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ABSTRACT

This article builds an axiomatization of inter-temporal trade-offs that makes an
explicit account of the distant future and therefore encompasses motives related to
sustainability, transmission to offsprings and altruism. The focus is on separable
representations and the approach is completed following a decision-theory index
based approach that is applied to utility streams. This enlightens the limits of the
commonly used tail intensity requesites for the evaluation of utility streams: in
this article, these are supersed and replaced by an axiomatic approach to optimal
myopia degrees that in its turn precedes the determination of optimal discount.
The overall approach is anchored in the new and explicit proof of a temporal
decomposition of the preference orders between the distant future and the close
future itself directly related to the determination of the optimal myopia degrees.
The argument is shown to provide a novel understanding of temporal biases with
the scope for a distant future bias when the finite dimensional gets influenced
by the infinite dimensional. The reference to robust orders and pessimism-like

axioms finally allows for determining tractable representations for the indexes.

Keyworps: Axiomatization, Myopia, Discount, Temporal Order Decomposi-

tions, Infinite Dimensional Topologies.
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I. INTRODUCTION

Even though the long-run concerns for sustainability, conservation and the well-
being of the future generations of offsprings nowadays go far beyond the limits of
the academic circles and promptly come into the fore into most public agendas, it is
not the least surprising that there seems to have been limited efforts towards a fine
understanding of the actual meaning of having an unbounded horizon or accounting
Jor the infinite. The first endeavor into the direction of an axiomatic approach to
the topic was brought by Brown & Lewis [10] and explicitly anchored on myopia:
it has nonetheless received the sparse echo that was due to what was perceived as
a mere mathematical curosity, ie, the identification of the weight of the infinite.
This nevertheless raises a number of questions that may not have hitherto received
sufficient attention. Is, together with most of the social welfare literature, an ar-
bitrarily large finite future a satisfactory proxy for an unbounded horizon? Does
the very fact of having some remote low orders tail for a stream of utils mean that
it is negligible in not exerting any influence for finite dates? More precisely, are
there some specificities attached to arbitrarily remote infinite horizon streams and
is it reasonable to compare these through the same apparatus that is used for the
finite parts of these streams? Otherwise stated, does order theory keep on being
the appropriate apparatus for such elements and, assuming this is the case, how is
it to be adaptated to simultaneously accomodate finite and infinite elements? Fi-
nally, a large part of the recent evaluation of streams of utils has been dealing with
the importance of time perception paradoxes and temporal distances that would mod-
ify over time and gives rise to various temporal biases: how does this relate to the
above concerns and is there any specificity that is associated to infinite dimensional
elements in this regard?

This article aims at pursuing such a line of research by building an axiomatization
of inter-temporal trade-offs that makes an explicit account of the distant future and
thus encompasses motives related to sustainability, transmission to offsprings and
altruism by avoiding often hidden myopic negligible tail insensitivity requesites.

The focus is on separable representations and the approach is completed following



a decision-theory index based approach that is applied to infinite dimension streams.
This enlightens the limits of the commonly used flat tail intensity requesites for the
evaluation of utility streams: in this article, these are supersed and replaced by an
axiomatic approach to optimal myopia degrees that in its turn precedes the deter-
mination of optimal discount. The benchmark order in this article indeed satisfies
weak myopia but does not satisfy strong myopia in the sense of Brown & Lewis [10],
the key methological approach of this article stating as a temporal decomposition of
the initial preferences order between a distant future order and a close future order.
A first part of the article, which provides the main results of the article, begins
by reconsidering the negligible tail conditions of the earlier literature. It is indeed
conceivable that, even though the value of the distant future sounds negligible, it
keeps on influencing the evaluation of utility streams. In order to reach a thorough
understanding of such a potentiality, supplementary structures have to be super-
imposed on the preferences order relation. In that perspective, this first section
introduces two new axioms allowing for a temporal decomposition of the initial order
between a distant future order and a close future order. The first distant future sensitiv-
ities axiom ensures that, for any two streams, one is always in position to compare
their distant futures. The key feature of such a comparison states as the fact that it
is invariant to change in only a finite number of values in these two streams'. The
second, close future sensitivities axiom, contemplates a comparison between the close
futures of two streams. Under this axiom, every given distant future is negligible
for the close future and, its influence on the evaluation of the streams—according
to the close future order—converging to zero for an arbitrarily large date. It is how-
ever to be stressed that such a convergence is not uniform, in the sense that its speed
explicitly depends on the nature of the stream that is used to provide an account
for the distant future.

Under such a system of axioms, it is shown that the evaluation of a utility stream
can be decomposed into a first component that accounts for distant future con-
cerns and a second component that accounts for close future ones. From the very

possibility of such a decomposition in turn arises a multiplicity problem for the

'Consider, e,g, the comparison between the liminf of the two sequences.



weights parameters associated with the distant future and close future components.
Depending upon the utility stream under consideration, there are various possible
choices for the weights that relate to the distant future and close future evaluations.
Two possible scenarios emerge and can be identified as featuring myopic and non-
myopic behaviours. The former depicts a behaviour where the distant future gain is
not sufficiently valued so that it cannot compensate the loss undergone in the close
future, the later representing an opposite behaviour. These weight parameters are
further shown to provide an account of optimal myopia degrees for the agent. As
a matter of illustration, having low optimal myopia degrees is to be understood as
having a large account of the remote future. To sum up, a decomposition into two
parts of the evaluation of utility streams has been put into evidence, with a first
that features the evaluation of the distant future while the second accounts for the
evaluation of the close future.

A natural direction of extension does emerge. It focuses on the potential role of
time by introducing time dependencies into the benchmark order. The time de-
pendent orders are first assumed not to be influenced by the past. At any given
date, the agent then completes the evaluation of a utility stream. This evaluation
consists of a recursive convex sum between the utility level at that date, and the eval-
uation at the subsequent date of the utility stream. Interestingly, a multitude of
choices are shown to be admissible for the weight parameters of this convex sum.
Present and future bias can then receive an original and integrated account. Some
behaviour shall be labelled as present biased when, according to the perception of a
given agent, the temporal distance between two successive dates it to decrease over
time. This more specifically means that the optimal discount factor is increasing
and this is shown to result from an specific axiom that further constrains the range
of admissible time-dependent orders. Admittedly, taking a reverse configuration
where the perception of the distance between two consecutive dates would become
greater over time could provide some account of a future bias that would however
be far less feasible. This article instead undertakes a separate approach of the issue
at stake through the retainment of an axiom that can provide an account of a dis-

tant future bias in the evaluation of a given utility stream. The currently introduced



distant future bias is to be understood on the account of the existence of some conti-
nuity between the time dependent orders and the distant future order. Otherwise
stated and under further qualifications, there does exist some direct influences of the
evaluation of an infinite distant future on the evaluations of some finite close future.
Interestingly, it is therefore established that some given order may concomitantly
have some present bias and distant future bias facets.

Another direction of extension explores robust or unanimous orders, a given utility
stream being robustly better than an alternative one if and only if such a comparison
is unanimous among a set of linear orders. These linear orders can be understood
as a set of possible evaluations and can be considered as special cases of the orders of
the first section: for each order in this set, the choice of optimal myopic parameters
is reduced to one. More precisely, each sub-order is shown to ground upon two
separate components: a first that belongs to the set of o—additive measures on IN
and a second part that belongs to the set of charges® and is labelled a purely finitely
additive set.

The third part of this article introduces some further concepts that relate to the
degree of optimism. Assuming that this degree of optimism does not decrease with
respect to some robustness comparisons, the order is proved to assume a so-called
a-maximin criterion, the evaluation of a given utility stream depending only on
its best and worst evaluations. Under the extra assumption that every sub-order
satisfies some impatience and consistency properties, the o—additive part of the sub-
orders satisfies the stationary property, i.e, the evaluation does not depend upon the
date of evaluation. The o—additive part of the sub-orders corresponds to an inter-
temporal sum of utilities, the sequence of discount factors belonging to ¢,. The
stationary property further implies that these discount factors assume a geometrical
representation.

A significant methodological added value of this article states as the remporal decom-
position of the benchmark order that is split between an infinite dimentional distant
future component and a finite dimensional close future one. This will in its turn

imply the possibility of formulating the preference index as a weighted sum of the

*For a detailed exposition, see Bhaskara Rao & Bhaskara Rao [8].



distant future index and the close future index, the associated weights being di-
rectly related to some optimal degree on myopia that is shown to be inherent to
the definition of the preference index. Second and more substantially: this early
decomposition is refined and strengthened by the subsequent focus on robust linear
orders that puts into evidence the scope for decomposing the weights put on the
future between a classical 0-additive measure and some new finitely additive mea-
sures that directly springs from the explicit consideration of infinite dimensional
objects. This in its turn allows for a subtle decomposition of the robust orders and
a precise description of a-minmax representations. The decomposition of the or-
ders assumes specific facets for time-dependent orders in that temporal biases may
result into some sort of continuity between finite time close future orders and in-
finite distant future orders. Far beyond the specifics of this contribution, it is the
conviction of the authors that such a methodological approach could be used and
would hence significantly facilitate the numerous areas where an order theoretic
approach is the hallmark of any serious answer to the problem at stake.

The article organizes as follows. Section 2 introduces the setup with the key ax-
ioms that are detailed, justified and shown to allow for a temporal decomposition of
the order. Section 3 introduces the possibility of time-dependencies for the orders
and emphasizes the possibility of temporal biases: even though it proceeds through
finite dimensions that presumably only invoke the close future order, it is shown
that there is an explicit scope for distant future biases for which a finite time temporal
order could be directly affected by the features of an order that involves an infi-
nite time, ie, the distant future one. Section 4 is an attempt to push results a lictle
further through a focus on robust linear orders: it results, under further lines of
arguments involving some weak forms of stationarity and pessimism / optimism,
into the possibility of explicit a-maxmin representations for the preferences in-
dexes. Section s is finally interested in establishing a careful comparison between
this article and the earlier literature. It is first therein shown that it relates to various
strands of the classical discount literature but also, in some different ways, to some
recent strands of the decision theory literature. In this regard, it is also emphasized

how it provides a renewed picture of the recent and important literature on tem-



poral biases. It is then also clarified how it relates to a sparse but important and
influential literature that provides some axomiatic approach to myopia. Finally, it
is argued that it provides the first axiomatic understanding of charges in a decision
theory context while such notions have already been shown to have the potential
to shed a new light is areas as diverse as general equilibrium theory, wariness, social

choice or price bubbles.

2. BAsIC AXIOMS AND BENCHMARK AXIOMS FOR THE

DECOMPOSITION OF PREFERENCES

2.1 FUNDAMENTALS

This paper considers an axiomatization approach to the evaluation of infinite utility
streams, the whole argument being cast for discrete time sequences. In order to
avoid confusion, letters like x, v,z will be used for sequences (of utils) with values
in IR ; a notation c1, ¢'1, ¢”1 will be used for constant sequences, where 1 denotes
(1,1,...,). A notation A, 1, p will also be used for constant scalars.

Recall that the dual space of £, , i.., the set of real sequences such that sup, |x,| <
+o0, can be decomposed into the direct sum of two subspaces, ¢, and 0% (0,) =
¢, &%, The subspace ¢, satisfies 0-additivity. The subspace €7, the disjoint comple-
ment of €, is the one of finitely additive measures defined on IN. More precisely,
for each measure ¢ € €f, for any x € €, the value of ¢ - x depends only on the
distant behaviour of x, and does not change if there only occurs a change in a finite
number of values x,, s € N.

Let & denote the set of weights and charges which can be considered as finitely

additive probabilistic measures on (IN,X). & is the set of ((1 -Nw, Xc[)) where
(i) A€ [o,1].
(i) @=(wy, w;,...) €€, with ws>o foreverys€e Nand ) 2w, = 1.

(iii) ¢ is a charge belonging to 4. The charge ¢ can be considered as a purely
finitely additive measure on IN: for every finite subset A CIN, ¢p(A) =o.



(iv) The two functions: x — Y 22 w,x, and x > ¢ - x are linear and continuous
on {,,. For every x,p € {,, assume that there exists only a finite number of s

such that x; =y, then p-x = - p.

Finally recall that the measure (w, ¢) is countably additive if and only if A = o.

2.2 ELEMENTARY AX1O0MS & CONSTRUCTION OF THE INDEX FUNCTION
The following axiom is imposed for the order > on €.
Axiom Fr. The order > satisfies the following properties:

(i) Completeness For every x,y € €, either x > y or y > x.

(ii) Transitivity For every x,9,z € {u, if x = y and y > z, then x > z. Denote as

x ~p the case x > v and y > x. Denote as x > y the case x >y and vy # x.
(iii) Monotonicity If x,y € €., and x; > y; for every s € N, then x > y.
(iv) Non-triviality There exist x,y € s, such that x > y.
(v) Archimedeanity For x € {, and b1 > x > b'1, there are A, p € [0, 1] such that

(1=A)bL+ A1 >xand x> (1 —pu)b1 +pb’1.

(vi) Weak convexity For every x,9,b1 € {,,, and X €]o, 1],

x>y (1-A)x+Ab1 > (1 -A)y+ Abl.

All of the properties (i), (ii), (iii) and (iv) are standardly used in decision theory.
The Archimedeanity property (v) ensures that the order is continuous in the sup-
norm topology of €. The eventual Weak convexity property (vi) is admittedly less
immediate. It is referred to as certainty independence in the decision theory litera-
ture and ensures that direction 1 is comparison neutral: following that direction, the
comparison between two sequences does not change. This is made precise in the

following statement:

ProprosITION 2.1. Assume that axiom F1 is satisﬁed. There exists an index func[ion
I:l, — R representing > and satisfying completeness, positive homogeneity and

constant additivity properties:



(i) For every x,v € Loy, any X >0, x > v if and only if Ax > Ay.

(ii) For every x,y € €y, a constant b € R, x >y if and only if x + b1 >y + b1.
(iii) For x € o, A > o, I(Ax) = AM(x).
(iv) For x € s, constant b € R, I(x + b1) = I(x) + b.

