+ (t+1)(B+ mgtxfs). Combining

< (A+1-0)" Ko+ (B + max{¢})

Proof for Example 1. It is easy to see that all markets clear and the optimal
problem of firm is solved.

It is easy to see that all transversality conditions are satisfied. Therefore we have
to only check the optimality of household’s optimization problem by verifying the
FOCs (10, 11, 12).

FOCs of consumption n are hold because of the choices of multipliers.

FOCs of ap, with h € {i,j}. We have Mt _ B for every t > 1. Since
Hht

Qi1 +§ _ Mt

q =& for every t > 1, we have for every t > 1. At initial
1-p5 @ [ht
date, we have to prove that B _ w, ie.,
@ +&  pno
Hh,1
(1-p)="—
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FOC of ky, with h € {i, j}.

For t > 2, we have to prove that max Hit+1

- >
Py
Hh,t4+1 ’

= [ for every t > 1 and B(F'(0) +1—0) <1.

Hh,t
At date 1, we have to prove that

. This is true because

1> L (F0)+1-06) Vhe{i ).
Hh,0

Therefore, we have only to check the following system

1> L p0) +1-6) Vhe i)

Hh0
o . _ Hn1 .o
g(l ﬁ) ,uh,07 Vh € {27]}'
We have

pa wfa) _ p(FU)+ (= 0k + )
14,0 ui(a(F(Ko) + (1 — 6)Ko + &) 3 ’
Hir _ g uj(ag :ﬁ(F(Ko)‘i‘(l—(S)KO‘Ffo)”
F5,0 ui(a(F(Ko) + (1 —6) Ko+ &)) 3 '

Our system becomes

1> B(F(0) +1- 5)(F<K0) + (15— 5) Ko + 6"

(F(Ko)+(1—5)Ko+§o>" _Pl1-p
3 § B
Choose &, &, ko, qo to be satisfied this system. O

Proof for Proposition 2. Assume that there exists ¢ > 0,7 > 1 such that & >
Eeor. I (F'(0)+1—0)5; > 1 for every i = 1,...,m.
If Kips =0 forevery s=1,...,T, we have

Z cip = F(K)+(1-0)K, +¢&,
=1
Z Cit+s + Kt+s+1 - €t+s, Vs = 1, Ce ,T.

i=1

Therefore, we have

Z Cir > & > &yr > Z Cit+4T- (77)



40

Consequently, there exists i € {1,---,m} such that ¢;; > ¢; 44, hence wj(¢;tir) >
w;(ci+). As a consequence, we have that

T T, (.
( 1 ) > Hmax Bju (CJ t+s) > B U’/i(cz,t—l-T) > (@)T.
F/(O) —+ 1 — (C] t+s— 1) U’i<ci,t)
So 1> (F'(0) +1—9)p;, contradiction! O
F(K 1—-0)K,
Proof for Proposition 3 . Assume that 8;(F'(0)+1—0)u(&41) > ul( (o) + (1= )R + gt)
m
forevery i =1,...,m.
If Ki11 =0, the market clearing conditions imply that
Y e = F(K)+(1—0)K +§& (78)
i=1
Z Citt1+ Kiva = 1. (79)

i=1

F(K) + (1 - 0) K + &
m Y

Therefore, there exists i € {1,...,m} such that ¢;; >
F(K, 1-0)K
e < u(CEIH A= O+ &)

m
Moreover, FOC of K, implies that ;’;—E > F'(Ki41) = F'(0). FOC of k; 411 implies

1 A
that -—————— > max i1, Therefore, we get that
oy t1l—0 I Ryt
t+1
1 > max 5]“/ i(Cjet1) > Biuj(citi1) > Bivi (1) 7
F'(0)+1-¢6 i uf(cge) ul(ciy) u’-(F(Kt> + (1 —=90)K; + &)
‘ m

contradicting our assumption. O

Proof for Proposition 4. Market clearing conditions imply that

Zci,t + Ky = F(K)+1—-0)K+& (80)
i=1
Zci,tJrl + Kipo = F(Kpp1) + (1= 0) K1 + & (81)
i=1

Therefore, there exists ¢ € {1,...,m} such that mc;; + K;11 > &.