The results in Proposition 2.1 can be compared to the conclusions reached in Gilboa
& Schmeidler [20], and Ghirardato & al [19]. This article however considers the
total space €, as opposed to the space of simple acts— —these are equivalent to
sequences in €., which take a finite number of values. The order is homogeneous
of degree 1 and constantly additive, a property which means that the direction 1 is

COWlpdTiSOYl neutral.

2.3 A DECOMPOSITION OF PREFERENCES BETWEEN THE CLOSE FUTURE AND

THE DISTANT FUTURE
2.3.1 NON-NEGLIGIBLE TAIL AND THE EFFECT OF THE DISTANT FUTURE

Foreveryxe{,and o <T< T/, let

X[T,1'1 = (X7, XT 41,000 XT7),
X[T+1,00[ = (XT41, XT42s---)
Lty = (0,0,...,0,1,0,0,...).

————
T times

In the literature, the notions of impatience’ or delay aversion* can generally be under-
stood through the convergence to zero of 1yyy as T tends to infinity. It is however
worth emphasizing that such a property does not per se imply the convergence to
zero of the effect of the distant future sequence 17 .. More generally, it is com-
monly assumed in the literature that the value of the distant future converges to
zero when T converges to infinity. In the current framework and under Proposi-

tion 2.1, this means that I(oILT, (—II[TJrLOO[)) and I(oIL[O,T], ]]-[T+1,oo[) are to converge

3See Koopmans [23].
4See Bastianello & Chateauneuf [4].



to zero when T tends to infinity®. To check about such a possibility in the current

environment, it is first useful to introduce the two following coefficients®:

Xa = 1im 1(0Zjo1), Lras,cof )

Xc=— lim I(OHTI(_H[T'*‘L‘X’[))

T—oco

=1 - Jim I(17, 017, oof )

T—ooco

The two values x; and x,. will be considered extensively in this article and play an

important role in the definition of the myopia degrees.

PROPOSITION 2.2. Assume that axiom F1 is satisfied. Suppose that x. = x4 = 0. Then
for any constants c,d € R,

lim I(CH[O,T],dl[T+1’m[) =C.

T—oo
The condition x4 = x. = o is similar to the usual negligible-tail or tail-insensitivity
conditions. Under this condition, a natural conjecture formulates as the holding,
for any x,z € €, of

lim I(x[o,T]rZ[T+1,oo[) = I(x).

T—oco

The following counter example however suggests that, even though the valuation
of the distant future could be nil”, it could keep on exerting some influence on
the evaluation of the sequences, the index function form being thereafter more

complicate than the above guess.

ExampLe 2.1. Consider two probability measures belonging to €,, w and &, satisfying

w # @. Consider also a finitely additive measure ¢ € €. Define the index function I as:

I(x) = max{@ - X, min {Q X, P x}}

3Observe that these two properties are not equivalent.
From the monotonicity property Fi(ii), I(oIL[O’T], ]l[TJrLOO[) and 1 —I(]lT, o]l[TJrLOO[) are decreas-
ing as a function of T, these limits being well-defined.

71t can be proved that limT_,, I(o]l[o,T],z[TH,Jroo[) = o for any z € {y,.



It is readily checked that 1 satisfies all of the properties listed in Axiom F1. Further observe

that, for any T,
- (O]l[oT [T+1 oo[ Z Ws,
s=T+1
OF (Oﬂ[oT [T+1 oo[ Z s,
s=T+1

(l) . (Oﬂ[o,T]f ]]'[T+1,00[) =1
This implies that, for large enough values of T,
w- (oﬂ[o,T], ]]-[T+1,oo[) <1=¢- (oIL[O,T], ]]-[T+1,oo[)-

Therefore:

I(o]l[O,T],IL[TH,OO[):maX{ Z (I)S, Z (1)5},

s=T+1 s=T+1

that converges to zero. Making use of the same arguments,

lim I(Oﬂ[o T~ 1[T+1 Oo[) = 0.

T—co

There however exist x,z € £y, such that limt_, ., I(x[o,T],Z[TH,OO[) # 1(x). Indeed, since

@ and w are distinct and both belong to €y, there exists x € €y, such that:
O x<w-x<P-x.
Take z satisfying
O x<P-z<w-x<P-x.
Forany T, ¢ - (x[O,T],z[TH,OO[) = ¢ -z, it derives that:
Tlggol(x[o,T];Z[Tﬂ,oo[) = IE}; max{ (x[o T) 2 [T+1,<>o[)’
mm{ (X[o T}, 2 [T+1,oo[)’ ¢- Z}}
= max{g‘g-x,min{gg "X, ¢ - z}}
= ¢z,
that differs from I(x) =

This suggests the need for a further understanding of the problem at stake that

should be apprehended through complementary structures.

I0



2.3.2 DISTANT FUTURE ORDER

The following axiom assumes that there exists an evaluation of the distant future which

is independent from the past— —the close future.
Axiom Gr. For any x € £, and any constant d € R, either, for any € > o and z € £,
there exists T, (€, z) such that, for every T > T, (e, 2):

(Z[O,T]JX[T-H,OO[) z (Z[o,T]l d]l[T+1,oo[) —€l,

or, for any € > o, z € £, there exists T, (¢, z) such that, for every T > T, (¢, 2):
Y 00 o Yy o

(20,7 AT T 1,000 ) + €1 = (20,7} X[T-41,00( )

For any sequence x and a constant sequence d 1, the sequence x will either overtake
the sequence (d — €)1 or be overtaken by the sequence (d + €)1, and this is going to
take place independently from the past— —the close future. Otherwise stated, either
x dominates in the distant future, or 41 dominates in the distant future. This distant
future sentitivities axiom contradicts the usual negligible-tail or tail-insensitivity axioms

in the literature.

ExampLE 2.2. Take, e.g., a binary relation = on €y, defined as: for some o < X < 1,

0<d<1,xx=yif:

(1-A)(1-29) Zétxt + Miminfx, > (1= V)(1 -9) Zétyt +Aliminfy,.
t=o0

t=0
For any x € (o, d € R, € > o, either liminf, ., x, >d —¢, ord +e>liminf, ., x; for
any € > o. Consider, for example, the case liminf; ., x; > d. For any € > o, take T,(€)

large enough such that, for any T > T, (€),

- €
(1-A)(1-29) Zétlxtl <A
t=T

(1-N)(1-0) ) &ld—el< A
=T 2
Therefore, and for any T > T, (€),

Mitminfxt > Ad — Ae+ Ae

>AMd—-€)—(1—=A)(1-9) iétxt +(1=A)(1-9) iét(d —€),
t=T t=T

1T



which implies

T-1 1)
(1=A)(1-09) 6tzt+(1—A)(1—6)th+kliminfxt
= =T t—o00
T-1

gk

>(1-M)(1-98) ) &z +(1-X)(1-9)

t=o0 t

(d—e)+Ad—e),

Il
—

and is equivalent t0 (25,21, ..., 27, XT41,XT42,---) = (20,215, 21,d —€,d —€,...).

The order in the above example satisfies axiom G1. Further observe that x; = X and
Xc = 1 — X are therein positive, whence the obtention of a critical time T, (e) that

solely depends on € and can be defined independently from z.

LemMA 2.1. Assume that axioms F1 and G1 are satisfied. For any x,y € L, either, for

any € > 0 and z € L, there exists T, (€, z) such that, for every T > T, (€, z):

(Z[o,T]’x[Tﬂ,oo[) z (Z[O,T]'y["ﬁ—l,oo[) —€l,

or, for any € > o, z € Ly, there exists Ty(€, z) such that, for every T > T(e, z):

(Z[O,T]’y[T+1,oo[) z (Z[O,T]lx[T+1,oo[) —el.

From Lemma 2.1, for x,y € €, , define x >, v if, for any € > 0 and z € £, there

exists Ty (€, z) such that, for every T > T, (e, z):

(Z[o,T]:x[T+1,oo[) > (Z[o,T]:}’[Tﬂ,oo[) —el.

Proposition 2.3 proves that it suffices for one of the two values x; and x, to differ
from zero for the order > to satisty every property of axiom F1. This in its turn
assumes as its most immediate consequence that there also exists an index function

satisfying any of the properties listed in Proposition 2.1.
PROPOSITION 2.3. Assume that axioms F1 and G1 are satisfied.
(i) The order >4 is complete.

(ii) If at least one of the two values x4, x. differs from zero, the order >4 is non-trivial

and satisfies every property in axiom F1.

I2



(iti) If at least one of the two values x4 and x. differs from zero, there exists an in-
dex function 1 : €, — R representing the distant future that satisfies the positive

homogeneity and constant additivity properties of Proposition 2.1.
The main properties of the distant future order >, are presented in Proposition 2.4.
PROPOSITION 2.4. Assume that axioms F1 and G1 are satisfied.
(i) For any x,z € Ly, for every T €N, Id(z[oyT],x[Tﬂ,m[) =1I,(x).

(i) For any constants c,d € R such that c < d,

lim I(CH[O’T],dIL[T+1’OO[) = (1 - Xd)C + de.

T—oo
(iii) For x € Ly, if the sequence x converges, then 15(x) = lim_,, XT.

(iv) Consider x € Ly, such that the sequence x converges. For any y € o, 1y(x +p) =

Li(x) + ().

Otherwise stated and from (i), the value of the index function does not depend upon
the past— —the close future. Further and from (ii), a simple decomposition becomes
available when the sequence assumes constant values for both the close future and
the distant future. As this is made clear in (iii), the evaluation of a given sequence x
according to I is in its turn provided by the limit of that sequence when the later
is well-defined. Finally and in (iv), the index function satisfies some form of the

constant additivity property.

2.3.3 CLOSE FUTURE ORDER

Recall however that example 2.1 has established that the sole distant future sensitivities
axiom G1 does not suffice to disentangle the distant future from the past— —-
the close future. In order to enable such a decomposition, consider the close future

sensitivities axiom Gz, that is to be understood as the complement of axiom GI.

Axiom G2. For any x € €, a constant ¢ € R, either, for any € > 0 and z € £, there

exists T, (€, z) such that, for every T > T, (e, z),

(x[o,T]'Z[Tﬂ,oo[) = (Cﬂ[o,T]: Z[T+1,o<,[) —€l,
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or, for any € > o, z € £, there exists T, (€, z) such that, for every T > T, (¢, z),

(C]l[O,T]’Z[T-f—l,OO[) +el > (x[o,T]: Z[T+1,oo[)-

This assumption reads as follows: for any sequence x and a constant sequence d1,
either the sequence x will overtake the sequence (c—¢)1 or it will be dominated by
the sequence (c+e€)1, both of these occurrences being defined whatever the distant

future. Otherwise stated, either x or 41 dominates in the close future.

Exampte 2.3. Consider the order defined in Example 2.1, x > vy if and only if
(1—mu—&§:&@+xnpnﬁ@z(yawu—&218%+xhpﬂﬁ%.
t=0 t=0

Counsider the case

(1—&21&&2&
t=o0

For any € > o, any z € L, take Ty(€) such that for any T > T,(e),

t=o t=o
But
T-—1 T
(1 6)Z Xp+(1-0 Zétzt 1-0 Zét( 1- Zétzt,
t=T+1 t=0 t=T+1
that implies
T
(1—-M)(1 6)26 xp+(1—-A)(1 -9 Z 6tzt+Ahm1nfzt
t=T+1
T
> (1-M\)(1-9) Zét(c—e) 1-A)(1— Z &z + Ahmmfzt,
t=0 t=T+1

or

(X Xqseees XTyZT41,ZT4nr-++) Z(C—€,C— €y C— €,2T 11, ZT42r---)-

T+1 times

Again observe that, in this configuration, x; = A and x, = 1 — X are both strictly

smaller than 1, hence the critical time T,(€) can be defined independently from z.
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Usual conditions in the literature assume that the effect of the distant future con-
verges to zero— —eg., the Continuity at infinity of Chambers & Echenique [14],
or the axioms ensuring insensitivity to the distant future, or some sort of flar tail
for the distribution. Remark that, in opposition to this, the close future sensitivities
Axiom G2 merely assumes that the distant future does not alter the evaluation of

the close future.

LEMMA 2.2. Assume that axioms F1 and G2 are satisfied. For any x,y € Cy,, either, for

any € >0, z €, there exists Ty (€, z) such that, for every T > T, (€, 2),

(x[ofT]'Z[Tﬂ,oo[) z (y[o,T]: Z[T+1,oo[) —€l,

or, for any € > 0, z € Ly, there exists T, (€, z) such that, for T > T, (e, z),

(900,) 241,000 ) = (X0, ) Z{T1,00( ) — €1

From Lemma 2.2, the close order >, can be defined as follows: for x,y € £, x >, v

if, for any € > o, z € €, there exists T, (¢, z) such that, for every T > T, (¢, z),

(x[o,T]rz[T+1,oo[) > (y[o,T]: Z[T+1,oo[) —el.
PROPOSITION 2.5. Assume that axioms F1 and G2 are satigﬁed.

(i) The close order =, is complete.

(i1) If at least one of two values x4, . differs from 1, then the order > is non-trivial and

satisﬁes every property in axiom FL.

(iii) If at least one of two values x4, X, differs from 1, then there exists an index function
for the close future 1. : €, — R satisfying the positive homogeneity and constant

additivity properties of Proposition 2.1.

The following Proposition then provides another simple decomposition for con-
stant sequences and between the close and the distant futures. It moreover proves
that the close future order recovers the usual tail-insensitivity property, the corre-

sponding distant future order of >, being indeed trivial.

PROPOSITION 2.6. Assume that axioms F1 and G2 are satigﬁed. Suppose that at least one

ofthe two values Xd» Xc 1S dijfkrentfrom 1.
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(i) For every constants c,d € R such that ¢ > d,

im 1(cTo,1), A1 {11,000 ) = (1 = Xe) + Xed.

T—ooco

(ii) For any x,v € L,
111_1};0 IC(X[O’T]Iy[T+1,oo[) = I (x).

The following preparation lemma finally provides a useful clarification of the bound-

ary cases for which x; = x. =0, or x4 = x, = 1.

LeMMA 2.3. Assume that axiom F1 is satisfied. Fix two different measures in €, w and

@, and two different measures in €3, & and .

(i) There exists a complete order > satisfying axiom G such that the order >, is non
trivial and satisfies every property of axiom F1, and x4 = x. = o. It is represented by

the following index function:
I(x) = max{@ - X, min {Q X, P x}}

(i) There exists a complete order > satisfying axiom G2 such that the order > is non
trivial and satisﬁes every property of axiom F1, and x3 = x. = 1. It is represented by

the following index function:
I(x) = max{c[A) : x,min{gg-x,(l) . x}}
(iii) By adding axioms G1 and G2 for the order >:

a) If Xq = Xc = o, then the order > is trivial: for any x,9 € {, X ~4 V.

b) If xa = xc = 1, then the order > is trivial: for any x,y € {, x ~, V.

From Lemma 2.3, the two axioms G1 and G2 are therefore not equivalent.

2.3.4 A DECOMPOSITION BETWEEN THE DISTANT AND CLOSE FUTURE ORDERS

From the previous developments and under axioms F1 and G1, G2, it may be sur-
mised that there is some strong potential for the index function I to restate as a

convex sum of the two index functions I; and I, eg,
I(x) = (1 = x")Le(x) + X La(x),
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for some value x* € [0,1]. Observe that if the chosen parameter x* does not change

over time, such a decomposition implies that:

lim I(]]‘[O,T]l O]l[T+1,oo[) + %EI;OI(OE[O’T]’ ]l[T-f-l,oo[) =1,

T—oco

which is equivalent to x, = x4, and therefore x* = x4 = x.. Observe however that,
under axioms Frand G1, G2, the holding of such an equality cannot be guaranteed.
This also indicates that, when x; # x, the decomposition parameter must change
as a function of the sequence x.

The configuration

im I(O]l[o’T], ]l[T+1,oo[) <1,

—>00

lim 1(1 (6,79, 01 T4 1,00) + 1

T

which is equivalent to x; < x, can first be understood as a pessimistic, or a very
myopia-bending situation. Otherwise stated, the value brought the distant future is
not sufhiciently large to compensate the loss that is incurred in the close future.

Likewise, the configuration

im I(Oﬂ[O’T], 1[T+1,oo[) >1,

—00

lim 1(1 (6,79, 01 (T4 1,00) + 1

T—co
which is equivalent to x; > x., can be understood as a optimistic, or a non very
myopia-bending situation. The gain in the distant future is valued more than the
lost that is incurred in the close future.

The following theorem, which is one of the main results of this article, will prove
that there exists a multiplicity of possible myopia degrees. This theorem also clarifies
how it is the choice of the optimal myopia degree x that determines an optimal share

between the close future and the distant future indexes.
THEOREM 2.1. Assume that axioms F1 and G1, G2 are satisfied.
(i) For x4 < X, let X =Xd, X = Xc. Forany x € loo,

1) = min (1= Ole(x) + xLa()]

ii) For x4 > ¢, let x = X, X = x4. For any x € {,
X 4

1) = max [ (1 = X)1e(®) + xLa()]
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The Minimum operator in part (i) represents a configuration where the evaluation
the distant future is lower than the one of the close future. The Maximum operator
part (i) represents an opposite occurrence.

Lastly, it may be wondered why an a—maximin decomposition between the close
future and the distant future indexes is not also available. The following corollary
proves that such an a—maximin behaviour just features another version of the max

and min operators.

CoRroLLARY 1. Assume that axioms F1 and G1, G2 are satisfied. For any o« € [o,1],

consider the index function of the a—maximin criterion

Io(x) = & min [ (1 = x)Te(x) + XIa ()] + (1 — @) max [ (1 = )T (x) + xTa(x)|
KSXSX XSXSX

There exists o < Xy S Xo < 1 such that one of the two following assertions is true:

(i) Forany x € Ly,

Io(x)= min [(1-x)L(x)+xI4(x)]

X, SX<Xa

(ii) For any x € €,

To(x) = max [(1 = x0)Te(x) + xIg(x)]

X, SX<Xa

2.4 'THE cAasSE OF THE {,,(a) SPACES

A limit of the previous argument however springs from its focus on bounded se-
quences. This section will however illustrate how it can straightforwardly be ex-

tended to deal with unbounded sequences. For a > 1, define

<son

The space £, is thus the space corresponding to a = 1. For each a, define ||x[l,_,) =

Xs

aS

loo(a) = {x = (Xg X1, X5,..,Xs,...) such that sup
S

sup, |xs/a’|. The coefhicient a can be understood as an actualization rate, and €., (a)

as the associated set of feasible sequences.8

8For the sake of simplicity, this article works on the case discount rate is constant. The same

arguments and results can be applied for more general spaces € (1,44, a,,...,) with a5 > o for any s
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Consider the actualization function 1, : € (a) — o

For a given discount rate a, the economic agents make comparisons between ac-
tualised sequences, which belong to £,,.

Along Dolmas [15], the isomorphism 1, preserves the natural pre-order: if x; > y;
for any s, then {,(x) > P,(y). In addition to this, it preserves the norm: for any
x € Loo(a). [[$a)]], =1l (o)

This article then considers a family of complete orders =* defined on €., (a), which

are preserved by the functions {,: for any €., (a), and for any x, € ., (a),

x ="y if any only if Py(x) =" P,(v).
The axiom F2 links the orders >* on £, (a) and the usual order > on £..

Axiom F2. The =" —orders satisfy:

For any space €., (a), for any x,y € {,(a), x =" y if and only if

Xy X5 Xs > Vi Yo Ys
Xo» Y i = }/O,;,a—z,...,—s,... .

a a a a

Under axiom F2, the order >” has the same properties as the order >, with the mere

ualification the reference direction becomes in lieu of 1.
qualification the refe direction b 1% in lieu of 1

ProposITION 2.7. Let 1% = (1,a,a>,...,a°,...). Assume that axioms F1 and F2 are

satisfied.

(i) The orders = satisfy the transitivity, monotonicity, and non-triviality properties

in axiom FI.
(ii) €oo(a) - weak convexity: For any x,y € €o,(a) and a constant b € R, X € [0, 1],

x =%y if and only if (1 = X)x + Ab1" =% (1 — )y + AbL".

and the norm is defined as:

Xs

||x||€oo(11a11a21"') = Sup
520

a1a2...as :
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(iii) €o(a) - Archimedeanity: For any x € £ (a), if b1% > x > b'1%, then there exists

A\ € o, 1] such that

((1=2)b+AD")1% > x > ((1 = )b + pb’)1°.

(iv) There exists an index function 1° : € (a) — R such that:
a) For any x,y € {y,(a),
x =%y if and only if 1(x) > I*(yp).
b) For any X > o, x € {,(a) and a constant b,
I°(Ax+b1%) = AT(x) + b.

Under axioms G1and G2, using the same methods as in the previous sections, there
exist a distance future order >4 and a close future order >¢ which are respectively
represented by index functions I} and I} satistying every property in Proposition
2.7.

For any £, (a) space,

X§ = lim I“( o,o,...,o,aT“,aT“,...),

T—)OO —
T+1 times

Xt = 1—Tlim I“(l,a,az,...,aT,o,o,...),
—00

where x§, x¢ are two critical values.?

THEOREM 2.2. Assume that axioms F1, F2, and GI, G2 are satisfied.
(i) Consider the case xjj < x¢. Let X" = x§, X" = x¢. For any x € (a),

I*(x)= min [(1 —x)Ig(x) + XIZ(X)].
X'<x<X

(ii) Consider the case x§ > x¢. Let x* = x¢, X" = x§. For any x € {o(a),

I"(x) = max_ [(1 — )T (x) + xlg(x)].
X' <x<X

9These two values exists, thanks to the monotonicity property of the >* orders.
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3. TIME-DEPENDENT ORDERS AND PREFERENCE BIASES

A natural direction of extension does emerge. It focuses on the potential role of
time by introducing time dependencies into the benchmark order and illustrates

how this may provide some renewed picture of the much discussed temporal biases.

3.1 'TIME-DEPENDENT ORDERS

Axiom Br. Consider T > 1, x € £, and a constant ¢ € R.
Either for any € > o, 2,2’ € €, there exists T,(e,z,z") > T such that for any T” >

T (e z,2'):

(Z[o,T—llrx[T,T’J'ZfT'ﬂ,oo[) = (Z[orT—ll' clirry ZfT’+1,oo[) —el,

or, for any € > o, z,z” € {,,, there exists Ty(¢,2,2z’) > T such that, for any T" >

T, (¢, 2,2'):

(20,71} (1,17} ZfT'ﬂ,oo[) +el = (Z[O,T—il’x[T,T’]’ ZfT'ﬂ,oo[)-

This axiom contemplates a variation of the classical limited independence condition
of Koopmans [23] where the close future evaluation of some date T does neither
depend on the past nor on the distant future. Either the sequence x[r ;o[ domi-
nates the constant sequence independently from the beginning and the tail of the
sequences, or it is dominated by the constant sequence independently from the

beginning and the tail of the sequences.

LemMma 3.1. Consider axioms F1, G1, G2, and Br. Consider T > 1, x € {,. For any

constant c, either, for any z € €

(Z[O,T—1],X[T,oo[) Zc (Z[o,T—1]’ C]l[T,oo[);

or, for any z € Cy,:

(Z[O,T—l]'C]l[T,OO[) Zc (Z[O,T—l]lx[T,oo[)'
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With Lemma 3.1, the analysis of temporal biases rests upon the one of the properties

of the future order >.. Define

Xi = IC(O]l[o,T—l]r ]l[T,oo[)l

Under axiom Br, the close future evaluation after some date T can be represented
by the order >1 and the index function Ir, satisfying every property of Proposition

2.1.

ProposiTION 3.1. Consider axioms F1, G1, G2 and BL

(i) For every T > 1, there exists a complete order =1 on €, such that, for any x,y € ly,,

x =1 v if and only if for any z,,z,,...,21_,,
(Z[O,T—l]lx) Zc (Z[O,T—l]’y)'

(i) The order >t satisfies the transitivity, monotonicity and weak convexity prop-

erties in axiom F1.

(iii) If at least one of the two values x} and x! differs from zero, then the order >y

satisfies the non-triviality and Archimedeanity properties in axiom Fr.

(iv) If at least one of the two values X; and X} differs from zero, then there exists an index
function of the T—order, It : €., — R, such that x =1 v if and only if It (x) > It(y)

satisfies:
a) Ip(Ax) = Alp(x), for every A > o.
b) Ip(x+cl)=1Ip(x)+c.
In the same way as in Section 2, the following lemma characterizes a configuration

under which the order >1 becomes trivial: for any x € £, the evaluation of x at T

merely depends on the past before T and the distant future of x.

LemMa 3.2. Consider axioms F1, G1, G2 and Br. Suppose that there exists T, such that
T, T, . L
Xg =X =0 then,for any T > T, the order > is trivial and x ~t yfor any x,9 € {q,.

Also note thal,for every T' > T, the order > would then be similarly trivial.

22



ProposiTiON 3.2. Consider axioms F1, G1, G2 and B1. Suppose that, for any T, at least

one of the two values X;; x& is different from zero. Then, and for every T > o,
(i) Let x; <xk and define o = x} et or = x2. For any x € Ly,

IT(X[T,OO[) = _6:2;2& [(1 —0)xy + 0l (x[T+1,oo[)]'

(ii) Let x; > xXand define 5 = xL et 61 = X;- For any x € {:

IT(x[T,oo[) = ;E;%T [(1 —0)xt + 0l 4 (x[T+1,oo[)]'
Ors0=

At any given date, the evaluation of a utility stream consists of a recursive convex sum
between the utility level at that date, and the evaluation at the subsequent date of
the utility stream. Interestingly, a multitude of choices are shown to be admissible
for the weight parameters of this convex sum. The min solution here represents a
configuration where the value of the future beyond some date T is not large enough
to compensate the lost that is incurred in present, the max solution representing the
opposite occurrence.
3.2 TEMPORAL DISTANCES, PRESENT Bias AND DisTaANT FUTURE Bias
3.2.1 TEMPORAL DISTANCES & PRESENT Bias
Axiom Bz. For any T > 1, constant ¢ € R,

(i) If there exists T, such that, for any T’ > T,

(O]l[o,T]: 1[T+1,T'],01[T'+1,oo[) z (O]l[o,T—l]lCﬂ[T,T']IO]l[T'+1,oo[);

then there exists T, such that, for any T’ > T},
(OH[O,T+1]1 H[T+2,T’]:O]1[T’+1,oo[) > (O]l[o,T]rC]l[T+1,T']JOﬂ[T'+1,oo[)-
(ii) If there exists T, such that, for any T > Ty,

(]l[o,T—l];C]l[T,T'],Oﬂ[T'H,oo[) z (]1[0,T], 011[T+1,oo[),

then there exists T, such that, for any T’ > T},
(l[o,T]lCH[T+1,T’]101[T’+1,00[) > (ﬂ[o,T+1]rol[T+2,oo[)-
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The supremum—the greatest of the minorants—of the values of the parameter c¢ in
part (i) and the infimum—the smallest of the majorants—of the values of the pa-
rameter c¢ in part (i) can both be used to figure out the perception of the temporal
distance between date T and date T + 1. These extremum values are evaluated using
the perception at date T of the two sequences (o, 1) and (1,01). Axiom B2 means
that this temporal distance is decreasing as a function of T. Another intuition for-
mulates as follows: the evaluation of the sequences (o,1) and (o, (—1))—these are
determinant in the formulations of the index functions—at time T + 1 is influenced
by the evaluation at the time T.

The following lemma provides a straigthforward implication of axiom B2.

Lemma 3.3. Consider axioms F1, G, G2 and B, B2. Suppose that, for any T, at least
one of the two values xdT and x} differs from 1 and at least one of the two values xdT and

Xk differs from zero. For any T > 1 and a constant ¢ € R,
(i) If (o,1) > c1, then (0, 1) >, c1.
(ii) Ifcl >7 (1,01), then c1 >1,, (1,01).