Moreover, we have

1 > Biu (Cz t+1) > 5iU§(F(Kt+1) + (1 - 5)Kt+1 + §t+1)
FIK1)+1—=0 = ul(cy) — ui(Ci) '
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This can be rewritten as
wi(cin) 2> (F'(Kigr) +1 = 0) By (F (K1) + (1= 0) Kypr + &41)
Hence, we have ¢;; < G;i(Ki11,&41), where G;(Ki41,&41) is defined by
W (Gi(Kigr, &41)) = (F'(Kig1) + 1 = 8) B (F (K1) + (1 = 0) Kygr + &)
As a result, we obtain
§ < K + mGi( Ky, §e41)
O

Proof of Proposition 8. We prepare the presentation of our no-bubble results
with the following result:

Lemma 20. (1) For each i, we define S;g = 1, S;; = % 1s the agent i’s
discount factor from initial period to period t. Then lim Sit(q—tait + fik; t+1) = 0.

Qi _ Sit
QO zto'

(2) If the borrowing constraints of agent i are not bmdmg fmm to tot then

Proof. (1) Use the similar argument in Theorem 2.1 in Kamihigashi (2002) or see
Le Van, Pham, and Vailakis (2014).
(2) See Le Van, Pham, and Vailakis (2014). O

We now prove Proposition 8.
(1) We firstly suppose that lim sup & < co. We always have

t—o00

7’t+1+1_(SS Q:

Pt+1 t+1

If F'(c0) > ¢ then for any ¢, py41 > = oy 2 F'(00) > 0. This implies ) ;° ) pr1 = +00.
From Proposition 6, there is no bubble on the physical asset market.

If F'(00) < 0, by Lemma 1, (K}) is bounded uniformly by some constant K, which
implies that there F'(K;) > F'(K). For any t, pi1 > ;ii > F'(K). This implies
Yoo Pre1 = Foo. From Proposition 6, there is no bubble on the physical asset mar-
ket.

= pry1+1—0.

We now suppose that limsup & = oo.

t—00
If ) = 1 then there is no physical bubble.

If 0 < 1. Assume that physical bubble exists, lim(l —6)!Q; = b > 0 which
implies that lim Q:; = %&)t Since Z Q& < 0o, we obtain that Z %t < 0.
However, it is easy to see that Z ) = o0 because lim sup & = oo, contradiction.

t—o00

Then there is no bubble on the physmal asset market.
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+00 too
(2) First, since li{n inf& > 0 and > Q& < oo, we have Y @ < co.
e t=1 =1

According to Lemma 1, we have ‘that (K%) is uniforml{ bounded. Hence, we
obtain that lim Qrk; 741 = 0 for any 7, and

T—+o0

ZFKtQt<ZF )Q; < 0.

We claim that we always have

Qrkirs1=1—-0+— s —)Qri1kiT+1- (82)
Pt+1

Indeed, the claim is trivially true if k; 741 = 0. If k741 > 0 then Kpyq > 0 and
Qr = (1 — 0+ “)Qryq (see Lemma 7).

pH—
For any agent ¢, we rewrite her/his budget constraint at date ¢ as follows

Qiciy + Qy zt+1+Qt Clm = Qt(ﬁ‘i‘l— )zt+Qt( +&)a - 1+‘9}7Qt

Dt Pt

By summing the budget constraints from ¢ equals 0 to ¢, and use (26), (82), we get

T T
ZQtCzt+QTk1T+1+QT_azT = (_O‘i‘l—(;)kz(]‘i‘(qo+£0)a1,1+912 tQt
=0 Pt

—0 Do

< (a1 0k + (D 4 Goai 1 + 6 ZF (K)Q
bo Do =0

< —Ho0.