Otherwise stated, the temporal distance that is perceived between dates T and T + 1
is greater that the one that is perceived between dates T+1 and T +2: at date T, the
valuation of a constant sequence from tomorrow on is lower than its corresponding

valuation at date T + 1.

ReMARK 1. The two axioms BI and B2 are not equivalent because axiom BI does not
imply axiom Bz2. In order to parallely establish that axiom B2 does neither imply axiom

By, consider the order > that is represented by the index function
I(x) = max{qA) . x,min{gg X, - x}},

where &, ¢ are two different charges in the € d space, and w is a weights measure that belongs

to £, and satisfies for any T > o,
WT = 060, - 01— (1 = O7),

o0
with a sequence {6T}T . that is increasing and limy_,, (H;r:of)s) = 0. The order >

satisﬁes axiom B2 but cannot salisfy axiom BIL
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ProposITION 3.3. Consider axioms F1, G1, G2 and B1, B2. The order > is present-
o0 ol o0
biased in that the two sequences {éT}T and {6T}t of the min or max occurrences in
=0 =0

Proposition 3.2 are increasing according to o < &1, and dp < dr,, for any T.

3.2.2 DistanT FUTURE Bias

Taking a reverse conjunction from Axiom B2 and a temporal distance between two
consecutive dates that would be greater in the future than in the present, could
admittedly provide a version of a future bias in preferences; it however sounds
somewhat artificial.

This article rather tries to shed another light on the potential for future bias in
preferences. Exhibiting a future bias here means the emergence, for large values of
T, of some sort of continuity between the temporal orders >1 and the distant order
>4. More explicitly, there does emerge a range of influences that spring from the
evaluation of the distant future—the infinite—on the >r-evaluations of the close

future— —the finite.
Axiom B3. Take x,z € £, and some constants d,d” € R: if there exists T, such that,
for any T > T,

(z[o,T]: d]l[T+1,oo[) > (Z[O,T]IX[T-H,OO[) > (Z[O,T],d'ﬂ[Tﬂ,oo[),
then, for any € > o, there exist T) (€, z) such that, for any T > T/ (e, z), there exists s,
that depends on T, such that, for any large enough s > s,

(Z[o,T]: dﬂ[Tﬂ,oo[) +el > (Z[o,T]: X[T4+1,T+s) d]l[T+s+1,oo[):

(2t0,1p X1 1,To5p 4 VTasiniool ) = (2011 @ Lrs,000 ) — €1

This axiom means that, for a large finite time T, the evaluation of the sequence in
a future that is close from T is influenced by the distant future evaluation. Even
though its formulation is complex, the underlying intuition is rather simple and

presented in the following proposition.
PROPOSITION 3.4. Consider axioms F1, G1, G2 and B1, B3.
(i) For any x €, d,d’ € R, if

Al >z x>,;d'1,
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then, for any € > o, there exists T,(€) such that, for T > T,(e),
(d + €)1 001 =T X[T,00[ =T (4" = €) T[T 00[-

(ii) For any x € {o, limp_,q IT(x[T)OO[) =1(x).

[ee]
t=

(iii) The sequence {BT} s such that limsupy_, o = 1.

(iv) Adding axiom B2 and present bias to distant future bias, the sequence {ST}:; further

Sdli§ﬁ€$‘ limT_m 6T =1.

Otherwise stated and in (i), the sequence x will either always dominate or be dom-
inated by a constant sequence under the order >t and for sufhciently large values
of T. In these regards, a similitude should be pointed out with the former distant fu-
ture sensitivities axiom G1, where a sequence x either always dominates or is always
dominated by a constant sequence in the distant future. (ii), in its turn, enlightens
the scope for some sort of continuity between It and I for sufficiently large values
of T. Even though the underlying intuition behind (iii) and (iv) is not necessarily

very clear, the subsequent example illustrates how they closely articulate with (ii):

ExampLE 3.1. Consider an example in which, for T sufficiently large, &1 = 1. For s = o,

define the index functions I3 as:
I%(x[T,oo[) = liTnliol;lfxt.

For each s > o, let

I (xpr0f) = min, (1= 8)xp + 1, (X[11,00() |

For each T, let finally IT(x[T,OO[) = liminf,_, IST(x[T,OO[). By construction and using a

recurrence argument, for any s,
s o
IT(x[T,OO[) < htrgg}fxt,

whence, for any T, the satisfaction ofIT(x[T'oo[) < liminf, ,., x;. Further noticing that
liminfy_, ., IT(X[T,oo[) > liminf, ., x; and finally taking 1;(x) = iminf, , x;, it

Jollows that

lim IT(X[T,oo[) = Id(x).

T—co

The order represented by the index function I therefore satisﬁes the future bias property.
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4. 'THE ROBUSTNESS PRE-ORDERS >", >7, >

4.1 REPRESENTATION OF THE ROBUSTNESS PRE-ORDER >"

In order to reach more explicit properties for the index functions I, I, and I,
consider a pre-order, as opposed to the earlier complete order, >* C >, featuring

the robustness of the order >: whatever the convex modifications with a common

component, the comparison would ensuingly not be modified.

DEEINITION 1. Let the pre-order >* be defined by
x ="y if, forevery o <A< 1,z€ 0, Ax+ (1 =Nz = Ay + (1 —A)z.

It is first to be noticed that, in the general case, the pre-order >" is not complete.
The completeness of =" is equivalent to the linearity of the index function I or,
more precisely, the existence of ((1 -Mw, xq>) in (€O<, )* with w € £, ¢ € €}, and
0 <A <1 such that I(x) = (1 = A) Y2 wsxs + Ad - x.

Lemma 4.1 then gathers the fundamental properties of the pre-order >".

LEMMA 4.1. Assume that axiom F is satisfied. For every x,y: x =" v if and only if either

of the two following assertions is satisfied:

(i) Foreveryzely,x+z>y+z.

(ii) There exists z € {oo, x +2 =" Y + 2.

The understanding of the properties of the pre-order =" is important in the analysis
of the order > and proposition 4.1 will clarify its precise status. The initial order
> can be considered as a family of linear sub-orders, the pre-order >* featuring
the particular one that deals with robustness or unanimity. This pre-order >* can
be considered as depicting an unanimous class of preferences: a given sequence x is
robustly preferred to another sequence y if and only if any sub-preference to the order
> prefers x to y. These sub-preferences are a convex set with a measure belonging

to ({s)", defined as the normalized positive polar cone of the set x such that x =" o1.

PROPOSITION 4.1. Assume that axiom FI is Sal,‘isﬁed. There exists a convex set () of
weights ((1 -MNw, Xq)) which can be considered as finitely additive probabilistic measures

on IN where:
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(i) o<A<1,

(i) @ = (wg, Wy, W,,...) is a probability measure, i.e, a sequence of weights, belonging

to l",
(o)
E ws = 1.
$=0

(ii1) ¢ is a charge in €} satisfying G(IN) = 1, such that, for every x,y € o, x =" v if and
only if, for any ((1 -MNw, )»(l)) €,

(1—)\)Zwsxs+)»q)-x2(1—)\)Zwsys+)»q)-y.
5=0 5=0

It is worth emphasizing that the value A can change between different measures.
Upon the addition of axioms G1 and G2, the set QO can be considered as the set of
measures that subsume an index function along Proposition 2.6, the set of possible
myopia degrees being then reduced to a unique value. The family of weights can here
be considered as a family of finitely additive probabilities.

Since the robustness order >* can be represented by a set of possible evaluations, it
is will prove fruitful to consider the best evaluation and the worst evaluation values.

For each x € €, define

*_

Vs sup{y such that x >* yll},

Y= inf{)/ such that y1 >~ x}.

The values Y™ and vy} represent the best and worst scenario,s or the best and worst

possible evaluations of x. A first clarification is then in order.

LEMMA 4.2. Assume that axiom F1 is salisﬁed.

(i) The coefficients values y** and y; restate as:

y*= sup (1—X)Zw5xs+kc[>-x ,
(1-MwAp)eQ L $=0 |

Y= inf 1-A weXs + Ad - x|.
Vx ((1_}\)%)@)6(} -( ); sits CI) |
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(ii) For any x € €,

*X

Yo <I(x) <y

Since y** > 1(x) > v}, there exists a, € [0,1] such that

X

I(x) = axY;c + (1 - ax)y* :

If vi <y, then a, is unique. The value a, can be considered as the pessimism
degree associated with the sequence x € €, as 1—a,, the optimism degree associated
with x. It is natural to study the case where the optimism degree does not decrease
in respect to the robustness order >*.

The following axiom imposes that if y is robustly better than x, then the pessimism

degree associated with y must not be larger than the one associated with x.

Axiom G3. Consider x,y € £, satisfying vy < y™ and v, < y”. If y =" x then

ay 2 ay.

The following Proposition proves that the only situation for which the degree of

optimism does not decrease in respect to the robustness order >" is the well-known

case a—maximin in the literature.

PROPOSITION 4.2. Assume that axioms F1 and G3 are satisfied. For every x € €, such

that vy <y, ay is equal to a constant a*. For every x € {y,,

*X

I(x) =a’yy +(1-a’)y

=q" inf 1-) WX+ AD - x
| >Z X+ AP

+(1—a") sup (1—X)Zwsx5+kc[)-x )
(1-Mw,Ap)eQ $=0

*

4.2 REPRESENTATION OF THE DISTANT FUTURE PRE-ORDER zd

Following the same idea about the robustness order, one can define the robustness
order > for the order > ;. Since the order >, does not take into account the present

and the close future, the pre-order > satisfies the same property.
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DEFINITION 2. Let > be defined as

x=5y ifand only if V A€ fo,1],z € o, Ax+ (1 = XN)z >4 Ay + (1 - M)z
PROPOSITION 4.3. There exists a weights set Qg C €} such that x =% v if and only if
G-x>=¢-y forevery ¢ € Qy.
As in subsection 4.1, define, for each x € £, define d}, d** as the best and worst

evaluation of sequence x:

d; = sup{d € R such that x > d]l} = q)ienggd (¢p-x),

a™ = inf{d € R such that 41 > x} = sup (¢ -x).
$eQy

For any x € ,, define the degree of pessimism in distant future associated with x:
the value a, , satistying
Ly(x) = ag dy + (1 ag,)d™.
The value a, , is unique if dy < d™.
Axiom G4. Consider x,y € £, satistying dy < dy, and dy < d™. If y > x then

adx = ady-

Along Proposition 4.2, under the assumption that the degree of pessimism cannot
increase with respect to the robust pre-order >%, the index of distant future order

assumes a @—maximin representation.

PROPOSITION 4.4. Assume that axioms F1, G1, G2 and G4 are satisﬁed. For any x € €,
such that d, < d*, aqyx is equal to a constant ay;. For any x, the distant index assumes the

ﬂ)llowing representation:

Ty(x) = aydy + (1 — a5)d™,

4.3 REPRESENTATION OF THE CLOSE FUTURE PRE-ORDER >
4.3.1 FUNDAMENTAL PROPERTIES
DEFINITION 3. Let >} be defined as
x =5y if and only if, for every X €[0,1],z € oo, Ax + (1 = AN)z =2 Ay + (1 — A)z.
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Using the same arguments as the ones developed for the proof of Lemma 4.1, the

following characterization of the robustness order >* becomes available:

LEmMMA 4.3. Assume that axioms F1 and G2 are satisfied. For every x,y € {oo, x = v if

and only if, for every z€ €, x + 2 2.y + 2.

For every x,p € {,, that have the same limit at the infinity, which implies that they
have the same distant future, the comparison between the two according to the

pre-orders =" and >} is equivalent.

LEMMA 4.4. Assume that axioms F1, GI and G2 are satisfied and let x,y € €, salisfy

limT_)oo XT = limT_)oo YT Then
* *
XZ Vo XxXZ .

Proposition 2.6 proves that, for any sequence x, the value I(x[O,T],Z[TH,OO[) con-
verges to I(x) when T tends to infinity. This convergence is not uniform: indeed,
even-though the distant order of > is trivial, the order >, does not necessarily sat-
isty the usual rail-insensitivity condition of the literature. To ensure this property,
the article considers axiom A1 Axiom A1 is the close future version of well-know
axioms—the continuity at infinity axiom of Chambers and Echenique [14] or other
axioms in the literature—ensuring a strong version of myopia and, moreover, the

compactness of the weights set Q. when it belongs to ¢,.

Axiom Ar. For every o < ¢ < 1, there exists T, (c) such that, for every T > T,(c),

(L0101 O LTy 0prn.00f) =™ (Lo, 1), 01 T2 ,00] -

Under axiom Ar, Lemma 4.5 is a direct implication of Lemma 4.4 and proves that

> satisfies a tail-insensitivy property.

LEMMA 4.5. For every o < ¢ < 1, there exists T,(c) such that:

(Lo, (e OL{T, () 1,00 ) =6 €1

Under axiom Ar, the weights set Q. is tight, or weakly compact in €.
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LEMMA 4.6. Assume that axioms F1, G1, G2 and Ar are satisfied. There exists a set
Q. c ¢, that is weakly compact and such that, for x,y € Ly, x =7 v if and only if; for

every w € (),
[ee] (o]
E WsXg = > W V.
S=0 S$=0

4.3.2 PESSIMISM AND OPTIMISM DEGREES

As in subsection 4.1, for each x € €, define ¢}, c™ as

= sup{c € R such that x > cIl = inf Zwsxs,
we),

= inf{c € R such that ¢1 >} x} = sup Zwsxs.
we) s=5

For each sequence x € €, there exists a. , such that
I(x) =ac ¢y + (1 —ag,)c™.
Again, the value a., is unique if ¢ < ™

Axiom Gs. Consider x,y € {, satisfying ¢} < ¢™ and ¢ < ™. If y =" x then

acxzacy

PROPOSITION 4.5. Assume that axioms F1 and G1, G2 and Gs are satisfied. For any

x € ly, such that ¢, < ™, a is equal to a constant a. For any x,
R £\ %X
I.(x)=a.c,+(1—a.)c™.

4.3.3 GEOMETRICAL REPRESENTATION

In order to better characterize the set Q, consider axiom G6 which characterizes

the impatience and the stability properties of the pre-order >".

Axiom G6. Impatience and stationarity Given x € {,, and a constant c. For every

T € N,

(X[O,T];CH[T+1,<>0[) >*cl = (X[O,T]ICH[T+1,OO[) > (C, x[O,T]IC]l[T+2,OO[) > cl.
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In axiom G6, the first =" characterizes impatience whereas the second one features
stability. Otherwise stated, if a combination is robustly better than a constant se-
quence, it remains robustly better if it is moved forward into the future, the effect

according to the order >* becoming lower over time.

PROPOSITION 4.6. Assume that axioms F1, GL, G2, G6 and A1 are satisfied. For any

x € Uy, a constant ¢, x > c1 implies:
M * * * * * *
(l> Xz (c,x) Z (C’ ¢, X) Zct Zc (C]l[o,T]Jx) Zeze el

(ii) forany T, CZ =y

C; 1 [o,T]'x)

*

(ifi) for any T, Caraper(1/2)(ciljompx) X

In Proposition 4.6, under axiom G6, for each sequence x € €, the value of the
worst scenario corresponding to x, evaluated under the order >, does neither

change with the shift of the sequence to the future nor with a convex combination

with this shift.

LEMMA 4.7. For each weight o € €, and T € N, define w! as

T _ WT4s

== Vs>o
s o ’ = 0.
Zs':o WT+g’

w

If, for every T, w = ", then there exists 0 < & < 1 such that ws = (1 — 8)8° for every s.

Lemma 4.7 provides a characterization of the exposed points of the set Q.. From
Theorem 4 in Amir & Lindenstrauss [1], a weakly compact convex set is indeed the

convex hull of its exposed points.

PRroOPOSITION 4.7. Consider axioms F1, GI, G2, G6 and A1 Then there exists a subset

2 of lo, 1[ such that Q is the convex hull of{((l -8),(1-8)d,--,(1 - 6)65,---)}669.

Chambers & Echenique [14] impose instead an indifference stationarity axiom, which
supposes that any x which is equivalent to a constant sequence c1, x is equivalent to
any convex combination between x and ( o1y x), for any T. This article supposes
another property, namely the axiom G6. The difference between the two articles
essentially springs from the fact that, while Chambers & Echenique work on a com-

plete order > and complete a min —representation of the index function, this article
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works on a partial order =", corresponding to a larger family of possible orders and
index functions, for example the a— maximin representation. Unsurprisingly, the

two different approaches involve two rather different systems of axioms.

4.4 A SUMMARY REPRESENTATION FOR THE ROBUST ORDERS >, >, AND >

Even for small values of af , the current index representation can be fairly realistic.
The decision maker could indeed be optimistic for some close future but oppositely
cautious for some more distant future, thereby selecting a large enough value for

;. The following statement is then a direct consequence of Propositions 4.4 and

4.5:

ProposITION 4.8. Consider axioms F1, G1, G2, G4 and Gs. For any x € {,,

I.(x) =a; inf E WX + 1— sup E WsXs,
weQ

wEQc $=0

Ly(x) = aj q)16115‘1([) X+ (1 —ad)(;g)dq) X.

Moreover, there exist 0 < x <X < 1 such that one of the two following assertions is true:

(i) Forany x € Ly,

1) = min [(1 = 01e(x) + xla(x)]

the boundaries on the myopia degree x being defined by x4 = x and X, =
(i) For any x € €,

1) = max [(1 = x)1e(x) + x1a()]

the boundaries on the myopia degree X being deﬁned by Xg=Xand x. =X

4.5 THE ROBUST TEMPORAL PRE-ORDERS >

Define the robust time-dependent order >7 as the satisfaction of x >7 v if and only
if, for any z, x + z >} v + z. Lemma 4.8 then provides a characterization of the

weights set Q that represents the robustness order >7.

LemMA 4.8. Consider axioms F1, G1, G2 and B1.
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(i) For any T, x,y €l and some constant ¢ € R,
X[T1,000 Z41 VT1,00] i and only if (€, X7 1,000) 27 (€ Ut 1,000 )

(i) There exists a weights set Qp C €, such that x >% v if and only if, for any w € Qr,

(¢} [oe]
E WsXg = > W V.
S=0 S$=0

(iii) For any T, Qr = {QT}weQ .

Proposition 4.9 then equips the analysis with a representation of the weights sets

Q. and Qr.
PrOPOSITION 4.9. Consider axioms F1, G1, G2 and B1.
(i) The weights set Q. is the convex hull of the set
{(1= 00, 86(1 = 8,), 860, (1 =8,), -, 860, . O1(1 = O141),-.. )},
where o1 € {QT,ET}for any T.
(i) The weights set Q is the convex hull of the set
{(1 =01, 80(1=8111), 810711 (1=8112), o, STOTLs - Oas (1 =B1ia), - )

where 61, € {§T+5’8T+s}f0r any s.

5. RELATED LITERATURE

5.1 AXIOMATIZATION OF DISCOUNTING

Efforts towards the understanding of discounting and choice date back the break-
through contributions of Tjalling Koopmans. The classical axiomatization of dis-
counted utility, and, noticeably, the first formulation of the stationarity postulate on
the preference ordering, was indeed completed by Koopmans [23, 24] and provided
the hallmark of all of the subsequent developments in the theory of inter-temporal
choice, a recent contribution due to Bleichrodt, Rohde & Wakker [9] having ex-

tended its argument to unbounded utility while an earlier argument of Dolmas [15]
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had provided some steps in that direction. Another influential line of axiomatiza-
tions was inaugurated by Fishburn & Rubinstein [17] with a focus on the realization
of a single outcome at a given date ; it has more recently been extended and gener-
alized by Masatlioglu & Ok [30]. Following parallel roads and the decision theory
multiple priors axiomatizations of Gilboa & Schmeidler [20] but relying upon a
different system of axioms based upon time-variability aversion, Wakai [33] has pro-
vided an insightful account of smoothing behaviours where the optimal discount
assumes an maxmin representation. This has just been comforted by Chambers &
Echenique [14] who, following a multiple priors approach, have introduced new
Invariance to stationary relabeling and compensation axioms and established a larger
scope for a maxmin based geometric representation of the preference order that
would then provide an optimal determination of discount.

The contribution with the closest concerns from the ones of this article is a recent
work due to Lapied & Renault [25] who consider a decision maker facing alterna-
tives that are defined on a very distant future, i, a time horizon that exceeds his
life-time horizon. They emphasize the emergence of an asymprotic patience prop-
erty, meaning that, for some remote date, no time tradeoft between alternative
any longer prevails. Mention should also be made of the recent and independently
completed contribution of Gabaix & Laibson [18] with a subtle articulation be-
tween forecasting accuracy, discounting and myopia in an imperfect information
environment that relies upon a recent literature on experiments.

Montiel Olea & Strzalecki [29] have already completed an axiomatic approach to
the quasi-hyperbolic discounting representation of Phelps & Pollack [31], Laibson [26]
and, more generally, to present biased preferences. They suppose that, for any two
equivalent future sequences, a patient one and an impatient one, pushing both of
them towards the present will distort the preference towards the impatient choice.
This article assumes the present bias notion for every date T and not only the initial
one. The index functions It are determined from a set of multiple discount rates.
Hence the notion present bias in this article must contain two parts, one part for the
upper bound of discount rates, and one part for the lower bound of discount rates.

The axiom 10 in Montiel Olea & Strzalecki [29] correspond to the section part of
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the axiom B2, or the second part of Lemma 3.3. Finally, Chakraborty [11] has just
completed a generalized appraisal of present bias within the Fishburn & Rubinstein
[17] approach where preferences are defined on the realization of a single outcome
at a given date. Even though it builds from a from an approach that differs from the
current utility streams appraisal, his weak present bias axiom A4 shares some similarity
with the current axiom B2.

Ghirardato, Marinacci & Maccheroni [19] introduced the robustness orders. A
robustness order is characterized by a set of finitely additive measures. Under the
axiom stated that two sequences are robustly equivalents if they have the same eval-
uations of the best scenarios, the index function assumes the well known a-maxmin
representation, its value being decomposed as a convex combination—with con-

stant weight parameters—of the values of the worst and best scenarios.

5.2 AXIOMATIZATION OF MYOPIA & CHARGES

The concept of impatience, that is due to Koopmans [23], is generally defined as
letting the effect of a unit of consumption, or utils, to diminish as it is moved forward
in time. A weaken version of this notion, delay aversion, was initiated by Benoit
& Ok [s], and has recently been considered in the works of Bastianello [3], and
Bastianello & Chateauneuf [4]: it pre-supposes that the effect of a given unit of
consumption, or utils, is to converge towards zero as the consumption, or utility,
is pushed to infinity. On other concerns, the first approach to myopia is due to
Brown & Lewis [10] and considers the implications of the infinite postponment of
a sequence of consumptions. The main contribution of this article closely relates
with the advances of this myopia literature.

The notion of strong myopia, due to Brown & Lewis [10], means, in the version
presented by Becker & Boyd [6], that for any x >y, for any z, x > (y[O,T], Z[T+1’OO[)
is satisfied for sufhiciently large values of T. This coincides with the notion up-
ward myopia of Saywer [32]. In the context of this article, these cases are equiv-
alent to dowmward myopia of by Saywer [32] where x > v implies that, for any z,
(x[O,T],z[TH,OO[) >y for T sufhciently big. This corresponds to an extreme occur-

rence where x; = X, = 0. Another extreme, the completely patient and time invariant
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preferences in Marinacci [28], Banach limits correspond to the case x4 = x, = 1.

The Banach limits', a special case of the charges, were first introduced by Bewley
[7] in a general equilibrium context. A charge is a linear function on €., whose value
solely depends on the long-run behaviour of the sequence. Bewley [7] proves the
existence of a price belonging to the ba" set for an economy with an infinite number
of dimensions and that is endowed with a £, topology. Following these ideas, Gilles
[21] considered the possibility of charges in studying the asset bubbles. The ¢, part
of the price system represents the fundamental value of the asset, while the bubble is
represented by the purely finitely additive part in 042 Araujo [2] proves that, in
order for the set of non trivial Pareto allocations to exist, consumers must exhibit
some impatience in their preferences. Otherwise stated, this excludes the possibility
of preferences being represented by Banach limits, or this is equivalent to at least of
one of the two values x4, x. to differ from 1. Following a very different approach
and contemplating a social planner problem, Chichilnisky [13] associated charges
to the non-dictatorship of present part of the social welfare criterion where the present
would have no per se effect. Kahn & Stinchcombe [22] is another recent example
of the use of Banach limits in the context of social welfare functions for that treat

present and future people equally and respect the Pareto criterion.

A. PROOFS FOR SECTION 2

A.1 PRrROOF OF PROPOSITION 2.1

(i) Suppose that x > y. First, and for o < A < 1, x > y is equivalent to Ax+(1—-A)ol >
Ay +(1—-A)ol.

Considering then the configuration A > 1, Ax > Ay then prevails if and only if
(1/AM)Ax > (1/AM)Ay , or x > v, also prevails.

(ii) Suppose that x > y. By the weak convexity property, x > y implies (1/2)x +

(1/2)b1 > (1/2)y + (1/2)b1. Multiplying the two sides by 2, it follows that x+ b1 >

"For a careful definition, see page ss in Becker & Boyd [6].

"The dual of €, is given by (€s)* = ¢; @9, where €9 is the set of purely finitely additive measures.
"2 A short and excellent review of the theory of charges and of their link with bubbles can be found

in Gilles [21].
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y+b1. Finally, and if x+ b1 > y+b1, then x+ b1+ (-b1) = p+b1+(-b1), or x = p.
(iii) and (iv) For x € €, define by = sup{b € R such that x > b1}. By the Archimedean-
ity property, it follows that x ~ b, 1. Let then I(x) = b,. But x > v if and only
if I(x) > I(y). Making use of (i) and (ii), for any A > o and a constant b € R,
I(Ax) = Al(x) and I(x + b1) = I(x) + b for every constant b. QED

A.2 Proor orF PROPOSITION 2.2
First consider the parametric configuration ¢ < d. It follows that:
I(Cl[o,T]f dﬂ[Tﬂ,oo[) =c+ I(OH[O,T], (d - C)ll[Tﬂ,oo[)
=Cc+ (d - C)I(O]l[O’T], IL[T+1,oo[):

that converges to zero when T tends to infinity. Then observe that

1im 1011}~ L oof ) = im I{Zjo,1), 0L {11,000 ) = 1(1)
=1—-Xc—1
=—Xc
= 0.

This also implies that, for ¢ > d:

I(Cl[o,T]r dﬂ[Tﬂ,oo[) =c+ I<0]1[0,T]’ (d - C)ﬂ[Tﬂ,oo[)

=Cc+ (C - d)I(O]l[O’T], —1[T+1’oo[),

that converges to zero. QED

A.3 ProoF oF LEMMA 2.1

For x € ,, define D(x) as the set of values d such that for any € > o, for any z € £,

there exists T, (€, z) such that, for any T > T,(e, z), one has

(Z[O,T]’X[T+1,oo[) > (z[o,T]ld]l[T-H,oo[) —el.

Define D(y) accordingly, consider the case sup D(x) > sup D(y) and firstlet sup D(y) <

+0o. Then define d, = sup D(y), that is finite. Fix any € > o: since d,, +(¢/2)1 does
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not belong to D(y) and d — (¢/2)1 belongs to D(y), for any z € £, there exists
T, (e, z) such that, for T > T, (e, z):

€ € €
- - -1 >
((z + 2 11)[0]T] , (dy + 5 ]l)[TH’OO[) + 2 1> (Z[O,T];y[T+1,oo[)

z((z—fﬂ) ,(dy—f]l) )—511.
2 /o] 2 J[T+1,00[ 2

This implies, for T > T, (€, z), the satisfaction of:

(Z[O,T], dy 1[T+1,oo[) +el = (Z[o,T]; y[T-H,oo[) z (Z[O,T], dy]l[T-H,oo[) —el.