According to the borrowing constraint of agent ¢ at date t, we have:

,
0< QT_C%T +ff(1—=0+ ptH VQr1kiri = QT azT + ['QrkiT
pr t+1

But
F'Qrkiri < Qrkiri
We then obtain
0< QT TazT + Qrkiri

Therefore, Y 2, Qic;y < +o00, and then lim Qrkiri1 + QTZ—;CLZ'j exists. Since

Thm Qrkir41 = 0, we have hm QT ‘JT alT ex1sts If there exists a bubble then
—+ —+o0

Thm a;p exists. This property holds for any 7. As a consequence, there exists ¢
—+00

such that lim a;7 > 0. For this agent, there exists 7' such that the borrowing

T—+o0
constraints will not bind for ¢ > T. We have from Lemma 20 that % = S—t, for any
T

t > T. We then have, by using Lemma 20

lim Qt azt Qr lim S,t azt—O

t——+o0 Sz T t——+o0 Dt

which is a contradiction. We conclude that there is no bubble on the financial asset
market. O
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Proof for Section 6.1. It is easy to see that all market clearing conditions are
satisfied.

Since r; = ay, the optimality of the production plan is satisfied.

We will verify the optimality of (¢;, ki, a;).

Let us consider FOCs

Tui(cip) = Mz’t (83)
1 (Cz t+1)

+ o; 84

18 e o
Qi (Cz t+1)

= + y; 85

Ge+1 +ft+1 wi(cit) ! (85)

Note that 0,4, v+ > 0 and 0, +k; ;11 = 0 and v;a;, = 0.
We rewrite as follows: for each i,

1 . 501‘,75
gl F1 =0 i

+ Oit (86)

&
qt _ /6 N ; (87)
Gey1 &1 G

We can compute that

ﬁUI(CFmH) Trot
— L =fF(1=6+r 88
u'(crat) ( 2t)7f21t+1 (88)
c
(ratt1 +1—9) Bera _ B2(1 =0+ ra)(1 — 6+ r2i41) ik (89)
CF2t+1 T2t4+1
BU/(CH Zt) Tot—1
— " = B(1 — 5+ oy 90
W (cpa—1) A 2-1) T2t 0
Bew -1 2 Tot—1
(T2t+1—(s) : :ﬁ (1—5+T2t_1)(1 —5+T2t) . (91)
CH 2t Trot
Since r; = a; such that 5(1 — ¢ + a;) < 1, all FOCs are satisfied.
We now check transversality conditions
1 Loy - . — [ t / - L, =
tll{& Biug(cip)kips tliglo Biui(cii)qrain = 0. (92)
It is clear that
B "y (cmar1)kpa =0 = tlgglo B (crat)guarar. (93)
We also have
/ / / /
B2tu/(cH o) = ' (crro) Bu'(cmar) Bu'(crze-1) o Bu'(cm2) Bu'(cmn)
’ S (cage-1) W (cH2t—2) u'(cpa) W(cwo)
SV SN TG AP e NS SRS { P Sy it S S
HO 2=l Trot 1—6+7"2t 1 ! 7'('21—5"—7“1
= U/(CH,othQtil SR UI(CH,O)/Bt~ (94)

T2t 2
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ﬁu’(CF,th) 5u/(CF,2t) o BU/(CF,:s) BU/(CF,Z)

52t+lu/(CF,2t+1) = U/(CF,l)

u'(cpar) w(cma)  W(cr2) W(cpn)
= B0 (era) B(1 = 04 1) 2 B0 = D)
£l 2 7T2t+11—(s—|—’f’2t 27T31—5—|-’f‘2
s s
= Bu(ep)B' == - = = B (ery). (95)
T2t+1 T3
Combining these equalities and (60), we obtain transversality conditions. O
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