Since dy > d,, for every € > 0 and z € £, there exists T, (¢, z) such that

(Z[O,T]’ x[T+1,oo[) > (Z[o,T]f dyﬂ[T+1,oo[) —el
z (Z[O,T]ly[T+1,oo[) —2el.
Consider now the case supD(y) = +oco. This implies that supD(x) = +oco. Take

d > sup,y; : since d € D(x), for every € > 0 and z € £, there exists T, (€, z) such

that, for T > T, (e, z):
(Z[O,T]’X[T-f—l,oo[) z (z[o,T]r d]l[T+1,oo[) —el
z (Z[O,T]'y[T+1,oo[) —el.

For the remaining configuration supD(y) > sup D(x), making use of the same

arguments, for every € > o and z € {,, there exists T, (¢, z) such that, for T > T, (e, z):

(Z[o,T]'?[Tﬂ,oo[) z (Z[O,T]lx[T+1,oo[) —el,

whence the statement. QED

A.4 PROOF OF PROPOSITION 2.3

(i) Using Lemma 2.1, the order > is complete.

(i) It must be proveed that there exists x,y € £, such that x >; y. Chose by example
1 and ol. Obviously, 1 >, ol is first satisfied. Suppose now that o1 >, 1. Consider
first the configuration x; > o . Then, and for o < e < x4, there exists T, (e, 01) such

that for T > T, (e, 01),

I(01}6,19, 01T+ 1,000 ) = I(0T 0,7}y L{T-1,00[) — €
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Letting T tend to infinity, it follows that o > x; — €, a contradiction. Consider
then the configuration x, > o. For o < € < x,, there exists T, (¢, 1) such that, for

T > T,(e 1):

(ﬂ[o,T], OIL[T-H,OO[) > I(ﬂ[o,r], H[T+1,oo[) - €

Letting T tend to infinity, it follows that € > x., a contradiction. The distant order
>, is hence not trivial.
Further observe that, if x >; d1, then, for every d’ € R, x+d’1 >4 (d+d’)1. Indeed,

for € > 0 and z € £, there exists T, (e, z) such that, for T > T,,

((z=d Do, 11 X e,000) = (2= 4 D)jo1) A L4100 )~ €L

From Proposition 2.1 and for T > T, (€, z),

(Z[o,T]r (x+ d']l)[T+1,oo[)) > (Z[o,T]; (d + d')]l[T+1,oo[)) —el.
Then consider x € €, and a constant d such that, for any z € €, € > o, there exists
T, (e, z) with, for T > T, (e, z),

(Z[O,T]’X[T+1,oo[) > (Z[O,T],dﬂ[nl,oo[)) —el.

Fix then any A > o. From axiom G1, there exists T) (€, z) such that, for T > T/(e, z),

((%2)[O,T]'X[TH’°°[) = ((%Z)[O,T],d]l[TJFLOO[)) - ;\e]l,

that in its turn implies, for T > T/ (e, z),

(Z[o,T], (M[T+1,oo[)) = (Z[O,T]; }‘d]l[T+1,oo[) —el.

Hence, for x >; y and for every A > o, the occurrence of Ax >, Ayp.

Consider now x,y € €, such that x >; y. For every o < A < 1, using the same
arguments as in the proof of Proposition 2.1, (1 = A)x + Ad1 >4 (1 - A\)y + d1.

The order >; having been proved to be non trivial, the value d, = supD(x) is
finite and, for every d > d, > d’, the relation d1 >; x >; d’1 is to hold. There thus
obviously exists A, p € [0, 1] such that (1 —=A)d + Ad" > d, > (1 — u)d + pd’ and the

order > satisfies the Archimedeanity property.
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(iii) Define I;(x) = sup, D(x). The order >, satisfying every property in axiom Fr,
from Proposition 2.1, I; satisfies every property asserted in the statement. ~ QED

A.s PRrROOF or PROPOSITION 2.4

(i) This property is the direct consequence of the definition.

(ii) For every T, since d — ¢ > o, the index function restates along:

I(C]l[o,T], d]l[T-H,oo[) =Cc+ I(OH[O’T], (d — C)]l[T+1,oo[)

=Cc+ (d - C)I(O]l[O'T], 1[T+1,oo[)'

Letting T converge to infinity,

lim 1(cT o1} dL{T41,000) = (1 = Xa)c + Xad.

T—ooco

(i) Take indeed any d > lim_,, x7 ; for every z € €, and for large enough values

of T,

(o1 8111 ) = (o 1111,

that implies d > d,,. Making use of the same argument for d < limr_,, xr, it follows
that d < d,. Whence the obtention of d, = lim_,, xt.
(iv) Consider x,y € €, such that limt_,, x1 does exist. Take then any d > d,; for

every z and for every large enough values of T,

(Z[O,T], (d1+ y)[T+1,oo[) > (Z[o,T]f (x+ y)[T+1,oo[)-

This in its turn implies that d +dy, = I;(d1 +) > I;(x +). It follows that d, + d,, >
I;(x+y). For every d < d,, and relying upon the same line of arguments, it similarly

follows that dy +d, <Ty(x +y). QED

A.6 PROOF OF LEMMA 2.2

For x € {,,, define C(x) as the set of values c such that, for any e > o and for z € £,

there exists T, (¢, z) such that, for T > T, (¢, z),

(x[o,T]f Z[T+1,oo[) z (C]l[o,T]’ Z[T+1,oo[) —€.

Follow then the same line of arguments as the ones developed for the proof of

Proposition 2.3 and consider first the configuration sup C(x) > sup C(y). For any
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€ > o and for z € £, there exists T, (¢, z) such that, for T > T, (e, z),

(X[O,T]; Z[T+1,oo[) > (y[o,T]: Z[T+1,oo[) —el.

For the remaining configuration with sup C(y) > sup C(x), for any e >0 and z €

{s, there similarly exists T, (€, z) such that, for T > T, (e, z),

(y[o,T]l Z[T+1,oo[) = (x[o,T]; Z[T+1,oo[) —el.

The proof is complete. QED

A.7 PROOF OF PROPOSITION 2.5

(i) From Lemma 2.2, the order >, is complete.
(ii) It can first be proved that 1 >, ol. Suppose the opposite and ol >, 1 and
consider the case x; < 1. For o < € < 1 — Xy, there exists T, (e, 1) such that, for

T>T,(e 1),

I(O]l[o,T]’ 11[T+1,oo[) > I(H[O,T]; ]l[T+1,oo[) —€.

Letting T tend to infinity, one gets x4 > 1 — €: a contradiction. For the remaining
case x. < 1, make use of the same arguments. For the proof of the other properties
in axiom Fi, follow the arguments developed for the proof of Proposition 2.3.

(iii) Define I (x) = supC(x). Follow the arguments of the proof of Proposition
2.3. QED

A.8 PROOF OF PROPOSITION 2.6

(i) Observe that, for c—d > o,

%EEOI(C]I[O,T]: d]l[T+1,oo[) = lim I((C —d)1jo1), O]l[T+1,oo[) +d
= (C - d)jli_l')lgol(]l[o,T]:O]l[T+1,oo[) +d
=(1-xc)(c-d)+d
=(1- Xc)c +Xcd.

(ii) First observe that limrt_,, IC(II[O,T], oIL[Tﬂ,OO[) = 1. Suppose indeed the opposite

and let limp_,, IC(]l[O’T],o]l[TH,OO[) < 1. There hence exists ¢ > o such that, for
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every T, (1 —¢)1 >, (:H-[o,T]fo:H-[T+1,oo[)- But this in its turn implies that, for every
e > o and for every T, there exists T,(€,01) > T such that, for every T’ > T, (e, 01),
((1 =)o, 01[T'+1,oo[) > (]l[o,T]’ 011[T+1,oo[) —e€l,

or, for large enough values of T’,

I((l =)L) 01[T/+1,oo[) > I(]l[o,T]; 01[T+1,oo[) —€.

Letting T’ tend to infinity, it follows that, for every € > o and for every T,

(1 - Xc)(l —c)= I(H[O,T]!OH[T+1,00[) —€

Letting e converge to zero and letting T tend to infinity, it follows that (1 —x.)(1 -
¢) > 1 - X, a contradiction. Consequently, either limy_,, IC(]l[O’T],o]l[TH,OO[) =1
or limy_,, IC(OIL[O,T],—II[TJrLOO[) =o.

Relying to the same arguments, limt_,, Ic(oll[o,T], I]-[T+1,oo[) = 0. These two limits

being equal to zero, for any constants ¢ and 4,

lim Ic(Cﬂ[o,T]:dIL[T+1,oo[) =C.

T—oo
Consider any x € {,, and fix a constant d. For every € > o and for large enough
values of T,

Ic(cx]l[o,T]r dﬂ[Tﬂ,oo[) +e> Ic(x[o,T]r dﬂ[Tﬂ,oo[) > Ic(cx]l[o,T]l d]l[T+1,oo[) —€

Letting T tend to infinity and e converge to zero,

Lim L(%o, ) A7 00f ) = Te():

T—oco

For every x,y € {,, fix then d > sup, y; > inf, y; > d’. Whence, for every T,

Ic(x[o,T]ld]l[T+1,oo[) > Ic(x[o,T]'y[T+1,oo[) > Ic(x[o,T]rd,]l[T+1,oo[)'

Letting T tend to infinity, if eventually follows that limy_,, Ic(x[o,T],y[Tﬂ,oo[) =
I.(x), that completes the proof. QED

A.9 PROOF OF LEMMA 2.3

(i) Observe that, for the index function I(x), it first derives that x; = x. = 0. More-

over, and for every x,z € £

lim I(z[oyT],x[Tﬂ,Oo[) = max{@ -z, min {gg -z, (- x}}

T
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This implies that the order > represented by the index function I satisfies axiom GIL.
Following the same arguments developed for the proof of Proposition 2.3, it can
readily be checked that > satisfies every property of axiom F1 but the non-triviality
and Archimedeanity properties. In order to prove that the non-triviality property is
satisfied, take z" satisfies @ - z* < 0 <1 < w-z". First notice that such a sequence z*
does exist: take any z satisfying @ -z < @ -z and define 2 =z - (1/2)(@ .z +g-z).
The inequalities ®-Z < 0 < w-Z are satished. Define then z* = (1/2w - 2)Z. It derives

that - z" <o and w-z* = 1/2. Consequently:

lim I(z[*O’T], 0]1[T+1,oo[) = max {Q -Z', min {Q SAROE o]l}} =o,

T—co

lim I(z[*O’T], ]1[T+1,OO[) = max {@ -z, min {gg-z*,q) . ]l}} = i

T—c0
Whence 1 >, ol and ol #; 1, or 1 >, ol. Once the non-triviality property has
been proved to be satisfied, the obtention of the Archimedeanity property follows as
a direct consequence. For the details of the argument, consult the proof of Propo-
sition 2.3. Finally, and for every x,y € {,, x =y v ifand only if - x > - p.
Take any x € €, such that & -x < ¢ -x < w-x. Take then d and d’ such that

®-x<d <d<¢-x<w-x. Finally take z' =d’1 and z* = x. It follows that:

Tli_r)r;ol(x[o’T],z[lTH,oo[) = max {_@ - X, min{gg-x,([) . zl}} =¢d-z',

lim I(d]l[o,T]’Z[lT+1,oo[) = max{Q-dﬂ,min {gg-d]l,(j) . zl}} =d,

T—ooco

where ¢ -z" < d. For z> = x, it derives that:

Tli_r)riol(x[o,T],z[zTH,oo[) = max {Q - X, min {g-x,d) . x}} =d-x,

lim I(d]l[o,T]’Z[zT+1,oo[) = max{@-dﬂ,min{g-dﬂ,¢ . x}} =d,

T—co
where ¢-x > d. The close future comparison between x and d1 is hence influenced
by the choice of z, that in its turn implies that > cannot satisty axiom Ga2.
(ii) For the case of the order = and the index function I, making using of the same
arguments, it follows that x, = x; = 1, the close future order =, satisfying every
property of axiom Fr and, for every x,p € {,, x 2, y ifand only if 0 - x > w - y.

Observe that, for every x,z € £,

lim f(x[O’T],z[TH,OO[) = max{cf) - Z, min{c[) “Z,W- x}}

T
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This implies that the order = satisfies axiom Gz2. In order to prove that > does
. . . ) T )
oppositely not satisfy G1, consider x € £, d,d’ € Rsuch that p-x <d'<d <w-x <

¢ - x. Take then z' = d’1 and z* = x. It follows that:

lim f(z[lo’T],x[Tﬂm[) = max {(f) - X, min {c[) X, - 21}} =d’,

T—oco

lim f(z[lo’T],dIL[Tﬂ,oo[) = max{([A) : dl,min{q) dl,w- d'ﬂ}} =d,

T—ooco

where d’ < d. For the sequence z> = x, it follows that:

lim f(z[O’T],x[TH,OO[) = max{([A) - X, min{([) CX, W - x}} =w-X,

T—co

lim f(z[O’T],d]l[TH,OO[) = max{qA) - X, min{c[) X, W d]l}} =d,

T>oo
where d < w-x. The distant future comparison between x and d1 depending upon
the specific choice of z, the order = cannot satisfy G1
(iif) Suppose that G1 and G2 are satisfied and first consider the configuration x,; =
Xc = 0. Define then the set D(x) as in the proof of Proposition 2.3. Recall that, for
every X,y € {y, X >4 v if and only if supD(x) > supD(y). It is then to be proved
that, for every x € €, supD(x) = +co. Making use of part (ii) of Proposition 2.4

and Proposition 2.6, the following holds for any constants ¢,d € RR:

lim I(Cﬂ[o’T],dﬂ[rﬁ_l’m[) =C.

T—oco
This implies that, for every d,d” in R and for any € > o, there exists a large enough

T(e) such that

(C]-[O,T]Id,]]'[T+1,OO[) > (C:H-[O,T]’d]]-[T+1,oo[) —el.

Fix now any x,z € {,, d € R and any € > o. Define ¢, = I.(z), that is finite since
neither x; nor x, is equal to zero. Finally fix any d” such that d” < inf; x;.

There then exists some T, (€, x) such that, for T > T, (e, x),
€
(Z[O,T]; x[T+1,oo[) > (Cz]l[olT]’x[T+1,oo[) — g]l

, €
=z (Cz]l[o,T]fd 11[T+1,oo[) - 51-

Since, for large enough values of T,

(c]l[o,T],d’]l[Tﬂ,oo[) = (C]l[olT]’d]l[T-}-l,oo[) _ gﬂ’
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for such values of T, the following also holds:

(Z[o,T]: x[T+1,oo[) > (Cz]l[o,T]; d]l[T+1,oo[) — ﬁ]l

But, by the very definition of ¢, and for large enough values of T,

(€20, AL {r+1,000) = (20T L[T41,00f ) — EIL

that implies

(Z[O,T]’X[T+1,oo[) z (Z[O,T]ldﬂ[T+1,oo[) —el.

Hence, for every x,y € {,, supD(x) = supD(y) = +oo, or x ~4 y. Finally and
for the remaining case x; = x. = 1, making use of the same arguments, for every
x,7 € s, the holding x ~. v is eventually established. QED

A.10 PROOF OF THEOREM 2.1

(i) First suppose that x4 < x., define ¢, = 1.(x) and d,. = I;(x) and fix € > 0. From

the definition of ¢, and d,, for large enough values of T,

X = (X[O’T]; x[T+1,°°[)

'

(CXE[OIT]’ x[T+1,oo[) —€l

= (Cxﬂ[o,T]; dx]l[T+1,oo[) —2€l.
Therefore

I(x) > limsup I(c]l[O’T], dﬂ[TH,OO[) —2¢l.
T—ooo
This inequality being further true for any arbitrary € > o,
I(x) > li}’rn sup I(Cxﬂ[o,T]x dxﬂ[T+1,oo[)-

Likewise,

I(x) <lim ian(Cxll[o,T], dx:[]-[T+1,00[)'

T—ooco

Therefore

1(x) = m I(cel o1} dylTen,000 )

T—oco
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First consider the configuration ¢, < d, or, equivalently, I.(x) <I;(x). Asd,—c, >

o, it follows that:

I( )— lim I(Cxﬂ[oT] d IL[T+1 oo[)

T—oo
=+ %LI)I;OI(OIL[OT] (d = Cx) L [T1,00)
= ¢+ (de =) lim 10T o1y, Lrs o)
= (1= Xa)Cx + Xadx
= (1 = xa)le(x) + xala(x).

But I.(x) < I4(x), that implies the holding of:

(1= Xa)Le(x) + xala(x) < (1 = x)1c(x) + x1a(x),
for any x € [x, X1, with x = X4, X = Xc. As for the remaining configuration I (x) >
I;(x), and making use of the same arguments

I(x) = XCIC(X) + (1 - Xc)Id(x)

< (1= x)Le(x) + xLi(x),

for any x € [x, X]. Whence, finally

I(x) = xrgg?x[ 1—x)(x)+ xId(x)].

(ii) For the other configuration x; > x, and making use of the same line of argu-

ments, it similarly follows that:

I(x) = max [(1 - x)Le(x) + x1a(¥)],
XSX=X

where x = x¢, X = Xa- QED

A.11  ProoOF orF COROLLARY I

First assume that I.(x) < 1;(x). The value of I,(x) is therefore defined as:

Io(x) = a[(1 = Y1 <x>+xld<x>]+<1 = )[(1 = X)Te(x) + X4 (x)]

_[1— ax+(1—a ]I [a§+(1—a)f]ld(x)
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Consider then the remaining configuration I.(x) > I;(x). The value of Iy(x) is

therefore defined as:
To(x) = o (1 = 0)Te(x) + Xa (0)] + (1 = @) [ (1 = )T (%) + XT4 (0)]
= [1 - (ocf+ (1- oc)z)]lc(x) + [af+ (1- oc)z]ld(x).
For 1/2 < a < 1, define

X, = ax +(1—a)X,

Xa = OL%-F (1 —a)X-

It obviously holds that x < X, Hence, for L,(x) < L(x),
To(%) = (1= x, Jle(x) + X _Ta(x),

while, for I.(x) > I;(x),
Ta (%) = (1 = X JTe () + X ().

These properties are equivalents to the holding, for any x € £, of

la(x) = min_[(1=2)1e(x) + xla(x)]

For 0 < a < 1/2 and making use of the same arguments for

= 0(%4‘ (1 _a)Xl

it similarly follows that:

la(x) = max [(1 = 0le(x) + la(x)]

The statement follows. QED

B. PROOFS FOR SECTION 3

B.1  Proor or LEMMA 3.1

Taking advantage of the decomposition of the order index I into the order indexes
I, and I; through Theorem 2.1 and from axiom B, letting T tends to infinity,

either
IC<Z[0,T—1]1x[T,oo[) 2 IC(Z[O,T—l]I C]]-[T,oo[) -6
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or
IC<Z[O)T_1], c]l[T,oo[) +€> IC(Z[O,T_l],x[T,OO[).

For any constant c, this is equivalent to the holding of either, for any z € £, of:
(20111 X001 ) Ze (210,711, €L1,001),

or, for any z € £, of:
(20711 11,001 Ze (20,711 ¥1,001 )

that completes the argument of the proof. QED

B.2 PRroor or PrROPOSITION 3.1

(i) Define Cr(x) the set of values ¢ such that, for any z,,z,,...,z1_,,

(Z[O,T-l],x) Zc (z[o,T—l]rC]l[T,oo[)'

Define the order >t as the holding of x >1 v if and only if supC(x) > sup C(p).

Fix x,y € {,, and suppose that for any z,,z,,...,2r_;,

(Z[O,T—l]' x) Zc (Z[o,T—1]l 3/)

This implies that Cr(y) € Cr(x), or x =7 y. First consider the case sup Cr(y) < +o00
and take cg = supCr(y). It is readily checked that Cr(p) is closed, whence the
satisfaction of cg € Cr(y) C Cr(x). Further and from the definition of cg , which is

finite, for any z,z,,..., 214,

(Z[O,T—l],x) Zc (Z[O,T—1]1C;1[T,oo[) Zc (Z[O,T—l],y)-

Secondly consider the case sup Ct(y) = +o0, that implies the holding of sup Cr(x) =

+oo. Whence, for any ¢ > sup, y; and for any z,,z,,...,z7_;:

(Z[O,T—l]lx) Zc (Z[O,T—l]lC]]'[T,OO[) Zc (Z[O,T—ll’ y)

(ii) For the transitivity, monotonicity and weak convexity properties, replicate the ar-

guments used for the proof of Proposition 2.3.
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(iii) Suppose that at least one of two values xJ, x; differs from zero. It is to be proved
that the order >t satisfies the technical non-triviality property. The Archimedeanity
property would then follow as a direct corollary. But, and from the definition of x;,
if xJ > o, then IC(O]l[O,T—l]l ]l) > Ic(o]l[O,T_l],o]l). This implies 1 >1 o1l. Likewise
and from the definition of x[, if xI > o, then Ic(]l[o,T—l]; ]l) > IC(]l[O'T_l],o]l). This
in its turn implies 1 >t ol.

(iv) Suppose that at least one of two values xJ, x/ is different from zero. From (i),
(i1) and (iii), sup Cr(x) < +o0 for any x and the order >r satisfies every property in
axiom F1. The index function Ip(x) = sup C(x) therefore satisfies every property

listed in Proposition 2.1. QED

B.3 Proor or LEMMmA 3.2

First suppose that x}’ = o. This implies that Ic(Oﬂ[o,To—ﬂr o]l[TO,OO[) = o but also, and
from the monotonicity property, the alike holding of Ic<o]1[O’T_1],oll[T,Oo[) = o for
any T > T,, or X; = o forany T > T,. Then consider the holding of Xe° = o, which
is equivalent, from the definition of x,, to Ic(ﬂ[o,To—1];01[To,oo[) = 1. The sequence
{IC(H[O,T—l]’ oIl[T,OO[)};o:O being further increasing in T, this implies the holding of
Ie( o1}, 0L (1,00 ) = 1 for any T > T,

Now and for any constant ¢, as X = x¢ = o, ¢l ~1 (=c)1. From the weak convexity
property, this also implies that c1 ~1 oll. Then take any x € €, and consider a
constant ¢ such that ¢ > sup,|x,|: from the monotonicity property, this also implies
the holding of c1 >t x >t (—¢)1, or the one of x ~ o1. The statement follows.

B.4 PRrROOF OF PROPOSITION 3.2

Fix x € £y, let c = IT+1(X[T+1,OO[) and consider the case xt < ¢. From Proposition

3.xand as d — x7 > o,

IT(X[T,OO[) = IT(XT,CH)
=XT+ IT(O, (C —XT)IL)
=XT+ (C—XT)IT(O, ]1)

= (1 —Ir(o,1))xy +Iz(o, L)c.
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Likewise and for xt > d:

Ir(x(7,00( ) = Ir( 1, 1)
=TIr(xr—c0l)+d
= (xr —c)It(1,01) +d
=1Ir(1,0)xr +(1-Ir(1,01))c.

First suppose that xdT <xI, orIt(o,1) +Ip(1,01) < 1, and let & = xdT =1(o,1) and

&t =Xt =1-1(1,01). It follows that o < & < &7 < 1 and

IT(X[T,oo[) = éggg& [(1 —0)x +0lry, (X[T+1,oo[)]-

Consider the remaining case xJ > x{, or I't(o, 1)+ Ip(1,01) > 1 and let 5 = x{ =

1-1Ip(1,01), o7 = X; =Ir(o, 1). It follows that 0 < 61 < &1 < 1 and

IT(X[T,OO[) = QEE?SXST [(1 —0)xr +dlr, (x[T+1,oo[)]l

which establishes the statement. QED

B.s PRroor or LEMMA 3.3

(i) Consider the constant ¢ such that (o, 1) ~1 c¢1. From Proposition 3.1, this implies

that:

(O]l[o,T]t 1 [Tt 1,00 ) ~c (O]l[o,T—l]lC]l[T,oo[)'

The order >, further satisfying every property in axiom Fi, for any ¢’ < ¢, the

following is to hold:
(o]l[o,T], ]1[T+1’OO[) > (o]l[o,T_l],c’ﬂ[T,Oo[).

From Proposition 2.6, there then exists a large enough T, such that, for T" > T,
(0T (0,1 L1+, 1) O L [T 1,00( ) Ze (0T [0,7-1]s € T[T, 17} OL[T41,00( )

The left hand side and the right hand side of the above equation assuming the same

distant future valuation, this implies that:

(0110, L1+, 1) O L [T 1,00( ) = (0L (0,71 € T[1,17), OL 11,00 )
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From axiom B2, this can be strengthened to:
(OH[O,T+1]1 ]l[T+2,T’]’0]1[T’+1,oo[) > (Oﬂ[o,T]lc,ﬂ[T+1,T']lOIL[T'+1,00[)/
which is equivalent to
(0011 B2, O (41,000 ) Ze (00,71 € T, O L[4 1,000 )
Letting T’ tends to infinity, it follows that:
(o,1) >1,, 1.
As this is true for any ¢’ < ¢, letting ¢’ converge to c, it derives that:
(0,1) >4, cl.

(ii) Follow the same line of arguments as for (i). QED

B.6  PRrRoOOF OF PROPOSITION 3.3

First observe that, for any T,

O = min{IT(o, 1),1- IT(1,oIL)},

or = max{IT(o, 1),1- IT(1,o]1)}.

Butand from Lemma 3.3, both of the two sequences {IT(o, Il)};o_o and {1 ~It(1, oll)};o_o
are increasing. This in its turn implies that the two sequences {QT};O_O and {5T};o_o

are also increasing.

B.7 PROOF OF PROPOSITION 3.4

(i) Suppose that x € £, d,d” € R such that
Al >3 x>, d’1.

Fix z € £, and € > 0. From axiom G, there exists T, (€, z) such that, for T > T, (e, z)

it holds that:

(z[o,T]’ (d+ e)]l[T+1,oo[) > (Z[o,T]: x[T+1,c>o[) > (Z[O,T]; (d' - €)]1[T+1,oo[)'
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From axiom B3, there then exists some date T/ (e, z) such that, for any T > T/ (e, z)

and for any s > s, there exists s,(T) such that, for s > s,(T),

(Z[o,'r], (d+ €)ﬂ[T+1,oo[) > (Z[o,'r], X[T+1,T+s] (d + €)ﬂ[T+s+1,oo[)’

(Z[O,T]’x[T+1,T+s]’ (d" = )1 T 51,000 = (21017 (' - €)1 [T 1,00( )
From axiom Br and for any T > T, (e, z), letting s tends to infinity, it holds that:
(d + €)1 [T 00] ZT X[T,00] =T (d" = €)1 [T co[-
(ii) Take d = I(x). For any € > o, there exists T,(€) such that, for T > T,(e),
(d +€)1[T,00] ZT X[T,00[ =T (d = €) 1T 00/
which is equivalent to
d+e> IT(x[T,OO[) >d-—e.
Letting € converge to zero, it follows that:

lim IT(x[T,OO[) =14(x).

T—oo
(iif) Take any sequence {Tk}lio C IN converging to infinity and satisfying, for any
k, Tr_; < Ty — 1. Then define £ as £7 = 1 for any T ¢ {Tk}zozo and %1, = o for any
k. It follows that o < I;(£) < 1. From Proposition 3.2 and for every T, there exists

ot € [QT,ET] such that:

IT(f[T,oo[) - (1 - 6T)£T +0rlT44 (f[Tﬂ,oo[)-

Recall then that lim_, o, IT( %1 o[ ) = I;(%X) and consider the case I;(£) = o. For an
[T,o0] Y

kand as Ty_, < Ty — 1, £, = 1, one has, for any k:

ITk—1(33[Tk—1,oo[) = (1 - )ka—l + 6Tk—1ITk(xA[Tk,oo[)

(1 — 0T, 4 )ka—l + 5Tk—1ITk(93[Tk,oo[)-

Letting k tends to infinity, I _, (xA[Tk—l,oo[) and Iy (X[Tk,m[) converge to I;(£), which
sums up to zero. This implies that 1 — &y, _, converges to zero, or that dr,_, con-

verges to 1. As Oy, _, < dr,_, < 1, it derives that 57, _, converges to I.
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Considering now the case I;(®) > o and for any k,

ITk()e[Tk—l,oo[) = (1 =07 )%, + 5Tk1Tk+1(33[Tk+1,oo[)

- 6TkITk+1(9e[Tk+1,oo[)-

Letting k tends to infinity, both ITk(Je[Tk,oo[) and I, (Je[Tk+1,oo[) do converge to

I4(%), which is strictly positive, whence the convergence to 1 of d7_and STk-

o0

(iv) Adding axiom B2, the sequence {ST} . becomes increasing, whence and from

(iii), the satisfaction of:

lim &y =1,
which establishes the statement. QED

C. PROOFS FOR SECTION 4

C.1 PROOF OF LEMMA 4.1

Suppose that x =" y, then and for every z, (1/2)x + (1/2)z = (1/2)y + (1/2)z. Recall
that this is equivalent to x + z = y + z. Suppose that for every z, x + z = y + z. Fix

any o < A < 1. Fix any z € £,,. One has

X+

>
ACEYT

z
1=\

which implies the holding of (1 — A)x + Az > (1 — Ay) + Az, whence the one of
x>"y. QED
C.2 PROOF OF PROPOSITION 4.1
Define 2" as the positive polar cone of & = {x € l., such that x >* oIL} in the dual
space (€oo )*:

P = {P € ({s)" such that P-x > o for every x > o}.

Observe that by the very definition of the order >*, & is convex and separable by
the vector —1, the cone 7" does not degenerate to {o}.

For each P € &7, define
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Since x =" o1 for every x € £, satisfying x; > o for all s, it follows that P-x > o for
every x such that x; > o for every s. Let then Q = (£?). As P-x > o if and only
if 1(P)-x > o0, x =" ol is equivalent to 1(P) - x > o for every P € Z. For every P,
1(P) can be decomposed as T(P) = A.w + Ay, where w = (wg, w, -+, ws,++) €€,
and ¢ € ¢4 is a finite additive measure: considering ¢ as a measure on IN, $p(A) = o
for every finite subset of IN. From the definition of Q, for every ()»693, }\d(l)) €Q,
A Y2 ws+Ag¢p -1 = 1. The set Q can be considered as a set of finite additive

probabilities on IN. QED

C.3 PROOF OF PROPOSITION 4.2
Consider x,y € €, satisfying v} <™, , <y™: it is then to proved that a, = a,.
Take a constant y sufficiently big such that x + y1 =" y. One gets yyiy1 = V3 + 75

PV =y 4y and I(x + y1) = I(x) + y. This implies Gyiy1 = Ay, Whence a, =

aysy1 < ay. Take then a constant y” such that y + 91 =" x. Relying to the same
arguments, da, = a,.,; < 4, Whence for every x,y € {, such that y; <™ and

QED

Y
Y, <y, the satistaction of a, = a,.
C.4 PRrOOF OF PROPOSITION 4.3
Define 2% the set of x € €., such that x >% ol, denote by P it positive polar
cone and let

o

Qd:{P.leithPef@d*}.

It is first claimed that, for all ((1 -, )\q)) € Qy4, (1—M)w = o. Suppose the opposite;
then there exists T such that wt > o. Take a constant ¢ > o such that (1 —A)wpc > A
and let x = (—c]l[o,T],T“]l). But, and from Proposition 2.4, x converges for every

zely and Iy(x+2z) =I;(x) + 1;(z) = 1 +14(z) > I;(z), whence x > o1. Since
(1-MNw-x+Ap-x<—(1-Mwpc+A<o,

this is however a contradiction, whence the satisfaction of (1 — A\)w = o, which also
implies the holding of A = 1. To sum up, the weights set QO; can therefore be

considered as a charges subset belonging to €. QED
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C.s PROOF OF PROPOSITION 4.4

Rely to the same arguments as for the proof of Proposition 4.2. QED

C.6 PROOF OF LEMMA 4.4

First suppose that x4+ x. < 1 and recall that, for every z € £, x+z > y+z is equiv-
alent to I(x +z) > I(y + z). From Proposition 2.4 and the holding of limy_,, x =

limt_,. y7, then observe that I;(x +z) = I;(y + z) and

[(x+2z)= Xrgxig% (1=x)(x+2z)+ xIz(x+ z)]

= min [(1 - x)I(x+2)+ xIz(v + z)].
XSXSX

This implies that, for every z € €, I(x+z) > I(y+z) ifand only if I (x+z) > I .(v+z),
or x > y if and only if x >} y. This line of arguments extends to the remaining
configuration x4 + X > 1. QED

C.7 Proor or LEMMA 4.6

Relying upon the same arguments as in the proof of Proposition 4.1, there exists a

probability set Q. C €, & £} such that
¥y (1-0)) X +Ap- x> (1-1)) wx+Ad-x,
5=0 $=0

for every ((1 -Mw, )\cl)) € Q.. Suppose that there exists ((1 - Mo, xq>) € ), satis-
fying A # o, or equivalently A - 1 > o, and fix d > 0 and o < € < 1 such that for
every T, e+ (1 - }) YL ws <dA¢-1. Recollect that, from Lemma 1, there exists a

large enough T, such that for T > T,,,
(e]l[o,T];O]l[T+1,oo[) =" (0]1[0,T0]r dl[TO,T]'O]l[T+1,oo[)r
or

(OH[O,TO]f (_dﬂ[TO,T])loﬂ[T+1,oo[) =" (_eﬂ[o,T]JOH[T+1,oo[)~
Whence, for every z € £, and from the definition of the pre-order >",
(O]l[o,TO]: —d 1T, 1) OH[T+1,00[) + (Z[o,T]: 011[T+1,oo[)

> (~€1 (0,11, 0L Ts 000 ) + (20,11 O L 71,000 )
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But this is true for every T > T,, so that, for every z,
(O]l[o,To]; —d1T, 1) 011[T+1,oo[) +z>.—€l +z.
In its turn, this implies that:
(0011 =T (1,11 01 121,00 ) 22 —€1,
or, equivalently,

(1 =N (0101, ~d 11, eof ) + A0~ (0T (0,1, ~A L1, o] ) > €,

that gives
(1-2A) Zws—xd > ¢,
s=T,

which is a contradiction. To sum up and for every ((1 -A), }»([)) €Q., ¢ =o. Since
Q. is a set of probabilities, this implies that A = o, and Q. can be considered as
a subset of probabilites that is included in ¢;. With axiom Ar, the set Q. can be
considered as a set of tight measures ; it is therefore compact in the weak topology.
Otherwise stated, Q. is weakly compact in ;. QED

C.8 PROOF OF PROPOSITION 4.5

Rely to the same arguments as the ones used in the proof of Proposition 4.4. QED

C.9 PRroor or PROPOSITION 4.6

(i) First suppose that x >7 cl and fix any ¢’ < ¢: there exists a € > o such that
x >, (¢’ +€)1. But, and from Lemma 4.6, the set ), is weakly compact, so that
there exists T, such that for every T > T, and for every w € Q, ¢’} 21, ws < €.

This implies that, for every T > T,,,
(x[o,T]IC’]l[T+1,oo[) > c'1.
From Lemma 4.4, this implies that
(x[o,T];C'ﬂ[Tﬂ,oo[) > 1,
whence
(x[o,T],c'll[Tﬂ,oo[) >* (C’, x[O,T],c’Il[TH,OO[) >*c’1.
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Relying again upon Lemma 4.4, it derives that:

(X[O,T]lc,ﬂ[T-H,oo[) Zz (C,, x[o,T]IC,ﬂ[T+1,oo[) E: L.
Since this is true for every large enough value of T, this simplifies to:
x>0 (¢, x) =5 1.

Finally, and as ¢’ was arbitrarily selected to be strictly smaller than ¢, by continuity,

it eventually derives that:
x =% (c,x) =7 cl.

Referring to a classical recurrence argument, the result is available.

(i) Since x >% ¢} 1, from (i),
X > (c}ﬂ[o,T],x) >"c 1,

that implies cz > ;. Fixing now ¢ > ¢} and from the definition of ¢, x #* ¢1,

C;H[O’T],x)

or, equivalently there exists z € €, such that ¢1 +z >, x +z. But x >} (CZH[O,T],x),
so that it eventually holds that x + z >, (c}ﬂ[o,T],x) +z, or, equivalently, c1 +z >,
(C;H[O,T],x) +z. The coefhcient ¢ having been chosen arbitrarily larger than ¢}, it

derives that ¢ , C,.
(xljorpx) —

(iii) Consider the sequences x and (C;ﬂ[O’T],X). Since x > (cz > e, 1, it

C;]l[O’T],X),x)
follows that:
X+ (c;]l[o,T],x) > ol + (c;]l[O,T],x)
Z: C;H[O’T] + C;]l

=2c,1,

> 2¢;. Fix then ¢ > ¢}. From the

hence th isfaction of c¢*
whence the satisfaction o C(1/2)x+(1/2)(c;]1[0,ﬂ,x)

definition of ¢}, there exists z € £, such that c1+z >, x+z. This in its turn implies

that 2¢1 + 2z >, 2x + 2z. Since x > (C;H[O,T],x) >0
2cl +2z>,2x+2z2

=x+(x+22)

> (c;]l[o,T],x) +Xx+2z.
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*

(1/2)x+(1/2)(c;]1[0,T],x

than ¢, it finally holds that ¢}, > o172 L)

This implies that ¢ > ¢ ) Since ¢ was chosen arbitrarily bigger

QED

C.10 PRrOOF OF LEMMA 4.7

Since @ = w', for every T € N, it follows that

.= — 2T+ o, = OTds+r
s o S+1 — [oe] ‘
Zs':o wT+S/ Z’s/:o wT+5’

This implies, for every T, s, that:

Wsy1  WT4s41

Wg WT+s

J

But this is equivalent, for some & > o and for every s > o, to

w5+1 _ 6
-0,
(‘OS

0<&<1and u)’;:(1—6*)(6*)5 for s > o. QED

or to w; = d’w, for every s > o. Since Y 2 ws = 1, it eventually follows that

C.ar PrROOF OF PROPOSITION 4.7

The main part of this proof establishes that for every w* that corresponds to an
exposed point of Q, w* = w*T for all T. Since w" is an exposed point of Q, which
is a subset of £, for every w € Q. \ {w"}, there exists x € £, such that 0" - x < w - x.
This in its turn implies that ¢ = @"-x. But and from the definition of Q., x >} ¢} 1;

fixing any T € N and from Proposition Proposition 4.6,

* *

C(1/2)x+(1/2)(6§ﬂ[o,T]'x) B

This implies that there exists @ such that

* 7 1 1 * _ . 1 1 %
CX =W - (Ex-i' E(CX]]‘[O;T]’X)) = ;1’611(21'16,(,2 (Ex-f- E(Cx]_[O,T],x)).

But x* >} (c;1,x) =" ¢; 1, for every w € Q, w-x > ¢} and w - (c;1,x%)) > c}. This

implies that:

*

Vs
W X =0Cy,

) * *
w - (c H[O,T],x) = Cy-
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w" being an exposed point of Q, the first equality implies that @’ = w*. Then

T x= cy- But, and for every T,

observe that w*- (C;H[O,T],x) = ¢} is equivalent to w"
w”T belongs to Q.. Indeed, suppose the contrary: Q, being weakly compact, there
exists € > o such that the intersection between Q and the open set {g such that ”gg —
Q*’T” 0 < e} is empty. By the Hahn-Banach theorem, there exists x” and a constant
¢ such that @ -x" > ¢ > w"" - &’ for every w € Q.. This implies that x” >} c1
and therefore that x” >} (C]I[O,T],x') >* 1, whence w" - (c]l[O’T],x') > ¢, which is

T

equivalent to w”" - x" > c, a contradiction.

T.x = ¢i. From the definition of

The vector w*! belongs to Q, and satisfies @™
w* and x, w* = @*" for every T € N : by Lemma 4.7, there therefore exists o <
6" < 1 such that for every s, w; = (1 — 6%)(8")°. To sum up, every exposed point
of Q) assumes a geometrical representation. The set Q. being weakly compact, by

Theorem 4 in Amis & Lindenstrauss [1], Q, is the convex hull of its exposed points.

In its turn, this implies the existence of a subset Z €]o, 1] such that

Q.= convex{(1 -9,(1-9)5,--+,(1—9)d°, ---)}66_@,

that establishes the statement. QED

C.12  Proor orF LEMMA 4.8

(i) Fix T, x,y € £y, ¢ € R. From the recursive form of the time-dependent index

function Iy, (c, x[Tﬂ,oo[) > (c, y[Tﬂ’oo[) if and only if, for any z € £,
(C T 2T, X[T41,00] T Z[T+1,oo[) ZT (C T2, Y[ T+1,00[ T Z[T+1,oo[)l
which is equivalent to

X[T+1,00] T Z[T+1,00] ZT+1 Y[T+1,00[ T Z[T+1,00[*

Whence the satisfaction of(c, x[TH,w[) > (c,y[THm[) it and only if X1 cof =74,

y[T+1,oo['

(ii)-(iii). From (i), x[T,co[ =T ¥[T,co[ if and only if
(01 10,711 XT,c0f ) 22 (000,111 ¥ 000
This is equivalent, for every w € Q, to:
[OF (oll,x[T,oo[) > w:- (oﬂ,y[T’w[).
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Whence the satisfaction of x|t e[ =T ¥[1,oo[ if any only if, for any w € Q,

w' " X[T,00[ 2 w' V[T, 00[-

- (T
The set Q therefore exists and Q = {gg }Qe 0 QED
C.13 PROOF OF PROPOSITION 4.9
This is a direct consequence of Lemma 4.8.
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